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ON A DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION OF NEW CLASS
OF MEROMORPHIC FUNCTIONS

ALI MUHAMMAD - MARJAN SAEED

In this paper, we investigate differential subordination and superordi-
nation properties of a new class of meromorphic analytic functions in the
punctured unit disc. We derive some sandwich theorems.

1. Introduction

Let #(E) denote the class of analytic functions in the open unitdisc E = {z € C:
7| <1}. Forae C,letH[a, 1] ={f € H(E): f(z) =a+aiz+axz*+...,z€E}.
Also, let ) denote the class of functions of the form:

1 o0
fR==-+Y a7, (1)
< n=0

which are analytic in the punctured unit disk

E*={z:zeCand0< |7] < 1} = E\{0}.
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If f, g € H(E), we say that f is subordinate to g, written f < g or f(z) < g(z),
if there exists a Schwarz function w in E with w(0) =1 and |w(z)| < 1 (z € E)
such that f(z) = g(w(z)).

For a complex parameters o,...,0, and Bi,...,B; (Bj € C\Z, Z, =
{0,—1,-2,...}; j=1,...,s), we now define the generalized hypergeometric
function, see [25,33] as follows:

oo

Fr(0, 0 B B = ;) (lgfgl)(é?q)n'z o

(g<s+1;5e NU{O};N={1,2,...};z€E),

where (v) is the Pochhammer symbol (or shifted factorial) defined (in terms of
the Gamma function) by

) _ T(v+n) 1 ifn=0andv € C\{0};
T v(v+1)...(v+n—1) ifneNandveC.

Corresponding to a function

f(al,...,aq;ﬁl,...,ﬁs;z):zflqu(Otl,...,Ocq;ﬁl,...,ﬁs;z). 3)

Liu and Srivastava [16] consider a linear operator
H(oy,...,04B1,...,B) : ¥, — ¥ defined by the following Hadamard product
(or convolution):

H(o,...,00PB1,....B)f(z2) = Flou,...,a0B1,...,Buz)  f(2). (4

We note that the linear operator H (o, ..., 04;P1,..., Bs) was motivated essen-
tially by Dziok and Srivastava [9]. Some interesting developments with the
generalized hypergeometric function were considered recently by Dziok and
Srivastava [10,11] and Liu and Srivastava [14,15]. Corresponding to the func-
tion F(ai,...,0: P, ..., Bs;z) defined by (3), we introduce a function

Falety,...,05B1,...,Bz)z € ET,

given by

F(ah7aq,ﬁl77[))39Z)*-Fl(a17;aq,Blyaﬁy,Z) (A' >0)

®)
Analogous to H(a,...,04; B, ..., Bs) defined by (4), we now define the linear
operator H; (a1,...,04;B1, ..., Bs) on Y as follows:

Hl(a],-..,aq;ﬁ],...,ﬁs)f(Z):fl(al,...,aq;Bl,-..,Bs;Z)*f(Z) (6)
(i, BieC\Zy; i=1,...,q¢;j=1,....,8 7L>O;z€E*f€Z).

T z(1—2)
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For convenience, we write

HL%S(OC]) :H;L(oq,...,aq;Bl,...,Bs).

It is easily verified from the definition (5) and (6) that

Z(Hl,q,s(al + 1)f(Z))/ = alH)Lq,s(al)f(Z) - (OC] + I)Hl,q,s(al + l)f(Z), @)

and

2(Hyq.s(01)f(2) = AHp 41 95(00) f(2) = (A + 1)Hp g 5(01) f(2)- (8)

We note that the operator Hy , ;(0) is closely related to the Choi-Saigo-Sriva-
stava operator [8] for analytic functions, which includes the integral operator
studied by Liu [12] and Noor et al. [19,22].

Suppose that /2 and k are two analytic functions in E, let
o(r,s,1:7): CP x E — C.

