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THERMO-ELASTIC PLANE DEFORMATIONS
IN DOUBLY-CONNECTED DOMAINS WITH
TEMPERATURE AND PRESSURE WHICH DEPEND
ON THE THERMAL CONDUCTIVITY

GIOVANNI CIMATTI

We propose a new weak formulation for the plane problem of ther-
moelastic theory in multiply-connected domains. This permits to avoid
the difficulties connected with the Cesaro-Volterra boundary conditions
in the related elliptic boundary-value problem. In the second part we con-
sider a nonlinear version of the problem assuming that the thermal con-
ductivity depends not only on the temperature but also on the pressure.
Recent studies reveal that this situation can occur in practice. A theorem
of existence and uniqueness is proved for this problem.

1. Introduction

The thermal conductivity in elastic bodies is usually taken as dependent on the
temperature but not on the pressure [1]. This, however, is not always the case.
The accurate measurements made by Sundqvist and Bickstom [13] and by Ger-
lich [5] show a quite significant dependence of the thermal conductivity from the
pressure in aluminum and in insulators. In this paper we reconsider the prob-
lem of plane doubly-connected thermo-elasticity taking into consideration this
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effect. Whereas the classical boundary value problem of plane thermo-elasticity
is relatively simple since it is uncoupled [1], in the present case we have to deal
with a nonlinear coupled system of partial differential equations. We consider
a long cylinder of cross section Q with a cylindrical hole of cross section Q;,
Q) C Q and define Q* = Q\ Q;.

We denote with I'; the boundary of Q and with I'; the boundary of Q;, ' N
I’ = 0. We assume the plane deformation theory [6], [1]. This permits the
introduction of the Airy’s stress function ¢(x,y) which gives the non-vanishing
components of the stress tensor in the form

%¢ PRL0) 2%¢
Gxx:Tyz’ Txy:—my GW:W' ()
If u is the temperature we have
0, = V(0w +0yy) —OEu 2)

and by (1)

O;; = VAQ — aEu

where « is the coefficient of linear thermal expansion, E the modulus of Young
and v the Poisson’s ratio. For the mean pressure p = %(Gxx + 0y, + 0;;) we have,
in view of (1) and (2),

1 1
p= 5(1 +V)Ap — gaEu.

We assume that the inner and the outer surfaces are free from loads and kept
at a constant temperature # = 0. Moreover, an internal heat source of density
f(x,y) acts in the body. For shorthand we put k = %, k is a positive constant in
view of the thermodynamical restrictions on v. For the determination of ¢(x,y)
and u(x,y) under steady condition of operation, we have the following boundary
problem

A’ = —kAu in Q (3)

V. (kVu)=f in Q* 4)

0 =0, a—('D:O onI &)
on

u=0onT U, (6)
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JAp du
I, an ds = I, %ds (7)
JdAp 8A(p B du  du
/ ( an as )dS - /rz(y(?n_x&v)ds (8)
JAp  JdAp. . du  du
/1_2()/ s +xW)ds = k/rz(yas er%)ds. 9)

(3) is the only non-vanishing part of the Lamé compatibility equations, (4) is the
energy equation, (5) reflects the fact that I'; is free of loads. Finally (7), (8) and
(9) are the Cesaro-Volterra equations [14], [2] expressing the fact that the local
rotation and the components of the displacement are single-valued (we exclude
the presence of Volterra dislocations). If we take into account (6) the conditions
(8) and (9) can be restated in the following way

dAQ dy, , au

JL 0% ~segis =k [ y5ud a0
dAQ dx du

/Fz(x on —A(pa)ds——k Xads (11)

For the boundary value problem (3), (4), (5), (6), (10) and (11) we consider four
cases: (i) kK = Kp is a positive constant, (ii) the thermal conductivity is a given
function of the temperature, K = k(u), (iii) the thermal conductivity is a given
function of the temperature and of the space variable (x,y), (iv) the thermal con-
ductivity is a given function of the space variable (x,y), of the temperature and
of the pressure: Kk = k(x,y,u, p). This is the situation quoted in the introduction.
Boley and Weiner [1] prove a theorem of uniqueness for the case (iii) when Q
and Q, are concentric circle. The case without thermal effects is treated in [12],
[10] and [11]. The study of case (iv) seems to be new. In Section 2 the difficulty
represented by the integral boundary conditions (7), (10) and (11) is dealt with a
weak formulation valid for all the four cases and in which the integral conditions
disappear. When the thermal effects are neglected a similar weak formulation
is used in [4]. For regular solutions we prove in Section 2 the equivalence of
the classical and weak formulation. In Section 3 we prove the existence and
uniqueness of solutions for the first three cases and a theorem of existence for
the fourth case.



