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COMMON FIXED POINT THEOREMS
OF COMPATIBLE MAPPING OF TYPE (P)
IN INTUITIONISTIC FUZZY METRIC SPACES

B.P. TRIPATHI - G. S. SALUJA - D.P. SAHU - N. NAMDEO

The aim of this paper is to point out results of M. Koireng and Yum-
nam Rahen [10] on compatible mappings of type (P) in fuzzy metric
spaces into intuitionistic fuzzy metric spaces with same terminology and
notations.

1. Introduction

Fuzzy set theory was introduced by Zadeh in 1965 [23]. Many authors have
introduced and discussed several notions of fuzzy metric space in different ways
[11], [5], [6] and also proved fixed point theorems with interesting consequent
results in the fuzzy metric spaces [7]. Recently the concept of intuitionistic
fuzzy metric space was given by Park [13] and the subsequent fixed point results
in the intuitionistic fuzzy metric spaces are investigated by Alaca et al. [1] and
Mohamad [12] (see, also [2], [3], [18] and [22]).

2. Preliminaries

The study of fixed points of various classes of mappings have been the focus
of vigorous research for many Mathematicians. Among them one of the impor-
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tant result in theory of fixed points of compatible mappings was obtained by G.
Jungck [8] in 1986. Since then there have been a flood of research papers in-
volving various types of compatibility such as Compatible mappings of type (A)
[9], Semi-compatibility [4], compatible mappings of type (P) [14], compatible
mappings of type (B) [16] and compatible mappings of type (C) [17] etc.

The following definitions, lemma and examples are useful for our presenta-
tions.

Definition 2.1 (See [19]). A binary operation *: [0,1] x [0,1] — [0, 1] is con-
tinuous #-norm if the binary operation * satisfying the following conditions:

(i) * is commutative and associative,

(i1) * is continuous,

(ili) ax 1 =afor all a € [0, 1],

(iv) axb < cxd whenevera < cand b <d forall a, b, c,d € [0,1].

Definition 2.2 (See [19]). A binary operation <: [0, 1] x [0,1] — [0,1] is con-
tinuous t-conorm if the binary operation ¢ satisfying the following conditions:
(1) ¢ is commutative and associative,
(i1) ¢ is continuous,
(ili) av0=aforall a € [0, 1],
(iv) aob < cod whenevera < cand b <d forall a, b, c,d € [0,1].

Definition 2.3 (See [1]). A 5- tuple (X, M, N, x, o) is called a intuitionistic
fuzzy metric space if X is an arbitrary set, * is a continuous #-norm, ¢ is a con-
tinuous ¢-conorm and M, N are fuzzy sets on X2 x (0, ) satisfying the following
conditions: forall x,y,z € X and s, > 0

(IFM —1) M(x,y,t) +N(x,y,t) <1,

(IFM —2) M(x,7,0) = 0,

(IFM —3) M(x,y,t) = 1 if and only if x =y,

(IFM 4) M(x Y )_M(y7x>t)’

(IFM —5) M(x,y,t) *M(y,z,5) < M(x,z,t +s),
(IFM —6) M(x,y,.): (0,00) — (0, 1] is left continuous,
(IFM —7) lim; o M (x,y,1) = 1,

(IFM —8) N(x,y,0) =1,

(IFM —9) N(x,y,t) = 0 if and only if x =y,

(IFM —10) N(x,y,t) = N(y,x,t),

(IFM —11) N(x,y,1) oN(y,2,8) < N(x,2,2 +35),
(IFM —12) N(x,y,.): (0,00) — (0, 1] is right continuous,
(IFM — 13) lim;_,o. N(x,y,t) = 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to z, respectively.
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Remark 2.4. Every fuzzy metric space (X, M, x) is an intuitionistic fuzzy met-
ric space of the form (X, M, 1 — M, *, ) such that -norm * and #-conorm ¢ are
associated, thatis, xoy =1—((1 —x)* (1 —y)) forall x,y € X.

Example 2.5. (Induced intuitionistic fuzzy metric space) Let (X, d) be a metric
space. Define axb =ab and aob =min{1, a+ b} forall a, b € [0,1] and let M,
and N, be fuzzy sets on X? x (0,c0) defined as follows:

t d(x,y)
My(x,y,t) = Tdy)’ Ny(x,y,t) = (+d(xy)

Then (X, My, Ny, *, ©) is an intuitionistic fuzzy metric induced by metric d
the standard intuitionistic fuzzy metric space.