If h and @(h(z),zH (z),z>h" (z);z) are univalent functions in E and if & satisfies
the second order superordination

k(z) < @(h(z),2h (2),2*h" (2);2), 9

then k is said to be a solution of the differential superordination (9). An ana-
lytic function ¢ € H(E) is called a subordinant to (9), if ¢(z) < h(z) for all the
functions # satisfying (9).

A univalent subordinant g that satisfies g(z) < g(z) for all of the subordinants
g of (9), is said to be the best subordinant.

Miller and Mocanu [18] obtained sufficient conditions on the functions &, g
and ¢ for which the following implications hold:

k(z) < @(h(z),zh (2),22h" (2);:2) = q(z) < h(2).

Using these results, the authors in [3] considered certain classes of first-order
differential superordinations, see also [5], as well as superordination-preserving
integral operators [4]. Aouf et al. [2,3], obtained sufficient conditions for certain
normalized analytic functions f to satisfy

z2f'(2)
f(2)

where g and ¢, are given univalent normalized functions in E. Very recently,
Shanmugam et al. [28,29] obtained the such called sandwich results for certain
classes of analytic functions. For interested readers we refer to the work done
by the authors [1,2,7,17,21,23,24,27,30,31,32].

q1(z) < < q2(2),
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2. Preliminary Results

Definition 2.1 ([18]). Let Q be the set of all functions f that are analytic and
injective on E\U(f), where

U(f):{CeaE;Zn_)r%f(z):oo}’

and are such that f'({) # 0 for § € JE\U(f).
To establish our main results we need the following Lemmas.

Lemma 2.2 (Miller and Mocanu [17]). Let g be univalent in the unit disc E, and
let © and @ be analytic in a domain D containing q(E), with ¢(w) # 0 when
w € q(E). Set Q(z) = 24 (2) 9(q(z)), h(z) = 0(q(z)) + O(z) and suppose that

(i) Q is a starlike function in E,

(i)) R E >0,z € E.

If p is analytic in E with p(0) = ¢(0), p(E) C D and

6(p(2)) +2p'(2)0(p(2)) < 0(q(2)) +24'(2)0(4(2)); (10)
then p(z) < q(z), and q is the best dominant of (10).

Lemma 2.3 (Shanmugam et al.[29]). Let v, ¥ € C with v # 0, and let q be a
convex function in E with

/!
93<l+zq/ (Z)) >max{0;—<ﬁv}, Z€E.
q'(z) 4

If p is analytic in E and

vp(2) +12p'(z) < va(z) + 124 (2), (1
then p(z) < q(z), and q is the best dominant of (11).

Lemma 2.4 (Bulboaci [6]). Let g be a univalent function in the unit disc E, and
let 6 and @ be analytic in a domain D containing q(E). Suppose that

(i) %% >0forz€E,

(it) h(z) = z¢' (2) @(q(z)) is starlike in E.

If p € H[q(0),1]NQ with p(E) € D, 6(p(z)) +zp'(z)@(p(2)) is univalent
in E, and

0(q(2)) +29'(2)0(q(2)) < 8(p(2)) +2p'(2)0(p(2)), (12)

then q(z) < p(z), and q is the best subordinant of (12).
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Note that this result generalize a similar one obtained in [4].
Lemma 2.5 (Miller and Mocanu [18]). Let g be convex in E and let y € C, with
Ry > 0. If p € H[q(0),1]N Q and p(z) + yzp'(z) is univalent in E, then
q(2) + 724 (2) < p(2) + v2p'(2), (13)
implies q(z) < p(z), and q is the best subordinant of (13).

Lemma 2.6 (Royster [26]). The function q(z) =
only if |2ab—1| < 1 or |2ab+1| < 1.

W is univalent in E if and

3. Main Results
Theorem 3.1. Let p be univalent in E with p(0) = 1, and suppose that

9{<1+Zp/ (Z))>max{0; —;ULERI},ZGE, (14)
P'(2) o

where o € C* = C\{0}, 0 < u < 1 and zH), , (o) f(z) # 0. If f € ¥ satisfies
the subordination

(14 a)(zHy g5(00)f(2)) ™ — az(Hy41,9,5(01) f(2)) (2Hp g5 (00) f(2))H
azp'(z)

ui (15)

<pl2)+

then
(ZHl,q,s(al )f(z))ilu = p(Z),
and p is the best dominant of Eq. (15).