188 GIOVANNI CIMATTI
2. The weak formulation and the equivalence with the classical formula-
tion

Let us define the space E(Q,Q;) =E

d
E={pcH*(Q),¢=00nTY, a—(p:00nl“1,
n
@ =ax+by+cinQq, a,b,c € R'}.

Let Q : HI(Q*) — HL(Q), U = Qu be the linear and bounded operator which
extends the functions of H} (Q*) to functions of H}(Q) setting them equal to
zero in Q. Our weak formulation of problem (3), (4), (5), (6), (7), (10) and
(11)is: to find @(x,y) and u(x,y) such that

ock, /A(pAwdxdy:k/ VU -Vw dxdy, forallw € E (12)
Q Q

u € Hj (Q), / KVu-Vvdxdy =< f,v>, forallv e H} (QF), (13)
where f € H'(Q), U = Qu and the thermal conductivity k corresponds to
any of the cases (i), (i), (iii) or (iv). The next Lemma legitimizes this weak
formulation.

Lemma 2.1. Let (@,u), ¢ € C3(Q*)NCHQ*), u € CO(Q*)NC*(Q*) be a regu-
lar solution of problem (12), (13). Then (@,u) is a solution of problem (3), (4),
(5), (6), (7), (10) and (11).

Proof. Letn € Cy(Q*) and extend 1 with zero in Q. Choosing w =1 € E in
(12) we find

/ NA2@ dxdy = k/ NAu dxdy.
Q* Q+

Since 1) is arbitrary we obtain (3). In a similar way we obtain (4). To prove (7)
we take as test function in (12) w € E withw =11in Q. Thus w =1 and %" =0
on I», and

/ (A@AW — wA? @)dxdy = A9 ds (14)
* I an
by (3)
dAQ
/ (AQAW + kwAu)dxdy = — ds. (15)
ol r, dn
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From (12), since w =1 in Q, we have

/ A@Aw dxdy =k [ Vu-Vw dxdy. (16)
ot ok
Substituting (16) in (15) we have
0A
k[ (whu+ V- Vw)dxdy = — LN (17)
o r, on
but
u
k| (WAu+Vu-Vw)dxdy =k | ——ds. (18)
Q* I dan

and (7) follows. To prove (11) we take in (12) w = x in Q, (16) still holds, but
instead of (14) we now have

dx  JAQ
— 2 — _ Y —
/Q (ApAw —wA@)dxdy /F 2 (Ag 5~ )ds. (19)
Plugging (16) and (18) in (19) we obtain
dx  JdA
Au+Vu-V = Ap— — ) 2
k Q*(w u+Vu-Vw)dxdy /Fz( it )ds (20)
On the other hand,
du
Vu-Vw dxdy = —/ wAu dxdy+ | x=—ds. 21
o o r, dn

Plugging (21) in (20) we obtain (11). With similar calculations, choosing as test
function in (12) w € E such that w =y in Q;, we can prove (10). O

3. Existence and uniqueness of weak and classical solutions

When the thermal conductivity is constant: K = kp > 0 the system (12), (13) is
uncoupled and becomes

uc Hy(Q"), / KoVu-Vvdxdy =< f,v> forall v € H} (Q") (22)
Q*
pck, / AQAw dxdy = k/ VU -Vw dxdy, forallw € E (23)
Q Q

(22) is immediately solvable using the Lax-Milgram lemma. On the other hand,
the bilinear form
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a((p,w):/QA(pAwdxdy, OcE, weE

is coercive and continuous on E x E which is a linear subspace of HZ(Q) x
Hg(Q). Thus, using again the Lax-Milgram lemma to solve (23), we obtain the
unique solution (¢,u) of (22), (23). If f, I'} and I'; are regular (¢,u) is also
regular and by Lemma 2.1 it is a classical solution of problem (3), (4), (5), (6),
(10) and (11). When the thermal conductivity depends only on the temperature:
kK = x(u) and

x(u) > & >0 forall u € R! (24)

we can reduce problem (12), (13) to the case Kk = Ky, a constant, with the aid of
the Kirchhoff’s transformation 7 = F(u)

Flu) = /0 " k(r)dt 25)

which is invertible in view of (24). If the body is not homogeneous the thermal
conductivity depends on both the temperature and the space variable i.e. K =
K (x,y,u). In this case we may still prove existence and uniqueness for problem
(12), (13) using the following theorem of M. Chipot [3] (page 99) and then
proceeding as in the previous case.

