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A STUDY OF I-FUNCTIONS OF TWO VARIABLES

K. SHANTHA KUMARI - T. M. VASUDEVAN NAMBISAN
A. K. RATHIE

In our present investigation we propose to study and develop the I-
function of two variables analogous to the I-function of one variable intro-
duced and studied by one of the authors [30]. The conditions for conver-
gence, series representation, behaviour for small values, elementary prop-
erties, transformation formulas and some special cases for the I-function
of two variables are also discussed.

1. Introduction

The well known H-function of one variable defined by Fox [13] was in fact
first introduced by Pincherle in 1888 [12, section 1.19], but when Fox investi-
gated and proved the H-function as a symmetric Fourier kernel to Meijers’s G-
function [12, p.206-222], the interest of most researchers, mathematicians and
statisticians in this function has increased. By this fact, the H-function is often
called Fox’s H-function. Later on, in 1964, Braaksma [6] studied and developed
this function in a resonable good manner by finding its asymptotic behaviour
etc. Moreover, the H-function is recognized as a generalization of both Meijer’s
G-function and Wright’s generalized hypergeometric functions [12, p.183]. Nu-
merous research papers by the researchers, mathematicians and statisticians re-
lated to Fox’s H-function, its properties and applications have been appeared in
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the literature. For more information about the results, we refer [21, 23] to the
readers.

Recently good deal of progress has been done in the direction of gener-
alizing the Fox’s H-function and Meijer’s G-function. Frankly speaking, the
well known H-function of one variable, introduced by Fox [13] and studied by
Braaksma [6] contains as particular cases most of the commonly used special
functions of applied mathematics, but it does not contain some of the important
functions such as the Riemann zeta functions, Polylogarithms etc. By demon-
strating several examples of functions which are not included in the Fox’s H-
function, in 1997, Rathie [30] introduced a new function in the literature namely
the “I-function” which is useful in Mathematics, Physics and other branches of
Applied Mathematics. The newly defined function contains the polylogarithms,
the exact partition of Gaussian free energy model from statistical mechanics,
Feynmann integrals and functions useful in testing hypothesis from statistics as
special cases.

Several authors like Chaurasia [10], Devra [11], Rathie [30], Nambisan and
Roshina [32], Vyas and Rathie [38, 39], Agarwal and Shilpi Jain [28] have ob-
tained several interesting results involving I-function of one variable and related
functions (H-function [20], H-function [13], G-function [24] etc.).

Very recently, the I-function introduced by Rathie [30] has found useful ap-
plications in wireless communications. It is not out of place to mention here that,
in two of papers, Ansari, et. al. [2, 3] have successfully developed an efficient
Mathematica® implementation of the I-function, in order to give numerical re-
sults of their research. In one of their useful and very interesting papers, Ansari,
et.al. [3] derived novel closed form expressions for the PDF and CDF of the sum
of independently but not identically distributed (i.n.i.d.) gamma or equivalently
squared Nakagami- m random variables in the case of both integer-order as well
as non integer-order fading figure parameters. They have expressed their results
in terms of Fox’s H - function and Rathie’s I-function.

The vast popularity and immense usefulness of generalized hypergeometric
functions in one variable, inspired and stimulated a number of research workers
to the study of hypergeometric functions involving two variables. Serious and
significant study of the functions of two variables began with the introduction
of F1 , F, , F3 and F; by Appell [4] and their confluent form by Humbert [19].
These functions were further generalized by Kampé de Fériet by means of a
function popularly known as the Kampé de Fériet function.

Appell and Kampé de Fériet [4] studied the functions of two variables in de-
tail and recorded all the useful and important results concerning these functions
in their famous work. Later on Srivastava and Daoust [35] studied the Kampé
de Fériet function in a more general form. The hypergeometric functions of
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two variables have attracted attention of eminent mathematicians. Thus W.N.
Bailey [5], J. L. Burchhal and T. W. Chaundy [8, 9], A. Erdelyi [12] etc. have
contributed a lot of their developement and progress.

Further generalization of these functions of two variables were introduced
almost simultaneously by Sharma [33, 34] and Agarwal [1]. These two func-
tions, infact are the same except in their notational representations. Agarwal has
given a method of estimating this function for large values of the variable and
has also obtained a formal pair of unsymmetrical Fourier kernals for it. While
Sharma [33, 34] has discussed various solutions of the partial differential equa-
tions satisfied by his function. He has also evaluated a number of interesting
integrals and established several properties of the function.

Since then a number of mathematicians, notably Pathak [27], Bora and Kalla
[7], Verma [37] and several others have studied functions of two variables which
are more general than the functions studied earlier by Agarwal and Sharma.