Definition 2.6 (See [1]). Let (X, M, N, x, ¢) be an intuitionistic fuzzy metric
space. Then
(a) A sequence {x,} in X is said to be convergent to a point x in X if and
only if lim,_ee M (x,,x,¢) = 1 and lim,,_.. N(x,,x,7) = 0 for each ¢t > 0.
(b) A sequence {x,} in X is called Cauchy sequence if
1imy, 00 M (Xp4p,x,1) = 1 and limy,_,eo N (X4, x,1) = O for each p > 0 and r > 0.
(c) An intuitionistic fuzzy metric space (X, M, N, *, ©) is said to be com-
plete if and only if every Cauchy sequence in X is convergent in X .

Lemma 2.7 (See [20]). Let {x,} be a sequence in an intuitionistic fuzzy metric
space (X, M, N, *, o) withtxt >t and (1 —t)o(1—1) < (1—t)forallt €[0,1].
If there exists a number q € (0,1) such that M (x,12,Xn+1,qt) > M(Xp41,Xn,1)
and N(xp42,%n+1,qt) < N(Xpt1,%n,t) for all t > 0 and n € N, then {x,} is a
Cauchy sequence in X.

Proof. Fort > 0and g € (0,1) we have,
t
M(x27~x37qt) EM(xla-XZJ) ZM(XO,X],*%
q

or
t
M()Q,Xj,,t) > M(XO,)Q,?).

By simple induction, we have forallt > 0and n € N,
t
M(xn+laxn+23t) Z M(x17x27 ?)
Thus for any positive number p and real number ¢ > 0, we have

t t
M (Xp, Xn4pyt) > M (Xp, Xn1, ;) ook M(Xngp—1, Xngp, ;), by (IFM —5),

>M ! M
[ (x17x27W)*""”* (XI’X%W)'
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Therefore by (IFM —7), we have
M (X, Xpgp,t) > 1ok 1 > 1L

Similarly, for # > 0 and ¢ € (0, 1), we have

t
N(XZ,X3,qt> S N(X] 7-x27t) S N(X(),)C] ) 7)7
q

or
t
N(x27'x37t) S N()CO,X],?)-

By simple induction, we have forallz > 0O andn € N,

t
N(xn+l7xn+27t) < N(X],Xz, ?)

Thus for any positive number p and real number ¢ > 0, we have

t t
N (Xn, Xngp,t) < N(Xp, X1, ;)0. o ON(Xpgp—1,Xn4p, E), by (IFM —11),

t t
< N()ﬂ,xz,W)O..."'ON(Xl,XZ,W).
Therefore by (IFM — 13), we have
N (X, Xp1p,t) <00...---00<0.

This implies that {x, } is a Cauchy sequence in X. This completes the proof. [J

Lemma 2.8 (See [20]). Let (X, M, N, x,o) be an intuitionistic fuzzy metric
space. If Vx,y € X and t > 0 with positive number q € (0,1) and M(x,y,qt) >
M(x,y,t) and N(x,y,qt) < N(x,y,t), then x =y.

Proof. If for all t > 0 and some constant g € (0, 1), then we have

t t t
M(xvyat) ZM(X,y,*) zM(xvyaj) > ZM(xay’i) > sy
q q q"
and
t t t
N(x7y7t) SN(X,)@*) SN('xay772) S SN(X,y,7) S sy
q q q

n € Nand for all # > 0 and x,y € X. When n — o, we have M(x,y,1) = 1
and N(x,y,t) = 0 and thus x = y. This completes the proof. O
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Definition 2.9 (See [21]). Two self mappings A and S of an intuitionistic fuzzy
metric space (X, M, N, x, ©) are called compatible if

lim M(ASx,, SAx,,t) = 1 and lim N(ASx,, SAx,,t) =0

n—so0 n—soo

whenever {x,} is a sequence in X such that lim,_,.Ax, = lim,_,.Sx, = x for
some x € X.

