LE MATEMATICHE
Vol. LXIX (2014) — Fasc. II, pp. 7-16
doi: 10.4418/2014.69.2.2

INTEGRAL TRANSFORMS OF THE k-GENERALIZED

MITTAG-LEFFLER FUNCTION E/; 5(2)

RAM K. SAXENA - JITENDRA DAIYA - ABHISHEK SINGH

In this paper we derive the Euler transform, Laplace transform, Whit-
taker transform and fractional Fourier transform of order o, 0 < ¢ < 1,
of the generalized k-Mittag-Leffler function EZ B (z). The results ob-
tained are of general character and provide extension of the results given
by Saxena [9].

1. Introduction

The k-Pochhammer symbol was introduced in [1] in the form:
() ng =x(x+k)(x+2k)...(x+ (n— 1)k),

where x € C,k € R and n € N.

Proposition 1.1. Let y € C, k,s € R, then the following identity holds

- (3)'n ().
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and in particular

7
ny) = wH'r (1), @
Proposition 1.2. Let y € C and k,s € R and n € N, then the following identity
holds L
s\ (ky
ng,s — \ 7 — 3 5
= ()" (7)., ®)
and for particular case
Wngie = K (1) ©)
q, k nq’

Note 1.3. More details of k-Pochammer symbol, k-special function and frac-
tional Fourier transform one can refer to the papers by Romero et al [7, 8].

Definition 1.4. Letk € R; o, 3,7 € C; Re(ax) > 0, Re(f) > 0 and 7 € C, then

the generalized k-Mittag-Leffler function, denoted by EZ ’; B (z), is defined as

oo

7,7 N (Y)nr,k 4
Eyap@) = ngbl“k(na—kﬁ)n!’ ™

where (x)z, (x,7 € C) denotes the Pochhammer symbol with (1), = n! for n €
N =NU{0}, defined in terms of gamma function as (also see [13, p. 199])

C(x+71) _ {1 (t=0; xe C\{0})

(%) = I'(x) x(x+1)..(x+7-1) (r=neN;xeC).

Particular cases of E,Z ; B (2)

(1) For T = ¢q, equation (7) yields generalized k-Mittag-Leffler function, defined
by

oo

s (’}/)n , 7"
B~ L eyt~ e ®

(ii) For k = 1, equation (8) yields generalized Mittag-Leffler function, defined
by [11]

5]

Elngﬁ (z) = ;0 F(I(L)j;)n, = ngg (z) )

(iii) For g = 1, equation (8) gives the Mittag-Leffler function defined by Doorego
and Cerutti [2]

By =Y gy o) (10)

= Ti(noc+B)n! -k

Note 1.5. A detailed account of Mittag-Leffler function and their applications
can be found in the survey paper by Haubold, Mathai and Saxena [4], Saxena
[9] and Saxena et al [10].

The following definitions are also needed in the analysis that follows:
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Definition 1.6. Euler Transform

The Euler transform of the function f(z) is defined by

B{f(z);a,b} = /Olz“l(l —2)"7' f(2)dz, a,b € C, Re(a) >0, Re(b) > 0. (11)

Definition 1.7. Laplace Transform

The Laplace transform of the function f(¢), denoted by F(s) is defined by the
equation

F(s) = (LA6) =L O:sh = [ efWdr,  Re(s)>0. (12
which may be symbolically written as

F(s) = L{f(t):s} or f(r) = L™ {F(s):1}

provided that the function f(¢) is continuous for # > 0 and of exponential order
ast — oo,

Definition 1.8. Let u = u(z) be a function of the space S(R), the Schwartzian
space of the function that decay rapidly at infinity together with all derivatives.
The Fourier transform is given by the integral

(@) = Su)(0) = /R u(t) explion)dt (13)

and the inverse Fourier transform can be defined as

1
S (1) = — / (@) exp(—ior)do (14)
27 JR
Definition 1.9. Lizorkin space
Let V(R) be the set of functions
V(R):{veS(R):v(”)(O):O,n:O,l,Z,...}. (15)

The Lizorkin space of function ¢ (R) is defined as

¢(R)={geSR):3[p]cV(R)}. (16)
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Definition 1.10. Let u be a function belonging to ¢ (R).
The fractional Fourier transform of the order o, 0 < o < 1 is defined by
lg(®) = Sofu](@) = / O (. (17)
R

If put a = 1, equation (17) reduces to the conventional Fourier transform and
for @ > 0, it reduces to the fractional Fourier Transform defined by Luchko et
al [5].
Lemma 1.11. Let u be a function of the space ¢(R), let o be a real number,
0< a<l, then
Sulu](@) =3[ (x),  forx=a"* (18)
The inversion Fractional Fourier transform of the order o,, 0 < ¢ < 1, u € ¢(R)
is defined as
i 1 iol/% A i—a
Sal{ua(w)}(t):m/[ee 0%, (0)0'% do. (19)

The following result will be required in evaluating the integral (30).