Finally in 1972, Mittal and Gupta [25] defined a generalized function of two
variables popularly known as the H-function of two variables, which general-
izes almost all the hypergeometric functions involving two variables mentioned
above.

A detailed study of further generalization of the H-function of two vari-
able due to Mittal and Gupta [25] were given in the standard book of Hai and
Yakubovich [18]. It is also interesting to refer a book on Asymptotics and
Mellin-Barnes integrals by Paris and Kaminiski [26], which describes the theory
of Mellin-Barnes integrals and illustrates their power and usefulness in asymp-
totic analysis. The asymptotic behaviours of some classical special functions
are also illustrated in this book.

Very recently, the hypergeometric function of two variables introduced by
Agarwal [1] and Sharma [33, 34] have found interesting applications in wire-
less communications. For this in a paper by Xia, et.al [40] by considering
dual-hop channel state information (CSI)-assisted amplify-and-forward (AF) re-
laying over Nakagami-m fading channels, the cumulative distribution function
(CDF) of the end-to-end signal-to-noise ratio(SNR) is derived. In particular,
when the fading shape factors m; and my at consecutive hops take non-integer
values, the bivariate H-function and G-function are exploited to obtain an exact
analytical expression for the CDF.

The remainder of the paper will be organised as follows. In section 2, we
shall define the generalization of I-function namely, I-function of two variables.
In section 3, we give the notations and results used throughout this paper. In
section 4, convergence conditions for this function have been derived. In section
5, we will obtain the series representations and behaviour of the function for
small values of the variables. In section 6, we list special cases of our function
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giving relations with other functions available in the literature, including H-
functions of two variables and G-functions of two variables. In section 7, we
mention few important properties.

2. The I-function of two variables

The double Mellin Barnes type contour integral occuring in this paper will be
referred to as the I-function of two variables throughout our present study and
will be defined and represented in the following manner.

I[Z] s ZQ]

(aj;01,A138)1 2 (¢, CisUj)ipas (€5, Ej3 Pi) 1 ps
(b BjsBjsMj)g : (djsDjsVi)igs (f5:Fis Qj)1gs

:(znll)z/g/ 0(5,1) B1(s) O(r) 2} b ds dt 0

— [0t ma,m;m3,ns <1
T T P1:911 P2,925 P3, 93 P

where @ (s,1), 61(s), 6,(¢) are given by

n
Hl“éf(l —aj+ajs+Ajt)

Jj=1

(P(S,t) = pl ql (2)
H Féj(aj—OCjS—Ajl‘) HF"-f(l—bj+ﬁjs+Bjt)
j=ni+1 j=1
ny np
[1T9% (1 —c;+Cjs) [TV (d; - Djs)
=1 =1
61(s) = — 3)
[T 9 (c;i—Cis) J] I'(1—d;j+Djs)
j=n+1 j=my+1
n3 m3
[1r% (1 —ej+Ej0) [IT9 (f;—Fjt)
=1 i—1
1) = — @
[T T ;—Ex) J] T¢(—fi+Fp)
Jj=n3+1 Jj=m3+1
Also :
e 11 #0,20#0;
o i=+—1;

e an empty product is interpreted as unity ;
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the parameters n, p;,q;(j = 1,2,3), m;(j = 2,3) are nonnegative integers
suchthat 0 <n; < p;(j=1,2,3),41 >0,0<m; <q;(j=2,3) (not all
zero simulataneously);

a;,Aj(j=1,....p1), B;,Bi(j=1,...,aq1), C;(j=1,....,p2), D;(j=
L,...,q2), Ej(j=1,...,p3), Fij(j=1,...,q3) are assumed to be positive
quantities for standardisation purpose.

However, the definition of I-function of two variables will have a
meaning even if some of the quantities are zero or negative numbers. For
these we may obtain corresponding transformation formulas which will
be given in later section.

aj(j=1,....,p1), b;(j=1,....q1), c;(j=1,...,p2). dj (j=1,...,42),
ej(j=1,...,p3)and fj(j=1,...,q3) are complex numbers;

The exponents &;i(j=1,....p), n; (j=1,....9), U; (j=1,...,p2),
Vij=1,....q2), Pi(j=1,...,p3), Qj(j = 1,...,43) of various gamma
functions involved in (2), (3) and (4) may take non-integer values.

