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EQUIVALENCE OF THE CONVERGENCES OF T-PICARD,
T-MANN AND T-ISHIKAWA ITERATIONS FOR THE CLASS
OF T-ZAMFIRESCU OPERATORS

PRIYA RAPHAEL - SHAINI PULICKAKUNNEL

In this paper, we prove the equivalence between the convergences
of T-Picard iteration, 7-Mann iteration and 7 -Ishikawa iteration for the
class of T-Zamfirescu operators in normed linear spaces. Our results ex-
tend and improve the results of Soltuz [17] and Zhiqun [20].

1. Introduction and Preliminary Definitions

In 2009, Beiranvand et al. [1] introduced the concepts of T-Banach contrac-
tion and T-contractive mappings and then they extended Banach’s contraction
principle [2] and Edelstein’s fixed point theorem [4]. T-Kannan contractive
mappings were introduced by Moradi [6] which extended Kannan’s fixed point
theorem [5]. Followed by this, Morales and Rojas [7] introduced the notion of
T-Chatterjea mapping and obtained sufficient conditions for the existence of a
unique fixed point of these mappings in the framework of complete cone met-
ric spaces. The same authors [9], then introduced the concept of T-Zamfirescu
operators and obtained sufficient conditions for the existence of a unique fixed
point of T-Zamfirescu operators in the setting of complete cone metric spaces.
A new iteration scheme, namely 7'-Picard iteration was introduced by Morales
and Rojas [8] in 2009 which is defined as follows:
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Let E be a normed linear space. Let 7,5 : E — E be two mappings and let
po € E. The sequence {Tp,},_, € E defined by

Tpu+1 =TSpy, n=0,1,2,..., (D)

is called the T-Picard iteration associated to S.
Here we note that when we take T = I, the identity map, (1) reduces to

Pn+1 :Spm n:()71727"‘7 (2)

which is Picard iteration.

Morales and Rojas [8] studied the existence of fixed points for 7-Zamfirescu
operators in complete metric spaces and proved the convegence of T-Picard
iteration for the class of T-Zamfirescu operators. Inspired and motivated by the
above said facts, the authors have introduced 7-Mann iteration scheme and 7 -
Ishikawa iteration scheme [10] and proved the convergence of these iteration
procedures for the class of T-Zamfirescu operators in real Banach spaces. The
new schemes are given as follows:

Let E be a normed linear space. Let 7S : E — E be two mappings and let
uo,xo € E. The sequence {Tu,}, _, € E given by

Tuy1 = (1— o) Tu, + o, T Suy, n=0,1,2,..., 3)

where {a,}," € (0,1) is called the T-Mann iteration associated to S.
When we substitute 7 = I, the identity map in (3), we get the definition of Mann
iteration which is given by

up1 = (1 — 04)uy + 04, Suy, n=0,12,..., 4)

where {a,}, € (0,1).

The T-Ishikawa iteration associated to S is defined by
Txpy1 = (1 - an)Txn + 0, STy, &)
Ty, = (1= Bn)Tx, + BT Sxy, n=0,1,2,...,

where {at,}," . {Bn},—o € (0,1).
If we take T = I, the identity map in (5), we get the definition of Ishikawa
iteration which is given as

Xn+1 = (1 - an)xn + anSyn (6)

y”:(l_ﬁn)xrl+ﬁnsxn, n:0,1,2,...,
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where {0}, o, {Bn},—o € (0,1).

The following conjecture has been given by Rhoades and Soltuz [11]: "When-
ever T is a function for which Mann iteration converges, so does the Ishikawa
iteration”. They further remarked that, given the large variety of functions and
spaces, such a global statement is, of course, not provable. In a series of papers,
like [12], [13], [14], [15] and [16] the same authors have given a positive answer
to this conjecture, showing the equivalence between Mann and Ishikawa itera-
tions for strongly pseudocontractive maps, uniformly pseudocontractive maps
and asymptotically nonexpansive maps in normed linear spaces. In 2005, Soltuz
[17] studied the equivalence of the convergences of Picard, Mann and Ishikawa
iterations when applied to Zamfirescu operators and proved the following re-
sults:

Theorem 1.1 ([17], Theorem 1). Let X be a normed space, D a nonempty,
closed, convex subset of X and T : D — D be a Zamfirescu operator. Suppose
that x* is a fixed point of T. If ug = xo € D, let {u,}, _, be defined by (4)
for uy € D, and let {x,}, _ be defined by (6) for xo € D with {e,}, _, € (0,1)

satisfying Z a, = oo. Then the following are equivalent:
n=0
(i) the Mann iteration (4) converges to x* ;

(ii) the Ishikawa iteration (6) converges to x*.

