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SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
DEFINED BY DZIOK-SRIVASTAVA OPERATOR

M. K. AOUF - A. O. MOSTAFA - A. SHAMANDY - E. A. ADWAN

In this paper we introduce a new class of harmonic univalent functions
defined by the Dziok-Srivastava operator. Coefficient estimates, extreme
points, distortion bounds and convex combination for functions belong-
ing to this class are obtained and also for a class preserving the integral
operator.

1. Introduction

A continuous complex-valued function f = u+ iv is defined in a simply con-
nected complex domain D is said to be harmonic in D if both u and v are real
harmonic in D. In any simply connected domain we can write

f=h+g, )

where i and g are analytic in D. We call & the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and
sense-preserving in D is that |#'(z)| > |g'(z)| in D (see [6]).

Denote by Sy the class of functions f of the form (1) that are harmonic
univalent and sense-preserving in the unit disc U = {z: |z| < 1} for which
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f(0) = £.(0) =1 =0. Then for f =h+g € Sy we may express the analytic
functions & and g as

h(z) —z+2anz g(z anz, |by| < 1. (2)
=2

In [6] Clunie and Shell-Small investigated the class Sy as well as its geo-
metric subclasses and obtained some coefficient bounds. Since then, there have
been several related papers on Sy and its subclasses. Denote by Vg the subclass
of Sy consisting of functions of the form f = h+ g, where

h(z) —z+2\an\z,g Z\b\z, |b1] < 1. 3)

For positive real parameters «,...,0, and fi,...,Bs (B; € C\Z,, with Z; =
0,—1,-2,... and j =1,2,...,s), the generalized hypergeometric function ,F;
is defined by

- 4)
JF(on, .. 0B, Beiz) Z—(B);'Zn
— s)n

(g<s+1;5,qe No=NU{0}, N={1,2,...}; z€ U),

where (0), is the Pochhammer symbol defined in terms of the Gamma function
I' by

(G)n:F(G—i-n) :{ 1

( —
o) 0(0+1)...(6+n—1) (neN).

For the function h(o, ..., 0 B, ... Bs;z) = zgFs(at, ..., & PBi,...,Bss 2),
the Dziok-Srivastava linear operator (see [8] and [9]) Hq,s(ocl yoeey Olgs Bi,...
., Bs) is defined by the Hadamard product as follows:

Hys(ou,....00 Bi,....Bs)f(z) =h(ou,..., 00 B1,. .. Bs:z) * f(2)

:Z+len(al)anzn (ZEU)v (4)
n=2

where

. (al)n,l...(aq)n,l
() = B B (i D ®

For brevity, we write

Hq,s(a17~ - Oy Bh- . 7ﬁs;z)f(z) = Hq,s(al)f(z)'
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Al-Kharsani and Al-Khal [2] and Al-Khal [1] defined the modified Dziok-
Srivastava operator of the harmonic function f = h+g given by (1) as

Hy s(00)f(2) = Hys(01)h(z) + Hys(01)g(2)-
For 1 <y <2 andforallz€ U, let Sy, ([o1];y) denote the family of harmonic

functions f(z) = h(z) + g(z), where h and g are given by (2) and satisfying the
analytic criterion

(6)

Z

- {Hq,s<a1>h<z> + Hya(01)3(2) } .

Let Sy, ([ou]: ) be the subclass of Sy, ([o]:Y) consisting of functions f =
h+ g such that & and g given by (3).

We note that for suitable choices of g and s, we obtain the following sub-
classes:
1) Putting ¢ =2,s = 1,04 = a(a>0),0p =1 and B; = c(c>0) in (6), the
class S, , ([a, 1;¢];y) reduces to the class Ly (a,c;7)

:{fe&ﬁ%{a%dM@§M¢@“d}<%1<yg;¢c>q

z€eU},

where L(a, c) is the modified Carlson-Shaffer operator (see [3]), defined as fol-
lows:
L(a;c)f(z) = L(a,¢)h(z) + L(a, c)g(2);

2) Putting g =2,s=1,00 = A+ 1(A > —1) and op = ) = 1 in (6), the class
Sty , ([A +1];7) reduces to the class W (4;7)