Definition 2.10. Two self mappings A and § of an intuitionistic fuzzy metric
space (X, M, N, x, o) are called compatible of type (P) if
lim M (AAx,,SSx,,t) =1 and lim N(AAx,,SSx,,t) =0

n—yoo n—yoo

whenever {x,} is a sequence in X such that lim,_,.Ax, = lim,_,.Sx, = x for
some x € X.

Theorem 2.11. Let (X,M,*) be a complete fuzzy metric space and let A, B, S
and T be self mappings of X satisfying the following conditions:
(i) A(X) € T(X), B(X) C S(X),
(ii) S and T are continuous,
(iii) the pairs {A,S} and {B, T} are compatible mappings of type (P) on X,
(iv) there exists q € (0, 1) such that for all x,y € X andt > 0,
M(Ax,By,qt) > M(Sx,Ty,t) x M(Ax,Sx,t) x M(Bx,Ty,t) * M(Ax, Ty,t).
Then A, B, S and T have a unique common fixed point in X.

The aim of this paper is to extends Theorem 2.11 in the framework of intu-
itionistic fuzzy metric space.

3. Main Results

Theorem 3.1. Let (X, M, N,*,o) be a complete intuitionistic fuzzy metric space
and let A, B, S and T be self mappings of X satisfying the following conditions:
(i) A(X) € T(X), B(X) C S(X),
(ii) S and T are continuous,
(iii) the pairs {A,S} and {B, T} are compatible mappings of type (P) on X,
(iv) there exists q € (0, 1) such that for all x,y € X andt > 0,

M(Ax,By,qt) > M(Sx,Ty,t) « M(Ax,Sx,t) x M(Bx,Ty,t) « M(Ax, Ty,t)
and
N(Ax,By,qt) < N(Sx,Ty,t) oN(Ax,Sx,t)oN(Bx,Ty,t)oN(Ax,Ty,t).

Then A, B, S and T have a unique common fixed point in X.
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Proof. Since A(X) C T(X) and B(X) C S(X). We define a sequence {y,} such

that

Y1 =Txop1 =Axo,—2 and yy, = Sx2, = Bxo,—1, Vn € N.

We shall prove that {y,} is a Cauchy sequence. From (iv), we have
M (yan+1,Y2n+2,q1t) = M(Axan, Bx2p+1,41)
> M(SXQn; Tx2n+l J) *M(AXZmSXZrzvt)
* M(Bxop i1, TXons1,t) % M(Axon, Tx2p41,1)
=M (y2n,Y20+1,1) * M (Y2041, Y2n1)
*M(Yant2,Y2n+1,t) ¥ M (Y21, Y20 +1,1)
> M(YZnayZnJrht) *M(y2n+1 ,)’2n+2,t),
which implies
M(y2nt1,Y20+2,91) = M (Y2, Y2n+41,1)-

Similarly, we have

M (y2n+2,Y2043:q1) = M (Y2n41,Y2042:1)-

Hence, we have

M(yn+1 7)’n+2741t) Z M(ynvyn—&-l 7l)'
Now
N(yan+1,Y2n42,qt) = N(Ax2n, Bx2p11,q1)
< N(S-me Tx2n+l 7t) ON(AXZMSXZrzvt)
ON(Bxapi1, Txon41,1) ©N(Ax2p, TX2p41,1)

= N2, Y2n+1,1) ON(Y2n+1,Y2n,1)
ON(Y2nt2,Y20+15t) ©N(Vant1,Y20+1,1)
< N(y2n7y2n+lvt)ON(y2n+1vy2n+2¢t)7

which implies
N(yon+1,Y2042,91) < N(Y2n,Yont1,1)-

Similarly, we have
N(y2nt2,Y2043,91) < N(y2nt1,Y2n42,1)-

Hence, we have

NYnt1,Yn+2,91) <N Vs Ynt1,1).

()

2)
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Equations (1) and (2) show that {y,} is a Cauchy sequence.

83

Since X is complete, {y,} converges to some point z € X and so sequences

{Axon—2}, {Sxon}, {Bx2u—1} and {Txp,—1 } also converge to z.
Then, we have

AAxy,—2 — 87 and SSx2, — AZ,
and
BBxy,_ 1 — Tz and TTxp,—-1 — Bz.

