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ON SOME INTERESTING PROPERTIES OF MULTIVALENT
ANALYTIC FUNCTIONS INVOLVING A LIU-OWA OPERATOR

ALI MUHAMMAD

In this paper, we introduce some new subclasses of multivalent ana-
lytic functions in the unit disc E, and investigate a number of inclusion
relationships, radius problem, and some other interesting properties of
p-valent functions which are defined here by means of a certain integral

operator O f(z).

1. Introduction

Let .A(p)denote the class of functions f(z) normalized by

FQ =2+ Y awpd . (peN={1,2,..}), (1)
k=1

which are analytic and p-valent in the open unit disc E = {z: |z| < 1}.
Let P.(p) be the class of functions p(z) analytic in E with p(0) = 1 and

2
/‘%p(z)_p‘de <km, z=re", Q)
0 1=
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where k > 2 and 0 < p < 1. This class was introduced by Padmanabhan et al,
see [6]. We note that P,(0) = P (see Pinchuk [7]), P»( p) = P(p), the class
of analytic functions with positive real part greater than p and P,(0) = P, the
class of functions with positive real part. From (2) we can easily deduce that
p(z) € Pi(p) if and only if there exists pi(z), p2(z) € P(p) such that for z € E,

va=(5+3)me-(5-3) me. ®

For functions f;(z) € A(p), given by
fil)=2"+ ; ip 2P (j=1,2), )
we define the Hadamard product (or convolution) of fj(z) and f>(z) by
(fixfa)(z)=2" +liak+p,lak+p,2zk+p =(faxf1)(z) (z€E). (5)

Motivated by Jung et al. [2] Liu and Owa [3] considered the linear operator
Q5 , - A(p) — A(p) defined as follows:

o s (PratB-1N\a [ O\ 5
Qﬁ”’f(z)_< p+B—1 >Zﬁ0/<1 Z) il
for a >0,B>—1, (6)

and
Q%,pf(z):f(z) fora=0, B> —1. 7)
We note that if f € A(p) then, from (6) and (7), it follows that

C(p+oa+p) i I'(k+B) p

o —
g ,f(z)=2"+ [ B) o, Thiath) z,

whenever & > 0 and B > —1. Using the above relation, it is easy to verify that
2(0F ,f(2)) = (p+a+B—-1)05,! f(z) = (a+B—1)QF, f(2)- (8)

For the interested readers we refer to the work done by the authors [1,3].
Using the operator Qg.p, we now define a subclass of A(p) as follows ([9-
11]): '
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Definition 1.1. Let >0, > —1, u >0, A € C* = C\{0}, p € N, we say
that a function f(z) € A(p) is in the class %Ofpvk(k,u,p) if it satisfies:

o u o—1 o n—1
(1—1) <Q,37,,f(Z)> . (Qﬁvp f(Z)> (Qﬁ,pf(2)> e

05 ,8(2) 05,'8(2) ) \ 25,8(2)
)
where k > 2,0 < p < 1 and g € A(p) satisfies the condition
05, ¢2)
Br 270 e P(n),z € E, with0 <7 < 1. (10)
QILP 8(2)

In the present paper, we investigate a number of inclusion relationships, ra-
dius problem, and some other interesting properties of p-valent functions which
are defined here by means of a certain integral operator Qg » f(2).

2. Preliminaries

In this section we recall some known results.

Lemma 2.1 ([4]). Let u=u; +iuy, v=vy+ivy and ¥ (u,v) be a complex valued
function satisfying the conditions:

(i) W (u,v) is continuous in a domain D C C?,

(ii) (1,0) € D and R¥ (1,0) >0,

(iii) RY (iup,v1) < 0, whenever (iup,vi) € D and v; < —% (1 —i—u%) .

If h(z) = 1+ciz+--- is a function analytic in E such that (h(z),zh' (z)) € D
and RY (h(z),zh'(z)) > 0 for z € E, then Rh(z) > 0in E.

Lemma 2.2 ([8]). If p(z) is analytic in E with p(0) = 1 and if A is a complex
number satisfying R(A1) >0 (A #0), then

E’K{p(z)—i—/l]zp,(z)}>6 0<o<l).