Theorem 3.1. Let A(x,u) : Q@ x Rl — R!, x € Q satisfy

forallu e R! x— A(x,u) is measurable (26)
M>A(X,u) >m>0, ae.x €Q, forall u e R! 27
u — A(X,u) is Lipschitz continuous in RY, (28)
then the problem
V- (A(x,u)Vu) = f € H(Q) (29)

has a unique solution.

Hereafter we discuss the case k = x(x,y,u, p) where p = (1/3)(1+Vv)Ap —
(1/3)aEu. As weak formulation of problem (12), (13) we have

(OESHOR / AQAw dxdy = k/ VU -Vw dxdy, forallw € E (30)
Q Q
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U= Qu

1
u€ HYH(QY), /Q* K(x,y,g((l+V)Aq)—OCEu)Vu'Vvdxdy:<f,v> (31)

for all v € H} (Q*). We assume

|x(x, 1, p) = x(x, ', p)| < Li(Ju—u'| +[p = p']). (32)
Setting & = A@ and a(x,y,u, &) = k(x,y, %((1 +V)E —aEu)) from (32) we have

\a(x,y,u,ﬁ) —a(x,y, u,a§,)| é L2(|u - I/t/| + ’5 - §,|) (33)
Therefore (30), (31) become
pcE, / AQAw dxdy = k/ VU -Vw dxdy, forallw € E (34)
Q Q
U= Qu

ueHg(Q*),/ a(x,y,AQ)Vu- Vv dxdy =< f,v >, forall v € H}(Q*). (35)
Q*

We use the following classical “a priori” estimate [7] to prove that the problem
(34), (35) has a solution.

Theorem 3.2. Let O be an open and bounded subset of R* with a regular
boundary dO. Let {(x,y) be the weak solution of the problem

CeH*(O), Nl =Ffin0O, {=gond0, 352/10118(9. (36)
Assume
feH Y0), g H(O), he H*(0). (37)
Then
1130y < CUIA 110y + gl o) + 1l 20)) - (38)
Theorem 3.3. Let a(x,y,u, &) satisfy
la(x,y,u,8) —alx,y,u', &) < Ly(|lu—u'|+16 = &), (39)
and
0<m<a(x,yué) <M aeinQ andforall (u,&) € R, (40)

Then there exists at least one solution to problem (34), (35).
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Proof. For applying (38), in view of the considerations which can be seen in the
Appendix , we define the space F = {y; ¥ = @q-, ¢ € E} with norm

1wl = (] |avf dxdy) .

Let ¢ € F, f € H'(Q*) and let us consider the operator G : F — H}(Q*),
u = G(¢@) defined via the problem

u € Hy(Q), V(a(x,y,u,AQ)Vu) = f. (41)

The problem (41) has a unique solution: simply define
A(x,y,u) = a(x,y,u,Ap)
and use Theorem 3.1. Hence G is well-defined. Let &/ = Qu and

H:HY Q) —E, o =H(U)
be the operator defined by the problem

pck, /A(pAwdxdy:k/ VU -Vw dxdy, forallw € E.
Q Q

By the Lax-Milgram lemma # is well-defined. Taking as test function in (35)
v = u, using (40) and the Cauchy-Schwartz inequality, we obtain

/ Vul? dxdy < C, 42)
Q*
where C; does not depend on ¢. Setting w = @ in (34) we have

/Q|A(p]2 dxdy:k/gvu.w dxdy.

Using (42) and the inequality

9cE, / Vol dxdy < C, / A@|? daxdy, 43)
Q Q

we infer
| 180F dxdy < cs. (44)
Q
Thus, by the Sobolev’s embedding theorem,

sup|@| < Cy. (45)
o
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Since ¢ € E we have @(x,y) = ax+by+c in Q| and by (45) the constants a, b, ¢
depend only on the data. Let y be the weak solution of the problem

Pl
A2y = —kAuin Q°, y =0 onT}, a—"’zo(mrl (46)
n
v d
Yy =ax+by+conly, — =—(ax+by+c)only,. 47
on dn

Since Au € H~'(Q*), we can apply the a-priori estimate (38) to the problem
(46), (47). Thus we have

Wl o) < Cs- (48)

Let P:E — F, y =P be the isometry P¢ = @q- and consider the operator
S:F — F,®=S5(¢) defined by

D =5(p) =P(H(Q(9)))(9).
We apply the Schauder fixed point theorem to the operator S. Let

B={gE€F, / |A@|* dxdy < C3}.
Q*
By (44) we have S(B) C B. Moreover, by (48) S is compact. It remains to prove
that S is continuous. @ and P are clearly continuous. 7 is also continuous. For,
letU, — U in H} (Q) and @, = H(U,) i..
o, €L, / A@,Aw dxdy = k/ VU, - Vw dxdy, for allw € E, (49)
Q Q
and ¢ =H(U) i.e.
pck, / AQAw dxdy = k/ VU -Vw dxdy, forall w € E. (50)
o) o

By difference from (49) and (50), setting w = @, — @ € E in the resulting equa-
tion and recalling (43), we have

/|A 0))? dxdy<C2/ V(U —U)* dxdy.