L, and L, are suitable contours of Mellin - Barnes type. Moreover, the
contour L is in the complex s-plane and runs from ¢ —ico to G + ico, (O]
real) so that all the singularities of I'V7 (d; — D;s) (j = 1,...,my) lie to the
right of £, and all the singularities of TVi (1 —c¢;+Cjs) (j = 1,...,m),
I%(1—aj+as+A;r)(j=1,...,n) lie to the left of Ly;

The contour £, is in the complex t-plane and runs from o, — i to 63 +
ics, (07 real) so that all the singularities of IT'% (f; —Fjt) (j=1,...,m3)
lie to the right of £, , and all the singularities of I/ (1 —e; +Ejt) (j =
L...,n3), T (1 —a;+ajs+Ajt) (j=1,...,m) lie to the left of £,.

3. Notations and Results used

All the assumptions made above will be retained throughout this paper. For
the sake of brevity, the function defined in (1) will be simply denoted by either

1[z1,2;) orl[ “ }
22

Throughout the present work we shall use the following notations.

(aj;aj,Aj;8j)1,p stands for (ar;00,A1561), (a2;00,A2:82), ..., (ap; 04, A3 ).
(¢j,Cj3Uj)1 p, stands for (c1,Cy;Uy), (c2,Co3Un),. .., (Cpys CpyiUpy ).
(aj;0,A ;1)1 , stands for (ar;0n,A131), (a2;00,A251), ..., (ap; ap,Ap; 1).

(

aj;aj,Aj)1p stands for (ar;0n,A1), (a2;00,A2), ..., (ap; 0p,Ap).
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;aj, 1)1 p stands for (ar;on,1), (a2;00,1),...,(ap; 0, 1).

aj;aj)1,p stands for (ar; ), (a2; @), ..., (ap; ap).

(aj
(

. (aj 1)1, stands for (a3 1), (az;1),...,(ap;1).
(

ap) = (aj)1,p stands for (ay),(a2),...,(ap).

4. Convergence Conditions

Following the results of Braaksma [6, p.278] and Rathie [30], it can easily be
shown that the function defined by (1) is an analytic function of z; and z, if
R < 0and S < 0 where

P1 P2 q1 q2

R= Y &o+Y U,Ci—Y niBi— ) VD, (5)
= = = =
D1 P3 q1 q3

S = ZéjAj—i—ZPjEj—ZT]ij—ZQij (6)
=1 =1 =1 =

The sufficient conditions for the convergence of (1) are given in the following
theorem.

Theorem 4.1. The integral (1) is convergent i (z1)] <
%Al 7, and |arg(z2)| < %Azn where
n pi qi n
Y Sioy— ), &= ) niBi+ Y UG
j=1 j=n1+1 j=1 J=1
q2
Z UiCj —i—ZVD— Y, v; )
Jj=m+1 Jj=mr+1
ny q1 n3
Y EiA; - Z EiAj— ) MiBj+ ) PE;
j=1 j=m+1 j=1 j=1
Z PE +ZQ1F_ Z Qj (8)
Jj=n3+1 J=m3+1

and if |arg(z1)| = YA, (z2)| = 307 and Ay,Ay > 0, then integral (1)
converges absolutely under the following conditions.
(i) w=Up =0, Q1 >1and Q, > 1, where

q1 P1 q2 P2
ul:anﬁj—25jaj+ZVij—ZUjCj (9)
j=1 j=1 j=1 j=1
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uzZ;gnij—;géjAﬁjéQij—inEj (10)
o= | L6 () —5) - Lo (005
+iﬁluj <m<c]) - ;) —jzzlvj (9{(4) - ;)] (an
0, | L & ()3 ) - ons (e -3

Soler ) o] o

(ii) W 7& 0, uy 7& 0, if with s = o1 +it, t = Oy + ity (01, Oz, t1, tp are real),
o1 and o, are chosen so that for |t;| — e, we have () + o11) > 1 and for
|ta] — oo, we have (Qz + oo lin) > 1.

Proof. The existence of I[z;,z>] may be recognised by the convergence of the
integral (1) which depends on the asymptotic behaviour of the functions ¢ (s,?),
01(s) and 6,(¢) defined by (2), (3) and (4) respectively. Such an asymptotic is
based on the following relation for gamma function [22]

. _1 1
et ~VaEbEten (<5ab). (blo= 03
where x and y are real numbers.
Along the contour Ly, if we put s = o7 + if; and take limit as [t;| — oo we obtain
by virtue of (13),
T8 (1 =g+ ags+a4;0)] < (21)2% (ayfny )53 eser)

(ol +1S(a))))) (14

g

X exp (—

n
H’r‘ﬁj(l —aj—l-OljS—i-Ajt)‘ (27[) g H(a ’tl‘)él( R(aj)+a;j01)
- =1

X exp <—72r i &j(ajln]+ \S(a,-)\)) (15)
j=1
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Similarly, we have