A A
:{feSH:EK{D h(Z)JZFD g(z)}<y, l<y<2,A>-1,z€U},

where D* is the modified Ruscheweyh derivative operator (see [13]), defined as
follows:
A _ i A .
D" f(z) = D*h(z) + D*g(2);
3) Putting g =2,s = 1,0y =v+1(v>—1),00 = 1 and B; =v+2 in (6), the
class Sp,, ([v+1,1;v+2];7) reduces to the class § (v;7)

Joh Jy
:{fGSH:%{(Z)—;g(Z)}<y, l<y<2,v>-1,z€U},
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where J, is the modified generalized Bernardi-Libera-Livingston operator (see
[10]), defined as follows:

v f(2) = Joh(2) +18(2);

4) Puttingg=2,s=1,040 =2,0p =1 and B; =2 —u(u #2,3,...) in (6), the
class S, ([2,1;2 — u]; y) reduces to the class Fp (11;7)

U O ()
:{feSH:SK{QZh(Z)Jngzg(Z)} <y, 1<y<2,u#273,....z€U},

where QF is the modified Srivastava-Owa fractional derivative operator (see
[12]), defined as follows:

Qll f(z) = Qh(z) + Q:'g(2);

5) Putting g = 2,5 = 1,04 = (1t > 0),00 = Land By = A +1 (A > —1) in (6),
the class Sp,, ([1,1;A +1];7) reduces to the class £ (u,A;y) =

I, h 1
{feSH:SK{ L2 (Z)JZF “’Ag(z)}<y, 1<y<2,u>0,A1>-1,z€U},

where I; ,, is the modified Choi-Saigo-Srivastava operator (see [5]), defined as
follows:

Iu,kf(z) = u,kh(z) +Iu,kg(1);

6) Putting g =2,s = 1,1 =2,0p = 1 and By = k+ 1(k> —1) in (6), the
class Sy, ([2,1;k+ 1];7) reduces to the class Ay (k; )

—{feSH:EK{W}<y, 1<y<2k>-1,zeU},

where [; is the modified Noor integral operator (see [11]), defined as follows:

Lif(z) = Ih(z) + Lg(2);

T)Puttingg=2,s=1,a;=c(c>0),00=A+1(A > —1) and B; =a(a >0)
in (6), the class Sg, , ([c, A + 1;a];¥) reduces to the class F g(c,a,A;7)

— {feSH : St{ll (a,0)h(z) +11 (“’C)g(z)} <7, 1<y<2,c>0,1

Z

>—1,a>0,z€U},
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where I*(a, ¢) is the modified Cho-Kwon-Srivastava operator (see [4]), defined
as follows:

I (a,c) f(z) = * (a,c)h(z) +1* (a,c)g(z).

2. Coefficient estimates

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
the parameters ¢, ..., 0, and B, ..., By are positive real numbers, 1 <y <2,z €
U and ¥, (o) is defined by (5).

Theorem 2.1. Let f = h+g be such that h(z) and g (z) given by (2). Further-
more, let

Y W (o) lan+ Y, W (o) |ba| <y—1. (7)
n=2 n=1

Then f(z) is sense-preserving, harmonic univalent inU and f(z) € Sp,,([o1]; ).
Proof. 1f z1 # z5, then

Y bu(z] —23)
n=1

(z1—22) + i an (2} —25)

n=2
Y. n|b,|
>l
- Y ”’an’
n=2
Ll ||
&‘ |
y—1 |9n

which proves univalence. Note that f(z) is sense-preserving in U. This is be-
cause

i) 2 1= Y el
>1—Zn\an\>z Y |an|

v
Mz

Eule) |, | > Zn|bn|

3
I
-

Mg

nlbal [ 2 [¢ ).