Thus H is continuous. G : F — H}(Q*), u = G(¢) is also continuous. For, let
¢, — ¢ and &, = A@, and u, = G(¢,) i.e.

uneHé(Q*), / a(x,y,E,)Vu, - Vv dxdy =< f,v>, forallv € Hj (Q*). (51)
Q*
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Let{ =A@ andu=G(9) ie.

u € H} (Q"), / a(x,y,E)Vu-Vvdxdy =< f,v >, forall v € H} (Q"). (52)
Q*
We claim that u, — u in H} (Q*) strongly. Choose v = u,, in (51). We have

/ |V |* dxdy < Ce.
Q*
Hence for a sub-sequence u,, and for some u.. € H} (Q*) we have
Un, — Uoo Weakly in Hy (QF), tn, — ttoo in L*(Q7), 1y, — oo a€ in Q.
Since &,, — & in L?(Q*) we have, recalling (39) and (40)

A%, Y.t ) = (3,10 E) i LI(Q) forall < g < oo, (53)

Moreover, for all v € Cj(Q*) we have

(%, Y, U, E ) VY = (.3, Ueo, §) VY in L2(Q7).

Therefore
/ a(x,y,too, &) Viteo - Vv dxdy =< f,v >
Q*
for all v € C(Q*) and, by density, also for all v € H} (Q*). By Theorem 3.1 the
solution of problem (52) is unique, thus the entire sequence u,, converges weakly

to u. = u. It remains to prove that u, — u strongly in H(} (Q*). Recalling (40)
and a result of N. Meyers [8] we have from (52)

/g* |VulP dxdy < Cq7, p > 2. (54)

Taking as test function v = u,, —u in (51) and in (52), by difference and using
(54), we obtain

m [ =) drdy < [ a0, 09— ) drdy
fox foX
= —/ [a(x,y,un, &) —a(x,y,uy, &) Vu-V(u, —n) dxdy
Q*

_/Q*[G(X,yvunvé)—a(%y,bt,é)]vbt'v(un—n) dxdy <
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1/2 1/
< (/ IV (1, —u)|? dxdy> ></ |Vul? dxdy) !
Qx Qx
< (] lary.tn, &)~ ateyu,,£))7 dxdy)
Q*

1/2

+ (/ IV (1, —u))? a’xdy> X / |Vul? dxdy)
Qx JQux
q 1/q

< ([ lateyinn &) —ateyu &)t dxdy) . (1/p)+(1/g) = 1. 65)

1/q

1/p

Recalling (53) and (54) we conclude that u, — u in H(} (Q*) strongly. Therefore
G is continuous and by the Schauder’s theorem, there exists a fixed point of S
which gives a solution to problem (34), (35). O

4. Appendix

The “a-priori” estimate (38) does not hold in the framework of spaces like
E(Q,Q;). As an example, let us consider the weak solution of the problem

@ €E(B,B)), A’p=1, (56)

where B = {(x,y);0 < /x>+y?> < 1}, B = {(x,);0 < /x> +y? < 1/2} and
E(B,B1) = {¢(x,y) € H*(B), ¢ =0, 22 =0on Ty, ¢ =ax+by+cin B},
[y = {(x,y),x* +y* = 1}. In view of the uniqueness of the solution of prob-
lem (56) and of its rotational symmetry, we may consider the auxiliary one-
dimensional problem for the function y(p)

ANy =1inB\By, y(1)=0, y/(1)=0, y(1/2) =C, y'(1)2) =

We have y(p) = (1/64)p* + C1p? + Clog(p) + C3p*logp + C4. The con-
stants Cy, Cy, C3 and Cy are easily determined with the conditions y(1/2) =C
y'(1/2) =0, y(1) =0, y/'(1) = 0. We obtain y(p,C). The remaining constant
C is found minimizing the quadratic function

fe)=2x [ ;2 [1/p)pv(p.C))] dp+ 4 //2 W(p,C) dp.

If f/(C)
o(p) =

0, the solution of problem (56) is given by @(p) = w(p,C) in B\ By,
in By and ¢ ¢ H*(B).

Q|
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