Theorem 1.2 ([17], Theorem 2). Let X be a normed space, D a nonempty,
closed, convex subset of X and T : D — D be a Zamfirescu operator. Suppose
that x* is a fixed point of T. If ug = po € D, let {p,},_, be defined by (2) for
po € D, and let {u,}, _, be defined by (4) for uy € D with {a,}, _, € (0,1)

satisfying Z Q, = oo. Then the following are equivalent:

n=0
(i) if the Mann iteration (4) converges to x* and ’}grolo M =0, then the
Picard iteration (2) converges to x*; "
(ii) the Picard iteration (2) converges to x* and }1_1)1010 HPHIX_I?"‘ =0, then the
n

Mann iteration (4) converges to x*.

In 2007, Zhiqun [20] studied the equivalence between the convergences of
Picard iteration and Mann iteration for Zamfirescu operators in normed linear
spaces and improved the result of Soltuz [17, Theorem 2] in the following sense:

(0/9 n—oo oy,

(i) Both hypotheses lim = 0 have been
n—yoo

removed.
(i1) The assumption that ug = po was found to be superfluous.
More precisely, he proved the following results:
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Theorem 1.3 ([20] Theor. 2.1). Let E be a normed linear space, D a nonempty,
closed, convex subset of E, and T : D — D a Zamfirescu operator. Suppose
that T has a fixed point in D. Let {p,}, _, be defined by (2) for py € D and let

{un},,_o be defined by (4) for ug € D with {a,},,_ € [0, 1] satisfying Z 0y = oo.
n=0
Then the following are equivalent:

(i) the Picard iteration (2) converges to the fixed point of T;
(ii) the Mann iteration (4) converges to the fixed point of T.

Theorem 1.4 ([20], Theor. 2.3). Let E be a normed linear space, D a nonempty,
closed, convex subset of E, and T : D — D a Zamfirescu operator. Suppose that
T has a fixed point in D. Let {p,},_, be defined by (2) for po € D and let
{xn},_ be defined by (6) for xo € D with {a,},_o.{Bu},—o € [0, 1] satisfying
Z Q, = oo. Then the following are equivalent:

n=0

(i) the Picard iteration (2) converges to the fixed point of T;

(ii) the Ishikawa iteration (6) converges to the fixed point of T.

Here we recall the definitions of the following classes of generalized 7-
contraction type mappings as given by Morales and Rojas [8]:

Definition 1.5. Let (M,d) be a metric space and 7,5 : M — M be two functions.
A mapping S is said to be T-Banach contraction (T B contraction) if there exists
a € 10,1) such that

d(TSx,TSy) <ad(Tx,Ty), forall x,y e M.

When we substitute 7 = /I, the identity map, in the above definition we
obtain the definition of Banach’s contraction [2].

Definition 1.6. Let (M,d) be a metric space and 7,5 : M — M be two functions.
A mapping S is said to be T-Kannan contraction (T K contraction) if there exists

1
belo, 5) such that

d(TSx,TSy) < b[d(Tx,TSx)+d(Ty,TSy)], forall x,y € M.

In Definition 1.6, if we take T = I, the identity map, then we get the defini-
tion of Kannan operator [5].

Definition 1.7. Let (M, d) be a metric space and T, S : M — M be two functions.
A mapping S is said to be T-Chatterjea contraction (TC contraction) if there

exists ¢ € [0, 5) such that

d(TSx,TSy) < c[d(Tx,TSy)+d(Ty,TSx)] forall x,y € M.
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If we substitute T = I, the identity map, in Definition 1.7 we obtain the
definition of Chatterjea operator [3].

Definition 1.8. Let (M,d) be a metric space and T, S : M — M be two functions.
A mapping S is said to be T-Zamfirescu operator (T Z operator) if there are real

numbers 0 <a < 1,0<b < %,O <c< % such that for all x,y € M at least one
of the conditions is true:

(TZ)): d(TSx,TSy) <ad(Tx,Ty),

(TZy): d(TSx,TSy) <bld(Tx,TSx)+d(Ty,TSy)],

(TZ3): d(TSx,TSy) <cld(Tx,TSy)+d(Ty,TSx)].