© _ r'(1/24u+v)I(1/2—u+0o)
1/2,0-1 — _
/0 e VT IWy , (t)dt T —A+0) ,Re(vtp)>—1/2 (20)
where the Whittaker function W) u (z) is defined in [3] (see also Mathai et al [6]).
I'(—2u) I'(2u)
Wuo(2) = o4 Mu@)+ 4 Mru(2) 1)
PTG A ) T T (A )

where M), ,,(z) is defined as
1
Mz,u(z) — /2122 1F (2 +u—A;2u+ 1;z> .

The generalized Wright hypergeometric function ,%¥,(z) is defined by Wright [14-16]
(also see, [12, p.21]) in the following form :
=@

n!

(a]vAl)a---7(ap7Ap) . :|_ - H?:lr(ai+Ain)
¥ | 8.8 2] T B | T, Ty 1 Bm)

where a;,b; € C and A;,B; € R(i=1,...,p; j=1,...,q) and the defining series (22)
converges for

n=0

q P
Y Bi—-YA>-1 (23)
j=1 i=1

The object of this paper is to evaluate the Euler, Laplace, Whittaker and fractional
Fourier transforms of the generalized k-Mittag-Leffler function E,Z ; B (2), defined by
(7). The results are obtained in a closed form in terms of the generalized Wright hyper-
geometric function, defined by (22). The results obtained in this paper are the general-
ization of the results given earlier by Saxena [9].



INTEGRAL TRANSFORMS OF THE k-GENERALIZED MITTAG-LEFFLER ... 11

Theorem 1.12 (Euler Transform). Ifk € R; a,,v,a,b,0 € C; Re(a) >0, Re(f) >0
and T € C, then

1 k= o
a—1 b—1r?.T (e} T
T (=2 E f(x2%)dz = ———120Y2 ki Tkx| (24
) bop r() (£:4).(a+b,0)

Proof. Using equation (7) and (11) and beta function formula, it gives
b b1 VT ! nrk (X2°)"
4 — E” 2d —/ (1— d
/Oz (1=2)""E, p(x2%)dz 2) ZFknaJrB oz

Ve & /1 (1 —2)P 1y
0 T ( n(XJrﬁ n!

n

i Vuek X" T(b)(on+a)
= Ti(na+B)n! T'(on+a+b)

using equation (4) and (6), it becomes

e (k7 (¥), T(b)T(on+a)  x»
Y F(k)a
: ( a,

T +%) T(on+a+b)™

(b)) & T (f+nt)I(on+a) (k“%x)n

This completes the proof of the Theorem 1.12. O

Corollary 1.13. For t = q, equation (24) reduces in the following form

! K- ET(b) (£.9).(a0) .

a—1 I o g
21— )P EM (x2%)dz = oW, ki Tx| (25)
! bl r(h) "7 |(2.9).@+bo)

Corollary 1.14. For k = 1, equation (25) reduces to

: a—1 b—1 c _Q (’Y? ) (G’G) X
2 a-a gt g | B ] oo

If we take g = 1 in (26), it reduces to one given by Saxena [9].

Theorem 1.15 (Laplace Transform). Ifk € R; a,f,7,a,b,0 € C; Re(ot) >0, Re(f3) >
0, Re(s) , S%| <1, then

_B Y _a
oo kl-ksa (;77)a(aad) K% x
a—1 e %2 v.T o .

/0 z Ep o p(x2%)dz = I 2 (%
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Proof. Using equation (7) and (12) and gamma function formula, we obtain

/ Za 1 7szEYT (XZ )dZ—/ a—1 e %7 i nrk(xzc)n dz
0 ka.p 0 Iy(noc+B) n!

B Z Vi X" F(Gn+a)
Fk no —‘rﬁ | gOnta

using equation (4) and (6), it becomes

:s—ai (k)"* (%), L(on+a) (x )n

170 ()T (S B

B (k)l’%s_“ = I'({+nt)I(0n+a) tx\”
(@) = F(%n—&—%)n! s° .