Proof. We begin by setting

(zHp g5(01)f(2) 7" = h(2),
where h(z) is analytic in E with 2(0) = 1.
A simple computation together with (8) shows that
(14 @) (zHy 4.5(01) £ (2))H = 0z(Hys1,4,5(00) f(2)) (2Hp g (00) f(2)) 747

- h(z)ﬂ%zh’(z»

hence the subordination (15) becomes
o o
h — 7l (z) < —zp'(2).
@+ g @) =P+ 5o

Combining this last relation together with Lemma 2.3 for special case y =

o
; vy
and v = 1, we obtain our result. O
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Taking p(z) = ng in Theorem 3.1, where —1 < B < A < 1, the condition
(14) reduces to

1_
1+ Bz

>max{ — UAR— },zEE. (16)

,is convex in E, and

It is easy to verify that the function @ (&) = E Ewk .|

since @({) = (&) for all || < |B|, it follows that @(E) is a convex domain
symmetric with respect to the real axis, hence

. 1-Bz 1—|B|
f<R : E;= 0. 17
1n{ LB e } > (a7
Then, the inequality (16) is equivalent to
Bl —
MK—
|By+1

hence, we have the following result.

Corollary 3.2. Let0 < u < 1,zH) 4 (01)f(z) #0, -1 <B<A<land a € C*

with 8
max{ — UAR— }_ 1B

If fek,and

(14 @) (zHy 4,5(01) £(2))H = @z(Hyi1,4,5(0n) £(2)) (2Hp g.s(0n) £ ()47
1+Az a (A—B)z
1+Bz ' uA (14+B2)?

(18)

then
1+Az

1+Bz7’

(2Hp qs(00) f(2))7H <

and }Lﬁz is the best dominant of (18).

For A =1 and B = —1, the above corollary reduces to

Corollary 3.3. Let 0 < i < 1, zH, , (o) f(z) # 0 and o € C* with RL > 0.
Iffey,and
(1 + a)(ZI_I7L,q,s(al)f(z))_/J - (XZ(HlJrl,q,s(al)f(Z))(ZHl,q,s(al)f(Z))_u_l
14z o 2z
<71—Z+M77(1—Z)27 (19)

then
1+z

1—-z

(ZH), ,q,s(al )f(Z) ) M

and %—fi is the best dominant of (19).

)
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Theorem 3.4. Let p be univalent in E, with p(0) = 1 and p(z) # 0 forall z € E.
Lety,u € Candv, n € C, withv+n #0. Let f € Y. and suppose that f and
p satisfy the following conditions:

[+ M)z {vHps145(00)f(2) +MH) 45(1)f(2)}] #0,2€E,  (20)

and
zp"(z)  2p'(2)
EK(]+ Fe) FE) >>0,z€E. 2D
If
_ VZ( A+1lg s(al)f(z)/ + nz (Hl,q,s(al)f(z))/ B
T T 1 g(00) @) + 1 (Hg(00)£(2) 1
<1472 22
p(z)
then

[(V + 7?)2 {VHlJrl,q,s(al)f(Z) + nHl,q,s(al )f(Z)}] K = p<Z)7
and p is the best dominant of (22). The power is the principal one.

Proof. We begin by setting

(v M)z {vHp 1 1g5(00)f(2) +NHg g (01) f(2)}] " = h(z), z€ E, (23)

where h(z) is analytic in E with #(0) = 1. Differentiating Equation (23) loga-
rithmically with respect to z, we have
m _VZ(HlJrl,q,s(al)f(Z)/ + nz (Hl,q,s(al)f(z)), 1| = Zh/(Z)
v (Hk-‘rl,q,s(al)f(z)) +n (Hk,q,s(al)f(Z» h(Z)