When we take T = I, the identity map, in the above definition we obtain the
definition of Zamfirescu operator [19].

In this paper, we prove that convergences of 7T-Picard iteration, 7-Mann
iteration and 7'-Ishikawa iteration are equivalent for the class of TZ-operators
in normed linear spaces. Our results extend the results of Soltuz [17] and Zhiqun
[20].

In the sequel, we need the following lemmas:

Lemma 1.9 ([8]). Let (M,d) be a complete metric space and T,S : M — M be
two functions. If S is a TZ-operator; then there is 0 < 6 < 1 such that

d(TSx,TSy) < 8d(Tx,Ty)+20d(Tx,TSx), forall x,y e M.

Lemma 1.10 ([2]). Let {a,},_o,{bn},_ be sequences of nonnegative numbers
and 0 < g <1, sothat a1 < qa, + by, forall n>0.
(i) If lim b, =0, then lima, =0,
n—soo

n—oo

(ii) Ifi b, < oo, then ian < oo,
n=0 n=0

Lemma 1.11 ([20]). Let {a,} and {0, } be nonnegative real sequences satisfy-
ing the following inequality:

apt1 < (1 _)Ln)an + Op,

where A, € (0,1) for all n > ny, Z Ap = o0 and 6, = O(A,). Then lim a, = 0.
= n—soo
2. Main Results

Theorem 2.1. Let E be a normed linear space, K a nonempty, closed, convex
subset of E and T,S : K — K be two mappings such that S is a TZ-operator.
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Suppose that S has a fixed point x* in K. Let the T-Picard iteration be defined
by (1) for po € K and let the T- Mann iteration be defined by (3) for up € K €

with {a, } € (0,1) satisfying i o, = oo. Then the following are equivalent:

(i) The T-Picard iteration coggrges to Tx*;

(ii) The T-Mann iteration converges to Tx".

Proof. Since S is a TZ-operator, by Lemma 1.9 there is 0 < 6 < 1 such that
|[TSx—TSy|| < 8| Tx—Ty||+28||Tx—TSx||, forall x,yeK. (7)

First, we shall prove that (ii) = (i). Assume that

|Tu, — Tx*|| — 0 as n— co.

Now,
| Tuni1 —Tpusi| = ||(1 — &) Tup + 06, TSy, — TSp||
< (1—ay) || Tup — TSpy|| + 04, || TSy, — TSp|
< (1 —o04) || Tuy — T Suy,|| + || T Suy, — TSpy|| - ¥

Taking x = u, and y = p, in (7) we get,
|ITSu, — TSpu|| < 6 ||Tup — T pyl|| + 28 || Tuy — T'Suy|| .
Using the above inequality, (8) becomes

| Tun+1 — T pnt||

< 8 ||Tup — T pul| + (1 — &ty +28) || Tuy — TSuy||

< 8Ty~ Tl + (1 — G +26)(| Tutn — T*|| -+ | TSty — 75"
< 8T Tpull (1 — iy + 28)(1 4+ 8) [ Tutw — T

Denote

anp = HT”n_Tpn”v
g=0¢€]0,1),
by = (1 - +28)(1 4+ 8) ||Tun — T

Now, by applying Lemma 1.10 we get that

|Tu, — Tpn|| — 0 as n— oco.
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Thus,
|\ Tpn—Tx*|| < ||Tup — T pul| + ||Tuy — Tx*|| = 0 as n — oo.
To prove that (i) = (ii), assume that
|Tp,—Tx*|| =0 as n— oo.

Consider

| Tun+1 — T pns||
< (1 - an) HTun - TSan =+ Oy ||TSMn - TSPnH
< (1 - an) HTMn - Tpn” + (1 - an) HTpn - TSan + 0 HTSM,, - TSpn”
< (1= ) [Tt~ Tpull + (1 = @) (1T pu— T + | TSpa — T
o TSuy—TSpl. O

By taking x = p,, and y = u,, in (7) we get
ITSpn —TSuy|| < 8||Tpn—Tuy||+268||Tpn—TSpall,
which gives

0 || T Suy — TSpyl| < a6 ||Tuy — T pul| + 206,08 || T pp — TSpa|
< 04,0 ||Tup — T py|
20,8 Tpa— T4 + | TSpu—TSK]). (10)