Implies
Rpz) >0+ (1-0)(2n - 1),

where ; is given by
1
=1 (RA) = / i+ dr,
0

which is an increasing function of RA, and % <" < 1. The estimate is sharp
in the sense that the bound cannot be improved.
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Lemma 2.3 ([1]). If q(z) be analytic in E with q(0) = 1 and Rq(z) >0, z € E.
Then, for |z| =r, zE€E,

(i) 7= <Rq(z) <lq(z)| < =,

2%Rq(z)
rz "

(i) 1q/(2)] < 2

3. Main Results

05 ,f(2)

u
Theorem 3.1. Let f € %ﬁpyk(l,u,p) and RA > 0. Then (stgjp g(z)> € P(v),

where

_ 2u(p+oa+p—-1)p+Ad
2u(p+o+p—1)+A8 "
and g € A(p) satisfies the condition (10) and

Rho(2) 05, g(Z))
6= = .
e "% <Q§ip‘ 8(2)

(1)

Proof. Set

o u
(ggg 8) = (1-Ph(d) +7, (12)
P

h(0) = 1, and h(z) is analytic in E and we can write

M) = (5 + 3 ~ (G~ ). (13)

Differentiating (12) with respect to z and using the identity (8), we have

WAL ECAY 05, f@\ [(CF, /()
{(1 M<Q§,pé’(Z)> M 03 Ts(x) )\ 0F, 5(2)

Dk A(1— )zl (2)
_(4+2){(1—}’)h1(1)+7’_p+u( +a+ﬁ—1)ho()}
P A(1—7)zhy(z)
(4—2){(1—Y)h2(2)+?’_p+u( +o¢+ﬁ—1)ho()}

Now, we form the functional ¥(u,v) by choosing u = h;(z) = u; +iup and v =
zh}(z) = vi +ivo. Thus

‘P(u,v):{(l—}/)u—l—}/—p—l— A=y }

u(p+a+pB—1)h(z)



MULTIVALENT ANALYTIC FUNCTIONS 101

The first two conditions of Lemma 2.1 are clearly satisfied. We verify the con-
dition (iii) as follows:

A(1—=y)vRho(z)
u(p+o+pB—1)|ho(z)|

21—y s RhoD)
wprotp-1 "0 P

W(iuz,vi) =y—p+

=y—p+

Now, for v; < —%(1 —i—u%), we have

1A =y)(1+u3)8

2u(ptoa+p-1)
2u(p+a+B—1)(y—p)—A8(1—y) —A8(1 —y)u3
2u(pta+p—1)

C >0,

RY (iuz,v1) <y—p —

_A+Bu3
- 2c
A=2u(pta+p—-1)(y—p)—2A6(1—-7),
B=-A6(1—7y)<0.

Now, R (iup,v;) < 0if A <0 and this gives us y as defined by (11). We now
applying Lemma 2.1 to conclude that /#; € P for z € E and thus & € P, which
gives us the required result. Ul

We note that y = p when n = 0.

Theorem 3.2. For A > 1, let f € 723‘fp7k(/1,u,p). Then

05, f(2)
(W GPk(p), fOrZGE.

Proof. We can write, for A > 1,

05, f(2) 0 ,f(2) lef(z>>}
A P —_ - P A P
Q%;ﬂ&) {O )<Qmﬂd)+ (q;&@

02 1)
+(A-1) (Q[‘}‘J,g(z)> )
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This implies that

(Qg,,,lf@) 1 { (Qﬁ,, (Qg,,lf z )}
pranndl Bl N S
Qﬁ,p g(Z) A Qﬁp Z

+(1— )(Qﬁ” /) > —%Hl(z)—i—(l—%)Hz(z).

ng » (z)
Since H|(z), H2(z) € Pc(p), by Theorem 3.1, Definition 1.1 and since P;(p) is
a convex set (see [5]), we obtain the required result. O