To prove our result we use Lemma 2.2, we suppose that

(w) =1 and @(w) = %

then 0 is analytic in C and ¢(w) # 0 is analytic in C*. Also, if we let

_ L 2p'(2)
0(z) =zp (2)9(p(z)) = v o)
and /
ele) = 0(p(2)) + 0) =1 +72 5,
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then, since Q(0) = 0 and Q'(0) # 0, the assumption (21) would yield that Q is
a starlike function in E. From (21), we have

28'(2) _ zp"(z)  20'(2)
X 0(z) =% (H P'(z)  pz) > >0 ek

and by using Lemma 2.2, we deduce that the subordination (22) implies that
h(z) < p(z), and the function p is the best dominant of (22).This completes the
proof of our theorem. O

In particular,v=0,n =y=1and p(z) = lligzz in the above Theorem 3.4, it

is easy to see that the assumption (21) holds whenever —1 <A < B < 1, which
leads to the next result:

Corollary 3.5. Let —1 <A< B<1and u € C* Let f €Y, and suppose that
ZH), 4 5(01)f(2) # 0 for z € E. And assume (20). If

H, ,.(x ! A—B
1—|—[.L _Z( k,q,‘s( 1)f(Z>) 1l <1+ ( )Z 7 24)
Hj 45(0n)f(2)) (1+Az)(1+Bz)
then LA
—u +Az
(zHags(a1)f(2) © < 1+ B
and ii‘gi is the best dominant of (24). The power is the principal one.

Lettingv=0,n=1, 0, =i(i=1,2,...,5),y= 2%, a,b € C*, y = a, and
p(z) = W in Theorem 3.4, then combining this together with Lemma 2.6
we obtain the next result.

Corollary 3.6. Leta, b € C* such that |2ab— 1| <1or|2ab+1|<1.Let f€Y,
and let 7f(z) # 0 for all z € E. And assume (20).

If
1 z2f'(z) ) 14z
I+ —-1-— < —, 25
b ( f(2) l—z (23)
then |
(2f(2)) " < =
and W is the best dominant of (25). The power is the principal one.

In particular, v=0,n1=7y=1, o, = Bi(i = 1,2,...,s) and p(z) = (1 +

H(A—B)

Bz) 5 ,—1<B<A<1,B#0 in Theorem 3.4, and using Lemma 2.6, we
obtain the next result.
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Corollary 3.7. Let —1 < B < A < 1, with B # 0, and suppose that

A7
e <

o= ’ < 1. Let f €Y suchthat 7f(z) # 0 forall z € E, and let u € C*. And
assume (20).

If

or

_zf’(z)) . 1+[B+[3(A—B)]z’ 26)

H_“(_l f2) 1+Bz

then
WA—B)

(zf(2)) " <(14+Bz) 7,

WA-B

and (14+Bz) 5 : is the best dominant of (26). Here the power is the principal
one.

By taking v=0,u=a,n=1,0=Bi(i=1,2,....5), Y= =%, a, b €
C* and |A| < /2, and ¢(z) = ———L—— in Theorem 3.4, we obtain the

( 1 _Z)Zabcosle
following result.

Corollary 3.8. Leta, b € C* and |A| < T, and suppose that ’2ab cosAe A — 1|
<lor ‘Zabcos?Le*"’l + 1’ <1.Let f €Y such that zf (z) # 0 forall z € E. And
assume (20).

If
et z2f'(2) 14z
1 —1- < — 27

T hoosh ( f(2) 1-z7 @7)

then |
—a
(Zf(Z)) = (1 _ Z)2abcosle*‘7L ’

and % is the best dominant of (27). The power is the principal one.

(1_Z>2abcosle

Theorem 3.9. Let p be univalent in E with p(0) =1, let u, y € C*, and let 8, v,
n € Cwithv+n#0. Let f € Y and suppose that f and p satisfy the following
conditions:

(v4+1)z[VHy4145(00)f(2) + NH) 4 5(1) f(z)] #0, z€ E,  (28)

and
z2p"(2) _t
9T<l+p,(z)>>max{0, Sty},zeE. (29)
If
W(z) = [(v+ M)z {vHys105(00) f(2) + NHy g () f(2) }]7F (30)

vz (Hargu(00)f(2) + 12 (Ha,q,swl)f(z))/)]

ot (_1 v (H7L+1,q.,s(al)f(z)) +n (H)L,q,s(al)f(z))
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and
¥(z) < 6p(2) +72p'(2), (1)
then
[+ 1)z {vH 11 5(0) £(2) + NHy g5(00) f(2) }] T < p(2),
and p is the best dominant of (31). All the powers are the principal ones.