From (iv), we get

3

“)

M(AAx2,—2,BBx2,—1,qt) > M(SAx2,—2,TBxop—1,t) * M(AAX2,—2,SAX2,—1,1)
* M(BBXQn_l , TBx2,—1 ,t) * M(AA)Czn_z, TBxy,_1 ,t).

Using (3) and (4) and taking the limit as n — oo, we have

M(Sz,Tz,qt) > M(Sz,Tz,t) % M(Sz,5z,1)
*M(Tz,Tz,t) «M(Sz,Tz,1)
> M(Sz,Tz,t)x 1x1xM(Sz,Tz,1)
> M(Sz,Tz,t)
implies
M(Sz,Tz,qt) > M(Sz,Tz,1).

Similarly,

N(AAx2,—2,BBx2,—1,qt) < N(SAxy,—2,TBxy,_1,t) ON(AAx2,—2,SAX2n—1,1)
0N(BBX2n_1 , TBxpp—1 ,t) <>N<AAX2n_2, TBxy,_1 ,t).

Using (3) and (4) and taking the limit as n — oo, we have

N(Sz,Tz,qt) < N(Sz,Tz,t)oN(Sz,5z,1)
oN(Tz,Tz,t)oN(Sz,Tz,t)
<N(Sz,Tz,t)©0000N(Sz,Tz,1)
< N(Sz,Tz,t)

implies
N(Sz,Tz,qt) < N(Sz,Tz,t).
It follows that

Sz="Tz.

®
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Now, again from (iv), we have

M(Az,BTx2,—1,qt) > M(Sz, TTxp,—1,t) * M(Az,Sz,t)
*M(BT)Q,,,] s TTXanl,t) *M(AZ, TTxanl,l‘).

Using (3) and (4) and taking the limit as n — oo, we have

M(Az,Tz,qt) > M(Sz,Sz,t) *M(Az,Tz,t)
«M(Tz,Tz,t)«M(Az,Tz,1)
> 1xM(Az,Tz,t) %1 xM(Az,Tz,1)
> M(Az,Tz,1)
implies
M(Az,Tz,qt) > M(Az,Tz,t).

Similarly,

N(AZ,BT)Czn_l,ql) < N(SZ, TTXQn_l,Z) <>N<AAX2,,_2,SAX2,1_1,Z‘)
<>N(BT)C2,,71 R TTinfl,t) ON(AZ, TTXanl,Z‘).

Using (3) and (4) and taking the limit as n — oo, we have

N(Az,Tz,qt) < N(Sz,8z,t)oN(Az,Tz,t)
oN(Tz,Tz,t)oN(Az,Tz,t)
<00N(Az,Tz,t)000N(Az,Tz,t)
<N(Az,Tz,t)

implies
N(Az,Tz,qt) < N(Az,Tz,t).
It follows that

Az=Tz. (6)
Now from (iv) and using (5) and (6), we have

M(Az,Bz,qt) > M(Sz,Tz,t) « M(Az,Sz,t)
*M(Bz,Tz,t) *M(Az,Tz,t)
= M(Az,Az,t) * M(Az,Az,t)
« M(Bz,Az,t) x M(Az,Az,t)
> 1% 1*xM(Bz,Az,t)* 1
> M(Az,Bz,t)
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implies
M(Az,Bz,qt) > M(Az,Bz,t).
Similarly,

N(Az,Bz,qt) < N(Sz,Tz,t)oN(Az,Sz,1)
ON(Bz,Tz,t)oN(Az,Tz,t)
= N(Az,Az,t) ©N(Az,Az,t)
oN(Bz,Az,t)©N(Az,Az,1)
<0000N(Bz,Az,t)©0
< N(Az,Bz,t)

implies
N(Az,Bz,qt) < N(Az,Bz,t).
It follows that

Az = Bz. @)

From (5), (6) and (7), we have

Az=Bz=Tz= Sz

Now, we shall show that Bz = z.
Again from (iv), we have

M (Ax,, BT z,qt) > M(Sx2,, Tz,t) * M(Ax2,, Sx20,1)
«M(BTz,Tz,t)*M(z,Tz,1).