Theorem 3.3. Let A € C\{0} with RA > 0. If f € A(p) satisfies the following

condition:

o H o—1 o n—1
{(11) (Qﬁ,p:(z)> A (Qﬁ,ppf@) (Qﬁ,p;(z)> } e P(p),
e Z e

foru>0(z€E) then

o H
(Qﬁ[;pf(d) GPk(G),

where

1
A
6 = p+(1—p)(201 — 1) with &, /(1 + R )y,
0

The value of o is the best possible and cannot be improved.
Proof. We set

(Qg:,, £

zP

n
) = h(z) = (§ + %)hl(z) - (§ - %)hz( ),

where 2(0) = 1 and A is analytic in E. Then by simple computations together
with (8), we have

{(1/1) (WYJFA (Q,‘é‘;‘ f(z)) <ngpf(z)>”1}
z P ZP

— A,Zh/(z)
— {h(z)+u(p+a+ﬁ—l)} eP(p), z€E.
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Using Lemma 2.2, we note that 4;(z) € P(c), where

1
A
c=p+(1-p)20;—1), o= /(1 + £ AR )dt, (14)
0
and consequently /(z) € P.(0) and this gives the required result. O

We note that o7 given by (14) can be expressed in terms of hypergeometric
function as

1
/1_1_1 u(n+a+ﬁ U)dt
0

1
_ (p+a+B-1)
:N(P+a+ﬁ 1)/ull)q_1(]+u)ldu, (A,] :9{&>0)

A
0
a -1 o -1
A A
pp+a+p—1) 1
=,F (1,151 ;=)
2 1( b + A«] ’2)
Consider the operator defined by
1
+e |
F = ”“T/f—l(f(z))“d; z€E. (15)

0

It is clear that the function F, € A(p) and

Z

Z(0F , fR)H = (pquc)/tC’1 <Q,‘§‘7Pf(t))# dt, z€E. (16)

0

Theorem 3.4. Let A >0, u > 0and c > —pu. If f € A(p) satisfies the following
condition:

o H o u—1
(1-4) <Qﬁ7pZ(Z)> i (Qﬁ pf( z)) (Q[g’pf(z)) € P(p),

z pzP—1 P

foru>0(z€E), (17)
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then the function defined by

o u o / o pu—1
(I_M<Q37pfc(z)> (%, EE) (QB,,,Fc(z)> e Pa)

Z

where

a1 =p+(1-p)(20,—1) with 0, = /(Htmﬁ)dﬁ
0

The value of o is best possible and cannot be improved.

Proof. ltis clear that F. € A(p) and differentiating both sides of (16), we obtain

(p.u‘f'C) (%}@)u =cC (ngpf(2)>u+‘u (ngPFC(Z))/ (Qg,pFC(Z) o '

P pzP~1 P
(19)
Letting
0% F\" (0% FE()) (0% F()\""
G(z) = (1-2) (ﬁ";p (Z)> +7L( l;”z’,,_(f)) ( B”;p (Z)> ,Z€E,
(20)
where Pl L1
G(Z):(Z+§)gl(z)_(1_§)g2(z)'

Then G(z) is analytic in E with G(0) = 1. Again differentiating (20) and using
(19) in the resulting equation, we have

7 H o / o n—1
(1-2) (Qﬁf@> 25,10 (Qﬁﬁ,, f@)

z pzP~! P

B z2G'(2)
= {G(z)—i— (pu+c)} €P(p) z€E.

Using Lemma 2.2, we note that g;(z) € P(a), where
1
1
o =p+(l—p)2cr—1), 622/(1+tmm)dt, (21)
0

and consequently G(z) € P(o) and this gives the required result. O
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In term of hypergeometric function 6, can be written as

1
Oy = Fl(l,l;p,u+c+1;§).

Theorem 3.5. For 0 <1, < A,
%%Pak(kl’u’p) - %?p,k(a’buap)'

Proof. If Ay = 0, then the proof is immediate from Theorem 3.1. Let A, > 0
and f € 7;30“[)_,{()»1, i,p). Then there exist two functions Hy, H, € P(p) such

that
aoa (BN (B @ (Bl N
Q5 8(2) 05 s() )\ 0%, 8 ) T
and 0 1 .
pp N
(Qf{p g(Z)) Ha(2)
Then
(%o F@N 05, @) (25, F@\"
! AZ)<QE‘W8<Z>) e 0 'e(z) )\ F,8()
= 2@+ (- D6, )

and since P (p) is a convex set, see [5] it follows that the right hand side of (22)
belongs to P;(p) and this completes the proof. O

We next take the converse case of Theorem 3.1 as follows:

05, 1@ \" (25, 4@
Theorem 3.6. Let Q%fg(z)) € P(p) with (Q%’; g(z)> € P(n), forz € E.