Now using (7) with x = x* and y = p,, we obtain
|TSx* — TSp,|| < 8| Tx" —Tpy|. (11
Using (10) and (11), (9) becomes

| Tttns1 — T ppsa ||

<[ =1 =8)o]||Tuy —Tpu| + (1 = 0w +204,6)(1+ 6) [|Tpn — Tx'|
[1—(1—=8)at] || Tuy — Tx"||

[(1 =t +20,8)(1+8) + (1 — 04, (1= 8))] [T pu — Tx"||
[1—(1—8)a] || Tu, — Tx"||

<
+
<
+(1—0,+20,8)(2+9) |[Tpy—Tx"|| <
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(1= 204) [(1 = @y 1) | Tttt — Tot*|| + 0y || TSt — TSx*||]
(1 =0 +20,6)(2+6) | Tp, — Tx7|

(1=20)[1 = (1= 8) Q1] || Ttt1 — Tx*||

(1= 0 +20,6)(2+6) | Tpy — Tx7|

(1=206)(1 = 2A04-1)...(1 = Aa) || Tug — Tx"||

(1= 0 +20,6)(2+0)[|T py — Tx"||

+ IA T+ N+ A

n
<exp (—?L Za,-) | Tug — Tx*|| + (1 — 04, +20,,0) (2+ 6) || T pr — Tx"||,
i=0

where 1 —8 = 2. Since Y @, = oo and [|Tp, — Tx*|| — 0 as n — oo,
n=0
we get || Tu, — Tpy|| — 0 as n — oo.

Hence,
| Tu, — Tx*|| < ||Tup — T pul| + |Tpp—Tx*|| = 0 as n — oo,
O

Corollary 2.2 ([20], Theor. 2.1). Let E be a normed linear space, K a nonempty
closed, convex subset of E and T : K — K be a Z-operator. Suppose that T has
a fixed point x* in K. Let the Picard iteration be defined by (2) for py € K and
let the Mann iteration be defined by (4) for ug € K with {a,,} € (0,1) satisfying

Z Q, = oo. Then the following are equivalent:
n=0
(i) The Picard iteration converges to x*;

(ii) The Mann iteration converges to x*.

Theorem 2.3. Let E be a normed linear space, K a nonempty, closed, convex
subset of E and T,S : K — K be two commuting mappings such that S is a TZ-
operator. Suppose that S has a fixed point x* in K. Let the T-Mann iteration
for ug € K be defined by (3) and the T-Ishikawa iteration for xo € K be defined
by (5) with {0, } ,{Bn} € (0,1) satisfying Z 0y, = oo. Then the following are

n=0
equivalent:

(i) The T-Mann iteration converges to Tx*;
(ii) The T-Ishikawa iteration converges to Tx".

Proof. As in the proof of Theorem 2.1, since S is a TZ-operator, by applying
Lemma 1.9 there is 0 < § < 1 such that (7) holds for all x,y € K.
First we will prove (i) = (ii). Now, suppose that

|Tu, —Tx*|| — 0 as n— co.
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Consider

| Tups1 — Txnir]| = (1= 06,)(Tuy — Txyy) + 04, (T Sy, — TSyy) ||
< (1—ay) || Tuy — Txyl|| + 0 || TSy, — TSyy|| - (12)

Using (7) with x = u,, and y = y,, we have
| T Suy — TSyy|| < 6 ||Tuy — Tyul|| +28 || Tup — T'Suy|| .
Using the above inequality in (12), we get

HTun—H —TXn11 H < (1 - an) HTun - Tan
+a,,5||Tun—TynH+2an5||Tun—TSunH. (13)

Now applying (5) and (7), we have

1 Tun = Tynll = [|(1 = Bu) (Tun — Txn) + Bu(Tuun — T Sx ) |
< (1= Ba) [ITun — Txn|| + B [|Tn — T Sun|| + B | T Stty — T Sxa|
< (1= Ba) 1Tun — Txy|| + B || Tt — T Sy |
+ B || Ttty, — Txy || + 2,0 || Tt — T Suiy |
— (1= Bu(1 = 8)) | Tty — Tl + Bu(1+28) | Tty — TSt .
(14)
Combining (13) and (14), we obtain

[ Tups1 = Txpsr || < (1= 0n) | Tun — T || + 04,6 (1 = B (1 = 8)) || Tutn — T
+ 0, 3,0 (1+26) ||Tup — TSuy|| +20,8 || Tup, — T Suy ||
= (1— (1~ 8(1— (1 — 8)))) | Tun — T
+ 0,0 (Bu(1428)+2) || Tup — TSuy|| .