Proof. We begin by setting

(v M)z {vHa 1 1g5(00)f(2) +1Ha g5 (1) f(2)}] T = h(z).  (32)

Then A(z) is analytic in E with 2(0) = 1. Logarithmic differentiating of (32)
yields

u (‘1 2 Whngslon)] W*”Z(Hz,q,swl)f(z))/) ()
v (Hpi145(00)f(2) +1 (Hygs(o1) f(2)) hz)

and hence

o ve(Huggs(00)£(2) 402 (Hags(0) ()
uh(z)< 1 v(Hy i 145(00)f(2)) +1 (Hygs(01)f(2)) > Zh'(z).

Let us consider the functions:

O(w)=20w, ¢@w)=7y,weC,
0(z) =zp'(2)0(p(2)) = 120 (2), 2 € E,

and
2(z) = 0(p(z)) +0Q(z) = 6p(z) +120'(z), z € E.

From the assumption (29) we see that Q is starlike in £ and, that

8'(2) (6 zp"(2)
%Q(z) _92<y+1+ V) > >0, z€E,

Now, using Lemma 2.2, the proof is completed. O

Taking p(z) = E}iBZ; in Corollary 3.7, where —1 < B <A < 1 and according

to (17), the condition (29) becomes

maX{O 9?5} < 1 |B]
v) T 1+[B]

Hence, for the special case v =1 = 7, 1 = 0, we obtain the next result:
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Corollary 3.10. Let —1 < B <A < 1and let § € C with

1—|B]|
1+|B|

max {0; =R} <

Let f € Y, and suppose that

ZHl,q,s(al)f(Z) ?é O, zeE,

and let p € C*. If

2(Hy g(0)f(2)) 1)]

[2Hj .s(00) f(2)]* {SJF“(_ ZH) 4 5(a1) f(2)

1+Az  z(A—-B)

1+Bz (1+Bz)? 33
then
(et g f() ™ < T
and }igﬁ is the best dominant of (33). All the powers are the principal ones.
By takingy=n=1,v=0,0,=fi(i=1,2,...,5) and p(z) = %—f; in Corol-

lary 3.7, we obtain the next result.

Corollary 3.11. Let f € Y such that zf(z) # 0 for all z € E, and let u € C*. If

_ ' 1+z 2z
K16+ —l—Z(f(Z)>]<5+, 34
@ [oen (-1 s T 2w
then .
_ +z
H I
f @I =<1
and %—fz is the best dominant of (34). All the powers are the principal ones.

4. Superordination and Sandwich results

Theorem 4.1. Let p be convex in E with p(0) =1,let 0 <u <1, a € C*
with Ra > 0. Let f € Y, be such that zH), , ;(01)f(z) # 0 and suppose that

(ZHl,q,s(al)f(Z))iﬂ € H[p(0),1]N Q. If the function

(1+ ) (zH), g5 (00) f(2) 7 = @z(Hpp1 g5 (01) £(2)) (2H), g5 (00) f(2) H!
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is univalent in the unit disc E, and

p(2)+ %w'(z)

< (14 a)(z(Hy g,5(0n) f(2))*
—0z(Hy 1 (1) f(2)) (2Hp g.5(0n) f(2) H T, (35)
then
p(2) < (aHy g5(00)f(2))7H,
and p is the best subordinant of (35).
Proof. Setting
(ZH)l,q,s(al)f(Z))7# = h(Z), z€E.