P1 P1

H s (aj—ozjs—Ajt)‘ Z(Zn)%zﬁn,ﬂé H (aj|tl|)§j(9‘(aj)*aj6r%)
j=n1+1 j=n1+1
T Pl
< exp <—2 3 5,~<a,~|n|+|3<aj>r>> (16)
j=n1+1
q1 q1
[T (1 b+ Bjs+B;t)| > (275)%23‘:111]' H(ﬁj‘tl‘)nj(%*%(bj)ﬁLBle)
=1 =1

X exp (—7; i n; (Bjlti| + !5(’9;')!)) (17)
=1

mp m my
[T (dj—Djs)| < (2m)2 LY H(Dj‘,l|)Vf[9?(d.f)—01D,-—ﬂ
j=1 j=1
T &
xexp| =2 Y ViDjlnl+13d))) | (18)
=1
q2 q2
[T 100 -y pi9)] > o) T (o))l 70)
Jj=my+1 j=my+1
T q2
X@xp(-z ) vj<D,-|n|+rS<dj>\>) 19)
j=ma+1

ny n 72
H ‘rUj (1 _Cj‘i‘CjS)‘ < (zn)%Z_/LUj H(Cj’tlDU/[%—EK(C/‘HG.C/']
j =1

Jj=1 J
T
xexp| =3 3 Ui (Cjlnl+13(c)))) | 0
j=1
D2 P2
[T IT%(e;=Cps)] = @) Zinn ¥ [T (Cyln|)iBRen-orCim]
Jj=m+1 Jj=na+1

P2
><€XP<—;I Y Uj(Cj!ﬁ!HS(Cj)D) 21)

Jj=na+1
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Also

21| = |exp [s (log|z1| +iarg(z1))] |
= lexp (o1 +it1) (log|z1| +iarg(z1))]
= |z1|® exp [—t1arg(z1)] (22)

Hence substituting (15)-(17) in (2), (18)-(21) in (3) and using (22) we have,
after much simplification,

QO — T
90 B1(5) 4] ~ ka1 exp (—narg(ar) = Tinlar)  @3)

where Aq, Q) and p; are given by (7), (11) and (9) respectively.

Similarly along the contour £; by putting t = 6, + it in various Gamma
functions of (2), (4) and taking limit as |t;| — oo, with the help of (13) we have,
after much simplification,

T
9(5.0) 02(1) 2| ~ ko ] 27 exp (—narg(c2) — T Ilds)  24)

where Ay, ) and U, are given by (8), (12) and (10) respectively, and k; and k»
are independent of #; and t,. Hence the result follows. O

Remark 4.2. If Vi=1(j=1,...,my) and Q; = 1(j = 1,...,m3) in (1), then the
function will be denoted by

1=
22
[0y, mas s {Zl (aj;0j,A 1 E)1p,  (¢1,CjsUj) 1
(b3 BjsBjsNj)ig : (djs D3 1)1 my.
(CjaCj;Uj)n2+l,p2;(ejij;Pj)l,ny (ej7Ej;Pj)n3+l,p3 (25)

(dj:Dj;vj)mz+1.,qz;(fjaFj; 1)1,m37 (fj:Fj§Qj)m3+1.,q3

P1,491: P2,92; P3,93 o)

1 ' B B
- G [ o089 8a) 55 2 ds as 26)

where ¢ (s,t) is given by (2) and 0 (s), 0,(¢) are given by

12 my

[IT% (1 —c;j+Cjs) [IT(d;—Djs)

9.(s) =1 s 27)

= P2 q2
H FUj(Cj—CjS) H ij(l—dj+DjS)
j=na+1 Jj=ma+1
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n3 m3
[IT7 (1 —e;+Ej0) [T (f;—Fjr)
j=1 j=1

0:(0) = — 7 (28)
H FPj(ej—Ejl) H FQj(l—fj+Fjl)
j:n3+l j:m3+1

Remark 4.3. If V; = 1(j=1,....mp), Q; = 1(j=1,....m3), U; = 1(j =
l,...,nm) and Pj=1(j =1,...,n3) and n; = 0 in (1), then the corresponding
function will be denoted by

T] I: 21 :|
2
10,05y, . [Zl (aj305,4738))1,p: 1 (¢, C3 1)1
(bj3Bj,BjsNi) g 2 (djsDj3 1)1 my,
(cj>Cj;Uj)nz+l,p2;(ejan; 1)1,n3> (ej7Ej;Pj)n3+1,p3 (29)
(djsDjsVi)m+1,g0s ([ Fjs D1mys (Fis Fj3 @ )ms+1.45