Using (5) and (6) and taking the limit as n — oo, we have

M(z,Bz,qt) > M(z,Tz,t) *M(z,z,t)
«M(Bz,Tz,t)*M(z,Tz,t)
= M(z,Bz,t) % 1 *M(Az,Az,t) * M(z,Bz,1)
> M(z,Bz,t)
implies
M(z,Bz,qt) > M(z,Bz,t).

Similarly,

N(Axp,,Bz,qt) < N(Sxon, Tz,1) o N(Axzn,Sx20,1) ©N(Bz,Tz,t) ON(z,Tz,1).
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Using (5) and (6) and taking the limit as n — oo, we have

N(z,Bz,qt) < N(z,Tz,t)oN(z,z,t) ©N(Bz,Tz,t) oN(z,Tz,1)
N(z,Bz,t)©00N(Az,Az,t) ©N(z,Bz,1)
N

(z,Bz,t)

implies
N(z,Bz,qt) < N(z,Bz,t).

It follows that
Bz =1z. (8)

Thus from (8), z = Az = Bz = Tz = Sz and hence z is a common fixed point of
the mappings A, B, S and 7.
Uniqueness

Let w be another common fixed point of A, B, S and 7. Then
M (z,w,qt) = M(Az,Bw,qt)

> M(Sz,Tw,t) « M(Az,Sz,t)
« M(Bw,Tw,t) x M(Az,Tw,t)

> M(z,w,1)
implies
M(z,w,q1) > M(z,w,1).
And
N(z,w,qt) = N(Az,Bw,q1)
< N(Sz,Tw,t)oN(Az,Sz,t)
oN(Bw,Tw,t) oN(Az, Tw,t)
<N(z,w,t)
implies
N(z,w,qt) <N(z,w1).
Hence z = w. This completes the proof. O

Corollary 3.2. Let (X, M, N, x,©) be a complete intuitionistic fuzzy metric
space and let A, B, S and T be self mappings of X satisfying the conditions
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(i)-(iii) of Theorem 3.1 and there exists q € (0,1) such that for all x,y € X and
t >0,

M(Ax, By, qt)
> M(Sx,Ty,t) « M(Ax,Sx,t) * M(By, Ty,t) * M(By, Sx,2t) x M(Ax, Ty,t)

and

N(Ax,By,qt)
< N(Sx,Ty,t)oN(Ax,Sx,t) oN(By,Ty,t) >N (By,Sx,2t) o N(Ax,Ty,t).

Then A, B, S and T have a unique common fixed point in X.

Corollary 3.3. Let (X, M, N, x,¢) be a complete intuitionistic fuzzy metric
space and let A, B, S and T be self mappings of X satisfying the conditions
(i)-(iii) of Theorem 3.1 and there exists q € (0,1) such that for all x,y € X and
t>0,

M (Ax,By,qt) > M(Sx,Ty,t)

and
N(Ax,By,qt) < N(Sx,Ty,t).

Then A, B, S and T have a unique common fixed point in X.

Corollary 3.4. Let (X, M, N, x,©) be a complete intuitionistic fuzzy metric
space and let A, B, S and T be self mappings of X satisfying the conditions
(i)-(iii) of Theorem 3.1 and there exists q € (0,1) such that for all x,y € X and
t>0,

M (Ax,By,qt) > M(Sx,Ty,t) «* M(Sx,Ax,t) « M(Ax, Ty,t)

and
N(Ax,By,qt) < N(Sx,Ty,t)oN(Sx,Ax,t) o N(Ax, Ty,1).

Then A, B, S and T have a unique common fixed point in X.

Theorem 3.5. Let (X,M,N,*,¢) be a complete intuitionistic fuzzy metric space.
If S and T are continuous self mappings of X, then mappings S and T have
a common fixed point in X if and only if there exists a self mapping A of X
satisfying the following conditions:

(i) A(X) € T(X)NS(X)

(ii) the pairs {A,S} and {A, T} are compatible mappings of type (P) on X,

(iii) there exists q € (0, 1) such that for all x,y € X and t > 0,

M(Ax,Ay,qt) > M(Sx,Ty,t) x M(Ax,Sx,t) x M(Ay, Ty,t) x M(Ax, Ty,t)
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and
N(Ax,Ay,qt) < N(Sx,Ty,t)oN(Ax,Sx,t)oN(Ay,Ty,t) o N(Ax,Ty,t).
Then A, S and T have a unique common fixed point in X.