This completes the proof of the Theorem 1.15. O

Corollary 1.16. For T = g, equation (27) reduces in the following form

_B Y _a
0 kl ks ¢ (EaQ)v(avc) k1 % x

/ e BN (0% )dr = e 5P ; (28)

: “ iy | (Le)

Corollary 1.17. For k = 1, equation (28) reduces in the following form
* —d o) x

Za SZEY‘I dz = o p |:(%q>,(a, ;:| 29
) b= T 2 gy, e )

when g = 1 in (29), it yields a result given by Saxena [9].
Theorem 1.18 (Whittaker Transform). Ifk €RR; o, f3,7,p,0 € C; Re(a) >0, Re(f) >
0, Re(p) >0, Re(ptu)>—1/2and T € C, then

/0th TPPW W (pHEL G 5 (wi®)dr

K% pr (+.7).(1/2+p+p,8) k™ Tw
OB (30)

2
r@ (£.9).0-2+p,8)" »
Proof. By virtue of equation (7) and (20), it yields

/0 P e PW (P ELy g (wi®)dt

if we set pr = v, then the above line is equal to

oo p—1 = n on
—vp2 [V W v (Y)nr,kW <v> ld’()
/o ¢ <p> il ),;)Fk(”a+ﬁ)”! p) p
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0o oo p—1 on
nrkW / D/z(U) (U) 1
e — — W, u(v)—dv
,;)Fk no+B) n! p P ol )p

- (Vnr (w >”/°° B -
—p P o Nnnk v/24,8n+p lw. ) do
P ,;)Fk(na—f—ﬁ) n! p5 0 € l,u( )

7pZ (e D(1/2+p+8n+p)T(1/2—pu+8n+p) ((w"
Ii(na+B)L(1—A+6n+p)n! o

using equation (4) and (6), it simplifies to

» pi )" (§),.L(1/2+p+8n+p)0(1/2—p+8n+p) (w)
=0 "M 11"( ﬁ) (1—A+8n+p)n! P’
Wk i T(X4nt)T(1/24u+8n+p)T(1/2—u+8n+p) (& Ew\"
r(f) = F(%nJr%)F(lfleﬁner)n' p°
This completes the proof of the Theorem 1.18. O

Corollary 1.19. For t = g, equation (30) reduces in the following form

C o1 - , 5
/O PP PW, L (pEYS 5 (wid )i

k1 %P p (% (125 pu+p,8) ga-Fw 31
¥
() (g 9. (1-2+p,8) P
Corollary 1.20. For k = 1, equation (31) reduces in the following form
/0tpfle*’"/ZW;L,“(pt)Eg’_%(th)dt
P [< 9). (1/2+u+p, 6) w
= ¥, (32)
T 7L (Bo), (1-A+p.8) "

when g = 1, (32) reduces to one given by Saxena [9].

Fractional Fourier Transform (FFT) of generalized k-Mittag-Leffler Function

Theorem 1.21. The FFT of order o of the generalized k-Mittag-Leffler function for
t <0 is given by
B
17% (Tiz)nl"(%—i-nf)( 1>n( ) n— lw*(n‘f’l)/(x

Sa [ELe 0] (@) @ ngo (60 8) (33)
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Proof. Using equation (7) and (17) and gamma function formula, it gives
g /o
Sa [Ef5 5 0] (@) = [ @@ E]S p(00dn

_ / lwl/a[ )VL‘E k "
Fk (noc+ B)n!

(Y)nrk / io'/% n
= _—— | € t"dt
ngb i(noe+ B)n! Jr

if we set i®!/% = —&, then
_ Z Vntk 0 e,g —& \" [ —dé
¢ Tk ( naJrﬁ n! iol/ o'/

n;)l“k mx+[3 )(gﬁlfw(nﬂ)/a(_l)n/o e tE"dg
_ Z Vnex () Lo D/ @ ()
rk (na+B)(n!)
In view of equation (4) and (6), the above line
P (e 10 e

; )mx+ﬁ IF(% %>

This completes the proof of the Theorem 1.21. O

I'(n+1)

Corollary 1.22. When t = g, equation (33) reduces in the following form

B Gﬁ%)”f’(%—l—nq) (_1)n(i)fn71w7(n+l)/a

-y
Corollary 1.23. For k = 1, equation (34) reduces in the following form

L ST (1) e e
Sa|[EH0] (@) = 5 L T (onth) SNES

Note 1.24. Fractional Fourier transform is studied among others, by Luchko et al [5]
and Romero et al [7, 8].

Sa [ELL 5 (0] (@) IZ (34)
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