P1:41° P2,92;5 P3,93 22

1

— W /L . 01(s,t) 05(s) 04(¢) 2} 25 ds dt (30)

where @1 (s,1) , 03(s), 04(t) are given by

1
01(s.1) = + - G31)
Hl—‘é/ (Clj— OCJ'S—AJ'Z‘) HF"!’ (1 —bj+BjS+Bjt)
Jj=1 j=1
ny mnp
[IT(—c¢;+Css) [[T(d;—Djs)
i=1 =1
03(s) = —5~ o (32)
H FUj(Cj—CjS) H ij(l—dj—i-DjS)
j=na+1 Jj=ma+1
n3 ms3
[Ir( —ej+Ej0) [TU (- F)
i=1 =1
) = @
[T rfite;—En) T T%0—fi+Fp)
j=n3+1 Jj=m3+1

5. Series Representation for 1[z;,z,]

Following the lines of Rathie [30], we can obtain the series representation and
behaviour for small values for the function I[z;,2,] defined and represented by
(26). The series representation may be given as follows :
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It

(i) Dyp(dj+r) #Dj(dy+ ), for j#h; j,h=1,....my; r,u=0,1,2,

(i) Fi(fj+k) #F(fi+Vv),for j#1; j,l=1,...,m3; k,v=0,1,2,...

(iii) z1 #0,22 #0, R< 0, S < 0 (where R and S are defined by (5) and (6)
respectively),

(iv) and if all the poles of I'(d; — Djs), I'(f; — Fjt) in (26) are simple,

then the integral (26) can be evaluated with the help of the Residue theorem to
give

mpy m3 oo oo dh+r ﬁ+k>
Z17Z2 { < )
hzllzlrzokzo DhFﬂ"k‘ D, K
. d +r +k dy+r fitk
(S5 E ) o

where ¢ <d”j” f’“‘) is defined analogous to ¢ (s,) given by (2) and 5 <d’l’)—7) ,

06 <f’+k) are respectively given by

UE T dp+r e dp+r
Y <1—c~—|—C~<h>> F<d~—D~< ))

(j#h) (35)

- P2 d q2 d
e (oo (%0)) B (1-ao (7))
Jj=na+1 Dh Jj=mp+1 Dh

(%)

s (1-avs (52) fir o5 (757)

= (36)

P3 _ k q3 _ k
7 (s (5) e (o ()

j=n3+1 j=m3+1

for |z1] <1, || < 1.
From (34) it follows that

Tzl =0(lul*[2),  marflal o]} =0 G7)
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where
B min d;
= S (5] )
B min ﬁ
P < [2(7)] @)

for small values of z; and z,.
Similarly, when all the poles of Iy [z}, 7] are simple , it can be shown that

i [ ] O(‘Zl‘a |12|B)7 max{|zl|a |ZZ|} —0 (40)
71,22] = / / :
1,22 21|% |22f"),  min{|zi], |z2]} — o
where a and 3 are given by (38) and (39) and o’ and 8’ are given by
max ci—1
a = R(-2 41
1§j§”2[ <Cj >] @D
/ max ej—1
= R 42
p 1§j§n3[ (Ej )] “2

for large values of z; and z;.

6. Special Cases

In this section, we mention some interesting and useful special cases of the I-
function of two variables.

(i) If all the exponents &;(j=1,...,p1), n;(j=1,....,q1), U;(j =1,...,p2),
Vi(j=1,...,q2), Pi(j=1,...,p3) and Q;(j = 1,...,q3) are equal to unity,
then (1) reduces to the H-function of two variables defined by Mittal and Gupta
[25].

(i) If we take p; = g1 = n; = 01n (1) then it degenerates into the product of two
I- functions of one variable introduced by Rathie [30] as

1
2

— == 1(c;;Ci3Uj)1,pos (€j,Eji Pi)1ps ]
- (djaDJ’V)lqz’ (fJaFJ’QJ)lqs

(¢;,CisUj1,p, } n [ ’ (e;,Ej;P)1p ]
x I 75 Lps 43)
(dJ>D]’V Lg» b33 (f], QJ) Lgs

(iii) If we take m3z = 1, n3 = p3, f1 =0, (Fj)l,q3 =1, (Aj)Lpl = (Bj)l,ql = (Ej)l,m
= (Fj)1,4, = 1, equate the exponents P;(j =1,...,p3), Q;(j=1,...,¢3) to unity,