3
Il
—_
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Now we will show that f(z) € Sg,,([01];7). We only need to show that if (7)
holds then the condition (6) is satisfied. Using the fact that Re {w} < 7 if and
only if |1 —w| < |[w— (2y—1)|, it suffices to show that

Hys(0n)h(z) + Hys(01)g(2)

—1
4 <.
Z
We have
Hq,.r(a])h(z)‘FHq,s(al)g(Z) _ 1 E \P (OC )a )171+E \IJ (al)bnznfl
Z . n=2

Hy,s(ou)h(z)+Hy,s(01)g(2) —(2y-1) 2(y—1)— z W, (0n)anz 1+ z W, (04) bz
Z n=1

Z;Pn (o) ’an’ ‘Z’n_l + Zl ¥ (o) ’bn’ ‘Z’n_l
S n= n—=

2(y=1)— L W (o) fanl |2" " = glwml)\bn\lzl"*

;w () lan| + X W, (c0) o

n=1

< )
2(y—1)— gzlpn (a1) |an| = gl‘Pn (a1) |by|

which is bounded above by 1 by using (7). This completes the proof of Theorem
2.1. O

The harmonic univalent functions of the form

—z+z\y TXnZ +Z\y 7Yn", (8)

where ): x| + Z |ya| = 1, show that the coefficient bound given by (7) is
sharp. It is worth;/ to note that the functlon of the form (8) belongs to the
class Sy, ([ai1];7) for all ): x| + Z [ya| < 1 because coefficient inequality
(7) holds. "

Theorem 2.2. A function f(z) of the form (3) is in the class Sy, ([ou];7) if and
only if

oo

len(al)‘an“i’zlpn(al)‘bn‘ <y-1 )]

n=2 n=1
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Proof. Since Sy, ([ou]:Y) C Su,,([ou]:7), we only need to prove the “only if”

part of this theorem. To this end , for functions f(z) of the form (3), we notice
that the condition

% {Hq,sml)h(z) + Hy()8(2) } .
<

i.e.

R 1+len(al)|an|zn_1+len(al)|bn|znil <Y7.
n=2 n=1
Letting z — 1™ along the real axis, we obtain the inequality (9). This completes

the proof of Theorem 2. O

Remark 2.3. Puttingg=2,s =1, &y =2 and ap = ; = 1 in Theorems 2.1 and
2.2, we obtain the result obtained by Dixit and Porwal [7, Theorem 2.1].

3. Distortion theorem

Theorem 3.1. Let the function f(z) given in (3) belong to the class Sy, ,([cu]: 7).
Then for |z| = r < 1, we have

—1-1b
Y ’1”,2

r

(I=|b1])r— Wy (o)

<[f@I<A+|bi])r+ (10)
for |by| <y— 1. The results are sharp with equality for the functions f(z) defined

by

_ _, Y—1-bi,
flz)=z+biz+ W (@) (11)
and 1—b
= Y1015
f@)=z-bi1Z W@ © (12)

Proof. We only prove the right-hand inequality. The proof for the left-hand
inequality is similar and will be omitted. Since

f@) =24+ Y Wi(a)a "+ Y, W, (o) bat”,
n=2 n=1
then

If@ < (+[bi])r+ Z,z(lanH [ba]) " < (14 [b1|)r + Z,z(lanlJrlbnl)r2 =

Y—1 i ‘Pz(al)

a,|+ |b, r
(o) & -1 (lan| +[bn])

= (I+[bi[)r+
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v—1 & ¥aula) 2
< (1+4+|b1)r+ a,|+ b, |) r
(14 o1 Tﬁmnzy—lﬂA )
1—1b;
< (1+lbir+ il 2
2 (0n)
The functions f(z) given by (11) and (12), respectively, for |b;| < y— 1 show
that the bounds given in Theorem 3.1 are sharp. O

4. Extreme points

Theorem 4.1. Let f (z) be given by (3). Then f (z) € S, ([ou]:y) if and only if

= Y (b (2) + Mugn(2)) (13)
n=1
where h)(z) =z,
_ y—1 n _
h"(z)_z+‘Pn(a1)Z (n=2,3,...) (14)
and
(2) =z+ r—1 (n=1,2,...) (15)
8nlZ) =2 \Pn(a])z =1,2,...),

Mn > 0,m, >0, Z (Wn + M) = 1. In particular, the extreme points of the class
Su,, ([ou]; )are {h } and {g,}, respectively.

Proof. Suppose that

oo

9= Y (thn(2) + Mugn) =2+ Y.

n=1 n=2

Y P~
78 (al)“"Z + Z

Then

> ‘Pn(a1)< y—1 > > ‘Pn(a1)< y—1 >
n + n
n;z y—1 ‘Pn(al)“ Z y—1 ‘Pn(al)n
:Z“n+znn:1_ﬂ1§l
n=2 n=1

and so f (z) € Sy, ([ou]:7).



SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS 173

Conversely, if f(z) € Su,, ([ou]:7), then

< XL (n>2)

‘I‘,,(ocl)
and .
’}/_
< >1).
Il < g gy =)
Setting
¥,
o = yfaf) @l (1=2,3,...)
and v, ()
n (00
n — bn :1,2,... .
Sl UG )

Since 0< pp<1(n=2,3,..0and 0< N, <1 (n=1,2,...), i =1— ¥ tn+
n=2

Y 1M, >0, then, we can see that f(z) can be expressed in the form (13). This
n=1

c;)mpletes the proof. UJ

5. Convolution and convex combination

For our next theorem, we need to define the convolution of two harmonic func-
tions.
For harmonic functions of the form:

f@)=z+Y lau" + Y bal 7" (16)

n=2 n=1

and N N
F(z)=z+Y |Au2" + Y} |Bal 7", (17)

n=2 n=1

the convolution of f and F is given by
(fxF)(z)=f(2)*F (z) =z+ Z ’anAn|Zn + Z ‘ann’F' (18)
n=2 n=1

Using this definition, the next theorem shows that the class Sy, ([ou];7) is
closed under convolution.

Theorem 5.1. For 1 <y <A <2,|let f(z) € Sy, ([o1]; 1), where f(z) is given
by (16) and F € Sy, ([ou]:y), where F(z) is given by (17). Then f*F €
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Proof. We wish to show that the coefficients of f x F' satisfy the required con-
dition given in Theorem 2.2. For f € EH(N([(X]] ;A) we note that |a,| < 1 and
|bn| < 1. Now, for the convolution function f x F we obtain

;?m%mww;?ﬁW@m
< i lpn(_ ) |An| "
n=2
Si "( |A|z+Z yB|
S
Therefore f* F egﬂq?s([a]] 3A) C EHq‘_V([Oq] 3Y)- O

Now we show that the class Sy, ([ou];7) is closed under convex combina-
tions of its members.

Theorem 5.2. The class Sy, ([oi];7) is closed under convex combination.

Proof. Fori=1,2,3,...,let f; € Sy

q.s

fim et X lanl + X ba] 7
n=2 n=1

([ou];7), where f; is given by

Then by using Theorem 2.2, we have

i \mw+z

\bnl\’" <1 (19)

For ¥ t;,=1,0 <t <1, the convex combination of f; may be written as
n=1

Yufi@)=z+Y (Zzi|ani|> o4y (Z,,.|bm|> z. (20)
i=1 n=2 \i=1 n=1 \i=1

Then by (19), we have
i ( t,|an,> y 0‘11) <2ti|bn,.|>
> ¥,
(z |m+zfﬂm0

nly

L aok HMs

Il
—_

IN

ti=1.
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This is the condition required by (7) and so E‘, 1ifi (z) € Su,,([ou] 3 7). O
=1

=

6. A family of integral operators

Theorem 6.1. Let the function f (z) defined by (1) be in the class Sy, ([ou]:7y)
and let ¢ be a real number such that ¢ > —1. Then the function F (z) defined by

/t"—‘h(t)dz+ C;Z]/t“g(t)dt (e>-1) @D

0 0

_c+1

F)=—

also belongs to the class Sy, ([01]:7).

Proof. Let the function f (z) be defined by (1). Then from the representation
(21) of F (z2), it follows that

F(2)=z+) dd"+ Y Gd",
n=2 n=1

c+1 c+1
dn=(6+n>MAmMCﬁ:<c+n)bn.

Therefore, we have

where

R ACIL D W ACH
n=2 n=1

o c+1 = c+1
Zr;‘Pn(al) <c+n> ‘an‘+n§,1\P”(m) <C+n> 1B
< YW, (o) an+ Y () 2] < (1 - @),

n=2 n=1

since f (z) € Su,, ([ou]:7). Hence, by Theorem 2.2, F (z) € Su,, ([o];7). This
completes the proof. OJ

Remark 6.2. Specializing the parameters ¢;s;0,...0, and Bi,..., B, in the
above results, we obtain the corresponding results for the corresponding classes
defined in the introduction.
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