Then f € %“pk(l,/.t,p)for |z| < r, where r is given by

r:u(p+a+ﬁ—1)/<{(1—H)M(P+O‘+ﬁ—I)HM}

+\/nu(p+a+ﬁ—1)2+|M2+2W(1—n)u(p+a+l3—1)-> @3)

%5, fO\"_ . (%, Q) _
of ¢x) 0 \og,s ) "

Proof. Let
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then H € P(p), Hy € P(n).
Proceeding as in Theorem 3.1, fora >0, > —1,u >0,k >2, A € C\{0},
0<p,n<1,and

=(1—-p)h+p, Ho=(1—m)ho+n, with he P, hy € P,

we have
I PN P ICA F@N (5, FO\"
1p{(1 *)<Q3pam Qg; EYA G
A zh’
_{M@+u@+a+ﬁ—1 )+

ko1 A Zh (2)
<4+2>P“)+u(+a+ﬁ—w{( n%d@+nﬁ

~(573) [P0+ s e )

Using well known estimates, see [2], for i; € P,

, 2rRh;(z) l—r . 1+r
’Zhl'(Z)|§ 1_2 1+r§|hz(2)‘§ 11—/
we have
A Zhi(2) ]
R |hi(z) + L
O T ar B (=M@ 1}

1 L ()

> Rhi(z) _1 e, foﬂ% “D1 ir ((1 — (lltr2n)r)>]
R e I
[

+Allr+u(p+a+p—1) } 24)
upratB-N(1-n{l—(1—(1—2mr})
Right hand side of (24) is positive for |z| < r, where r is given by (23). O

We note that, forp=1=u,a=0,>—-1,1=0and A =1, ( >€Pk(p)

for z € E implies ( ) € P(p) for |zl <R = m_



MULTIVALENT ANALYTIC FUNCTIONS 107

Acknowledgments

The author is grateful to the Editorial Board in typesetting this paper. The author
would also like to express gratitude to Olusola Amodu, Kwara State Nigeria, for
her support and help.

[1]

(2]

[10]

(11]

REFERENCES

A.W. Goodman, Univalent functions, vol. 1, II, Polygonal Publishing House,
Washington, N. J., 1983.

I.B. Jung - Y.C. Kim - H. M. Srivastava, The Hardy space of analytic functions
associated with certain one parameter families of intetegral operators, J. Math.
Anal. Appl. 176 (1993), 138-147.

J.L. Liu - S. Owa, Properties of certain integral operators, Int. J. Math. Sci. 3 (1)
(2004), 69-75.

S.S. Miller - P. T. Mocanu, Second order differential inequalities in the complex
plane, J. Math. Anal. Appl. 65 (1978), 289-305.

K. 1. Noor, On subclasses of close-to-convex functions of higher order, Internat. J.
Math. and Math Sci. 15 (1992), 279-290.

K. Padmanabhan - R. Parvatham, Properties of a class of functions with bounded
boundary rotation, Ann. Polon. Math. 31 (1975), 311-323.

B. Pinchuk, Functions with bounded boundary rotation, Isr. J. Math. 10 (1971),
7-16.

S. Ponnusamy, Differential subordination and Bazilevic functions, Proc. Ind.
Acad. Sci. 105 (1995), 169-186.

J. Sokét, On sufficient condition for starlikeness of certain integral of analytic
function, J. Math. Appl. 28 (2006), 127-130.

J. Sokét, Classes of multivalent functions associated with a convolution operator,
Computers and Math. with Appl. 60 (2010), 1343-1350.

J. Sokét, On a condition for alpha-starlikeness, J. Math. Anal. Appl. 352 (2)
(2009), 696-701.

ALI MUHAMMAD

Department of Basic Sciences,

University of Engineering and Technology
Peshawar, Pakistan.

e-mail: ali7887@gmail.com