<
0,0:p2,92,P3,93 | 7

0,0: my,ny; m3, n3 I:
P2,92 ‘

=" |:
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replace g3 by g3+ 1 and let zo — 0 in (1), we get the following relation by virtue
of (1) and known results [12, p.208],

lim S 21 | (ajsa,1:6)) 1,
Z2_>010,n1.m2,n2,m3,113 |: J ] J/L,P1
P41 P2:42 P393 | 7y (bﬁﬁja];nj)l,m:
(cijJ;Uj)l-,Pz;(eﬁ1;1)1,173 :|
(dj,Dj3 Vi), (0, 151), (£ 1 1)2.g541
B ?i]r(l_ej)

I T - 1)

my,ni+ny
X IP|+[727Q1+Q2 [ 1

(aja O‘j;éj)hnn(Cjacj;Uj)l-,Pza (aja aj;gj)n1+l7p1 :|
(djaDj;Vj)l,qza (bﬁﬁj’n])lql
(44)

where p1+p3 < q1+g3+1
(iv) A relationship between the I-function of two variables and the G-function
of two variables [36, p.7, eq.1.2.3] is,

10:71:ma,no; ma, 21
P1:41: P2,92;5 P3,93 /%)

P1,91: P2:92; P3,93

(@p,) = (cp,)s (eps)
P): P' P)] (45)

=G (z1,22) = GO mamims,ms [ “a
M

(v) Another specialization of parameters in the I-function of two variables yields
the interesting relationship :

(I—aj;a;,Ap1)1p,
(1=bj;Bj,Bjs )14 :

(1=¢j,Cii)ipys (1 =€) Eji 1)1 py }
(07 1;1)7(1 _djaDj;l)lyqz;(Oa I;1 1(1 _fijj;l)l,%

[Opr:Lplps —Z21
P1,q1: P2, q2+1; p3,q3+1 -2

. 350G, AN)1p (€, Ci)pys (€5E i) 1ps 5

_ QPIP2D3 [ (aj:0,A1)1,p, 2 (€j,Ci)1pai (€45 E)) 1 ps 2,2 (46)
WA (b By Bivgy  (djsDj)rgss (F1:Fid gy 5

where S(z;,z3) is generalized Kampe de Feriet function defined by Srivastava

and Daoust [35, p.6,eq.1.2.2].

( 1.1:1
( 1.1:1
(L—=cjs s )1ps(
(0,1:1),(1 —d;, 1

)lsPIZ

) )17111:

1_e]"l;1)17[73 :|
’])lqza(o')]’l)?(l _fj71;1)17q3

- 70,n1:1,p25 1, p3 <1
(vi) IP17q11p2742+1;P3~,43+1

]
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71T (a)j) T2 T (e)) T2, T (e))
?':lr(bj) jjzlr( ) (fj)
)

« FP1:P2:P3 |: (aJ Lpi + (Cj)l-,Pw(ej)Lm 521 :| (47)
a4 (bJ)17111 : (dJ)qu;(fJ)Lq} ;Z2

where the function F[z;, ;] is the Kampé de Fériet function [36, p.5, eq.1.2.1].

s 0,0:1,p2;1,p3 —<1
(vii) IO,OZ P2,q2+1; p3, q3+1 -2

(1 CJ’C]’l)lpz’(l ej, Ej '1) ]
( ) ) ( d]7D]’1) 7(]2’(0 1 )7(1_fj7Fj;1)l,q3
7)

_ (¢, Ci)1.p, ] [ (eisEj)ips . ]
= n¥Y, ; ¥y ; 48
» [ (dJ>D ) Lgz “ 8 (fj» )lrh “ %)

where the function ,,%¥,, and ,,'¥,, are Wright’s generalized hypergeometric
functions [36, p. 19,eq.2.6.11].

0,0:1,0; 1,0
(vii)) T 002002 [

S ;(o,1;1),(—u,a;1)’;(0,1;1),(—%13;1)]
= Jza) x J(z) (49)

where the functions J{f (z1) and Jg (z2) are Wright’s generalized Bessel functions
[36, .19, eq.2.6.10].