Then h(z) is analytic in E with 2(0) = 1.
A simple computation together with (8) shows that

h(z) + %zh'(@

= (1+0)(2Hp g5(00) f(2)) 7 = az(Hy 41 4.5(00) f(2)) (zHy g5 (00) f(2)7H7,
and now, by using Lemma 2.5, we obtain the desired result. O

Taking p(z) = }i’gi in Theorem 4.1, where —1 < B < A < 1, we obtain the
next result.

Corollary 4.2. Let p be convex in E with p(0) =1,let 0 < u <1, a € C*
with Ra > 0. Let f € ¥ be such that zH; ,,(01)f(z) # O and suppose that

(ZHl,q,s(O‘l)f(Z)) HeH [p(0),1]1N Q. If the function

(14 0) (zHy g5 (001) f(2)) ™ — 0z(Hyp1,4,5(00) f(2)) (2H) g (00) f(2)7H7
is univalent in the unit disc E, and
14+Az o(A—B)z
1+Bz  pA(1+Bz)?
=< (1+a)(zHy 45(0n) f(2))H
—0z(Hy 11 () f(2)) (2Hp g5 (o) f(2)TH 7, (36)

then 44
< -

and %1’22 is the best subordinant of (36), where —1 < B <A < 1.
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Using the same techniques as in Theorem 20, and then applying Lemma 2.4,
we have the following theorem.

Theorem 4.3. Let p be convex in E with p(0) =1, let u, y € C*, and let J, v,
neCwithv+n #0 and 93% > 0. Let f € Y, and suppose that f satisfies the
following conditions:

(v M)z {vH) 41 45(01)f(2)) + NHy g(01)f(2)}] #0, zE€E,

and

(v M)z {vHp 1 45(00)£(2)) +MHp g5 (00) f(2) ] € HIp(0),1]N Q.

If the function y given by equation (30) is univalent in E, and

8q(z) +v24'(z) < w(z), (37)

then

p(2) < [(v+ M)z {vHi 145(00)f(2) +NHy gs(01) F(2)}] ¥,
and p is the best subordinate of (37). All the powers are the principal ones.

Note that by combining Theorem 3.1 with Theorem 4.1 and Corollary 3.10
with Theorem 4.3, we have, respectively, the following two sandwich theorems:

Theorem 4.4. Let p; and p; be two convex functions in E with p;(0) = p,(0) =
1 letO<pu <1, acC" withRa > 0. Let f € Y be such that zH;, , ((on) f(z) #

0 and suppose that (zH,, , ;(0u)f(z)) M e H[p(0),1]N Q. If the function
(1+a)(eHy g (0n) f(2)) ™ = z(Ha 1 g,5(001) f(2)) (2Hy g5 (01 ) f(2) 47

is univalent in the unit disc E, and

o
pi(z) + ﬂzp’l (2)
= (1 + (X)(ZHl,q,s(al)f(Z))_u - aZ(H7L+1,q,s(al)f(z))(ZHl,q,s(al)f(Z))_u_l
< P2()+ 7 PAE) (38)

then
p1(2) < (zHy g5(00) f(2)) " < p2(2),

and py and p; are, respectively, the best subordinate and the best dominant of

(38).
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Theorem 4.5. Let p; and p; be two convex functions in E with p;(0) = p,(0) =
I,letu,ye C* andlet 6,v,n € Cwithv+n %Oandiﬁg > 0. Let f € Y satisfy

the following conditions:

[(V+ 71)2 {VHlJrl,q,s(al)f(Z)) + nHl,q,S(al)f(Z)}] 7£ 0,z€E,

and

(v M)z {VHa 1 145(00) f(2) +1H g5 (00) f(2)}] T € HIp(0), 11N Q.

If the function y given by (30) is univalent in E, and

3p1(2) +vzp'(2) < w(z) < 8pa(z) +yzp5(2), (39)

then

P1 (Z) = [(V+ 7?)2 {VHlJrl,q,s(al)f(Z)) + nHl,q,s(al)f(Z)}] s = Pz(Z),

and py and p; are, respectively, the best subordinate and the best dominant of
(39). All the powers are the principal ones.
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