Denote by

an = ||Tuy — Txy||
A =0,(1=6(1—B,(1-9))) C(0,1),
0, = 0,0 (Bn(14+28)+2)||Tuy — T'Suy|| .

Since lim ||Tu, — Tx*|| = 0 and x* € F(S), from (7) we obtain
n—oo
| Tu, — TSuy|| < ||Tu, — Tx*|| 4 || TSx* — T Suy||

< | Tup, — Tx*|| + 8 || Tx* — Tuy|| +28 || Tx* — TSx¥||
=(0+1)||Tu,—Tx*|| =0 as n— oo,
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which gives 6, = O(4,).
Hence, from Lemma 1.11 it follows that

lim |71, — T, 0.
Thus,
|1Tx* —Txy|| < ||Tup —Tx*||+ ||Tup — Txy|| — 0 as n— oo.
Next, we will prove that (i) = (i). Suppose that
|Tx, —Tx*|| -0 as n— oo.
Consider

1T X041 = Tt || = [[(1 = 0) (T2 — Tttn) + 0 (T Sy — T'Sun) |
< (1= ) | T — Tty || + 0t | TSy — TSt

Using (7) with x =y, and y = u,,, we obtain
1T Syn = TSun|| < & || Tyn — Tutn|| + 28 || Tyn — T Synl| .
Using the above inequality in (15), we get

”Txn+l _Tun+l||
< (1= ot) || Txy — Tuy|| + 0,8 || Ty — Tuy|| + 20,8 || Ty, — T Sy|| -

Consider

| Ty — Tuy||

= H(l _Bn)(Txn - T’ftn) +ﬁn(Tan - T”n)H

< (1= Bu) 1T — Tun|| + B |TSxn — Txn || + B [ Txn — Tt |
= HTX,, — Tuy|| + Bn HTSXn —Tx,|

Now, from (16) and (17) it results that

||Txn+1 - T”nJrl H

< (1= ) |Txn — Tuy|| + (|| Txy — Ty + B || T Sxn, — Txn||)

+20,8 || Ty, — T Syy||
= (1=, (1—=98))||Txy — Tun|| + .0 || T Sxy, — Txn]|
+20,8 || Ty, — T Sy|| .

(15)

(16)

a7
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Denote by

an = ||Tx, — Tuy,||,
afn — (Xn(l - 5) C (07 1)7
Oy = 0,310 || TSxy, — Txy|| + 20,0 ||Tyn — TSyn|| -

Since lim ||Tx, — Tx*|| = 0 and x* € F(S), from (7) we get
n—soo

| Tx, — TSxy|| < ||Txy — Tx*||+ ||TSx* — T Sx,||
<(0+41)||Txy —Tx"|| =0 as n —» oo, (18)

Again since lgn |Tx, — Tx*|| =0 and x* € F(S), from (5) and (7) we get
Nn—oo

| Tyn = TSyall < [|Tyn —Tx™|| +||Tx" — T Syql|
<8+ 1) [|Tyn—Tx"||
(6 +D)[(1 = Ba) ITx0 — Tx*|| + By ITSx, — Tx™||]
(0 +D[(1=Bu) |Tx0 — Tx™ || + B8 || Txn — Tx"|]
6+ 1)(1=Bu(1—=9))|Tx,—Tx*|| =0 as n—oo. (19)

<
<

From (18) and (19), it follows that 6, = O(A,). Now, by applying Lemma 1.11
we get

lim ||Tx, — Tuy,|| = 0.

n—oo

Hence
ITx* — Tuy|| < || Txy — Tuy||+ ||Tx, — Tx*|| = 0 as n— oo.
O

Since the condition up = xo is superfluous, taking 7 = I, the identity map in
Theorem 2.3 we get the result proved by Soltuz [[17], Theorem 1] as a corollary
to our result.

Corollary 2.4. Let E be a normed linear space, K a nonempty, closed, convex
subset of E and T : K — K be a Z-operator. Suppose that T has a fixed point
x* in K. Let the Mann iteration for ug € K be defined by (4) and the Ishikawa

iteration for xo € K be defined by (6) with {ct,} ,{B,} € (0,1) satisfying ) o, =
n=0

oo, Then the following are equivalent:
(i) The Mann iteration converges to x*;
(i) The Ishikawa iteration converges to x*.
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