(x) 1001212 -1 | ———:(LL1),(1—0,1;p); ( 1:1),(1-B, 1:9)
0.0:2.2:2.2 -2 ___:(071;1)7( Ot,l,p) ( ) 1; )7( ﬁal’Q)
= q)(Zl,p,a) X q)(ZLC],ﬁ) (50)

where ®(z;,p, ) and D(zp,¢q,B) are the generalised Riemann-zeta functions
[12, p.27, 1.11, eq(1)], which are generalizations of Hurwitz zeta functions and
Riemann zeta functions [12, p.24, 1.10, eq(1) and 1.12, eq(1)]

o 100LI2f a | — (L, 1:1), (1,15 p)s(1,151),(1, L;q)

0.0:22:2.2 1 —z | —:(0,151),(0,1;p);(0,1;1),(0, 159)

= F(z1,p) %X Fl(z2,9) (51
where F(z;,p) and F (22, q) are the polylogarithms of order p and q respectively.
For p=2and g =2, the R.H.S. of (51) equation reduces to product of Eulers’s
dilogarithm [12, p.31, 1.11.1, eq(2)].
(xi)If wetake p1 =q1 =n =0,U;j=1(=m+1,...,p2) and P; = 1(j =

n3+1,...,p3)in T { ? ] defined by (26) then it degenerates into the product
2

of two H - functions introduced by Inayat Hussain [20].
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7. Elementary properties and Transformation formulas.

The properties given below are immediate consequence of the definition (1) and
hence they are given here without proof:

1) 10701 mp,ny; m3,n3 Zl
P1,41: P2,925 P3,93 o)

(aj:0,A1:8)1p, 2 (¢j,CisU)1pys (€, Ej Py 1 ps }
(b3 BjsBjsNig : (djsDjsVi)igs (Fis Fis Qi)1gs

—1 . . .
_ 10.0: s, maz s, my [ g | (1=bjBjsBjsnj)ig, :

q1,P1:q2, P25 93, D3 Z{l (1—aj§aj,Aj;§j)1,p1i
(1_dijj;Vj)l,qz;(l_fijj;Qj)l,qa :| (52)
(1=¢;,CisUj)pos (1 — €, Ej3 Pi) 1 ps
i) 2 22 121,21
_ 10,mimy,myyms,ms | 21 (aj'i_klaj_{—kZAj;a.i’Aj;éi)lapl:

P1,91: P2,925 P3,93 o) (bj+klﬁj+k23j;ﬁj7Bj;nj)l,q1 :
(Cj+k1CjaCj2Uj)1,p2;(€j+k2Ej7Ej?Pj)1.,m] (53)
(dj+kiDj,Dj;Vi) g (fj+koF} Fj3Q))1gs

for k; >0, k, > 0.
oo 11 . . Zkl (a”k]OC' sz"(S')l :
iii) — — I[z1,z2 — T 0 nzma,no3m3,n3 1 J» ] J»57/1,p1
) ki ko [ 1 2] P1:91: P2,925 P3>3 [ Z152 (bj;klﬁﬁkZBj;nj)l,ql .
(Cj,klcj;Uj)l,pz;(ejaszﬁPj)l,m] (54)
(dj,kiDj; Vi)t g5 (fir koF3Q)1.45

where k; > 0, k» > 0.

(a;@,0;8), (aj;a,A;38)2p,
(b3 Bj,BjiNj)g
(c;sCj3Uj)1pys (€, Ej3 Pi)1,ps }

iv) 10,712 ma,na, ma,n 21
P1,41: P2,92;5 P3,93 o)

(dj,DjsVi)ges (fis Fis Qi) 1.gs

(aj;a,Aji )2
(bj:Bj:BjiNj)g
(aaa;é)’(Cjacj;Uj)l,pz;(ejan;Pj)l,m
(d;,DjsVi)igs (fis Fis Qi)1.gs

_ y0,n —1l:my,mp+1;m3,n3 | <1
T pi—Lqipat1,92: p3 g3 2

] (55)
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where py > n; > 1.

(aj;0,A7:8)1p, :

(bj;Bj,Bjinj)1q—1,(b;B,0:M) :
(c;;Ci3U)1pys (€, Ejs Pi)1 ps ]
(djsDjsVi)igys (fis Fis Qi)igs

) 0,ny:mp,np;ms,n3 | <1
PL@1 P2 @i P3a3 | 7,

(aja,A;8) 1,
(bjiBj:Bjinj)g -1

(€/Ci3Up)1pys (€, Eji Pi)1 ps ]
(dj,Dj;Vi)1.gas (b, B35 (5, Fj3 Q) 1.g5

_ 70,112 ma, 3 m3, 3 21
T ophai—lipetlipsgs | 4,

(56)

where g1 —1 >0

(@:0,0:8), (a3 0,A38j)2.p, :
(bj;Bj,BjsMi)ig
(¢/sCi3Ui)1.pys (€5 Ejs Pi)1 ps ]
(djsDjsVi)i.g: (f1:Fj3Q)1.45

0, ny:mp,ny;m3,n3 Zl
Vl) IPI q1- P2:925 P3,93 /&)

_1€_ Om—timompma,ny | 21 | (@30,A58)2,p,
=T (1 a) IP1*1741iP2=612;P3,q3 [ o (b ﬁ]a J’nj) qll_
(€jsCisUj)1,poi (€, Ejs P ps
(57)
(dj,D],V)lqz,(fj, i j) 1,g3

where > n; > 1, R(1—a) > 0.