Proof. Necessary part. Let S and T have a common fixed point in X, say z, then
Sz=z=Tz LetAx=zforallx € X, then A(X) C T(X)NS(X) and we know
that {A,S} and {A,T} are compatible mappings of type (P), in fact AoS = SoA
and AoT = T oA and hence the conditions (i) and (ii) are satisfied. For some
g € (0,1), we have

M(Ax,Ay,qt) =1 > M(Sx,Ty,t) x M(Ax,Sx,t) x M(Ay, Ty,t) « M(Ax, Ty,t)
and
N(Ax,Ay,qt) =0 < N(Sx,Ty,t) oN(Ax,Sx,t) o N(Ay,Ty,t) o N(Ax, Ty,t)

for all x,y € X and ¢ > 0. Hence the condition (iii) is satisfied.
Sufficient part. Let A = B in Theorem 3.1. Then A, S and T have a unique
common fixed point in X. This completes the proof. 0

Corollary 3.6. Let (X, M,N,x*,¢) be a complete intuitionistic fuzzy metric
space. If S and T are continuous self mappings of X, then mappings S and
T have a common fixed point in X if and only if there exists a self mapping A
of X satisfying the conditions (i)-(ii) of Theorem 3.5 and there exists q € (0,1)
such that for all x,y € X andt > 0,

M(Ax,Ay,qt)
> M(Sx, Ty,t) *« M(Ax,Sx,t) x M(Ay, Ty,t) x M(Ax,Sx,2t) x M(Ax, Ty,t)
and
N(Ax,Ay,qt)
< N(Sx,Ty,t)oN(Ax,Sx,t) o N(Ay, Ty,t) o N(Ax,Sx,2t) o N(Ax,Ty,t).
Then A, S and T have a unique common fixed point in X.

Corollary 3.7. Let (X,M,N,*,¢) be a complete intuitionistic fuzzy metric
space. If S and T are continuous self mappings of X, then mappings S and
T have a common fixed point in X if and only if there exists a self mapping A
of X satisfying the conditions (i)-(ii) of Theorem 3.5 and there exists q € (0,1)
such that for all x,y € X and t > 0,

M(Ax,Ay,qt) > M(Sx,Ty,t)
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and
N(Ax,Ay,qt) < N(Sx,Ty,t).

Then A, S and T have a unique common fixed point in X.

Corollary 3.8. Let (X,M,N,*,o) be a complete intuitionistic fuzzy metric
space. If S and T are continuous self mappings of X, then mappings S and
T have a common fixed point in X if and only if there exists a self mapping A
of X satisfying the conditions (i)-(ii) of Theorem 3.5 and there exists q € (0,1)
such that for all x,y € X and t > 0,

M(Ax,Ay,qt) > M(Sx,Ty,t) x M(Sx,Ax,t) x M(Ax, Ty,t)

and
N(Ax,Ay,qt) < N(Sx,Ty,t)oN(Ax,Sx,t) o N(Ax,Ty,t).

Then A, S and T have a unique common fixed point in X.

Example 3.9. Let X = {1 :n € N} U{0} with * continuous t-norm and ¢ con-
tinuous z-conorm defined by a b = ab and a©b = min{1,a + b} respectively,
fora, b € [0,1]. For each t € [0,0) and x, y € X, define (M,N) by

—L _ ifr>0
M(x,y,t) =<4 D ’
1) { 0, if r=0,
and
L f >0
N(e,yt) =14 mhol ! ’
(eo30) { 1, ifr=0.

Clearly (X, M, N, %, ©) is an intuitionistic fuzzy metric space.
Define A(x) = B(x) = ¢ and S(x) = T'(x) = 5 on X. Itis clear that A(X) C
T(X)and B(X) C S(X).

Now
; t 2t
M, 3) = o = 5 ey,
3T s ’
" 2t
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and
x|
t x|
N(Ax,By, =) = —°
D byl —
37 Ly b 2t + x—y|
\X;ﬂ |x_y|
= ITEr
= N(Tx,Sy,t)

Thus all the conditions of Theorem 3.1 are satisfied and so A, B, S and T have a
unique common fixed point 0.
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