(aj;a,Aj8)1p
(bjiBjsBjinj)iq-1,(0;0,0;m) :
(¢jsCisUj)1pys (€, Ejs Pi)1 p,s ]

N 10,m1imy, npsms,ny | 2l
Vi) 100 a: poras 2

(djsDjsVii.gs (fisFji Qi) 1,gs

(aj;a,AjiEi)1p
(bj’ﬁja ]717]) 1,91— 1:
(
(

(¢;,CisUips (e, E J’ Pj)1,ps ]
’ (58)
(d]’D]’V Lgas\Jj> J’ J)I,qs

_ 1 0,12 ma, mo; m3,m3 21
I (1-b) PLa1—1ip2,q2: 03,43 | 7y
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where g1 —1 >0, R(1—b) > 0.

(aj;0,A538))1,p,

(bj;Bj,BjsMji)ig
(¢,0,U),(cjsCi3Up)2,py3 (€, Ejs Pi)1 ps }
(dj;Dj;Vi)tgs (fis Fis Qi) 1.gs

. . 21
viii) 10712 ma,nas m3, na [

P1,91: P2,92;5 P3,93 o)

(aj;a, A6
(bj’ﬁja j’nj)
(¢j,Ci3Uj)2.pys (€, Eji Pi)1ps ] (59)
(djsDjsVi)igys (fis Fi Q))1.gs

U . 0,ny:my,ny—1; ms,n3 21
=T (1 C) Ipl,q|2p2*17q2§p3aq3 [ %)

7pl *
L +

where pp >np > 1, R(1—c¢) > 0.

(aj;0,A5E) 1,

(bj:Bj:Bjinj)g
(c;,CiiUj1,pys (ej,Ejs Pi)1 s }
(d,0:V),(d;,D;:V)2.4,: (fi:Fi: Q) 1,45

ix) 1072 ma,nas m3, na 21
PLq1i P22 P3a3 | 7,

(aj; 0, A6 )1,

(bj:Bj,BjiNj)ig
(¢;sCisUpos (€5 EjsP)1 ps
(dj,Dj3Vi)2.qs (fir Fis Qi) 1,43

v 0,n;:my—1,m;mz,n3 | <1
=T (d) IPhQUPz:QZ*l;P%‘B |: 22

] (60)
where g2 > np > 1, R(d) > 0.

) 0,12 m2, a3 m3,n3 1 (aj;aj7Aj;§j)l7P1:
PLaiPnanPa G| 2y | (bjs By BjsNi)igi—1, (a3 00,4161 )
(¢, CisUipos (€, Eji P ps }
(dj,Dj;Vi)1g-1,(c1,Ci;U1); (f5, Fj3 Q) 1,451, (e1, E1; Pr)

_ 10,m—1:mp,np—1;m3,n3—1 <1 (aj;aj’Aj;éj)lPl:
T n—La-lp—1,q2—1; p3—1,q3—1 I (bj;ﬁﬁBj;nj)lql—l :
(¢j,CisUj)a,pos (€, EjiPj)a,ps
(dj,DjsVi)ig—1; (f5, Fjs Qj)1,g5—1
provided that p1 > n1 > 1, pp>np > 1, p3>n3>1,q1 > 1, gp > mp + 1,
gz > m3+ 1.

] (61)
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7.1. Special Cases :

When all the exponents §;(j=1,...,p1), nj(j=1,...,q1), Uj(j = 1,...,p2),
Vij=1,...,q2), Pi(j =1,...,p3), Qj(j=1,...,q3) are equal to unity, the I-
function of two variables reduce to the H-function of two variables and therefore
we obtain the corresponding results in H- function of two variables recorded in
[36].

Concluding Remark

In this research paper we have introduced the natural generalization of the H-
function of two variables introduced by Mittal and Gupta [25]. In addition to this
we have also obtained convergence conditions, series representation, elementary
properties , transformation formulas and special cases.

As we have seen that the generalized function of two variables introduced by
Agarwal [1] and Sharma [33, 34] have found interesting applications in wireless
communication, therefore the function which have been introduced in this paper
may be potentially useful.

We conclude this paper by remarking that double integrals and summation
formulas for this newly defined I-functions of two variables are under investiga-
tions and the same will form a subsequent paper in this direction.
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