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CLASSES OF SPIRALLIKE FUNCTIONS DEFINED BY
THE DZIOK-SRIVASTAVA OPERATOR

TAMER M. SEOUDY

Making use of the Dziok-Srivastava operator, in this paper we intro-
duce two classes of analytic functions and investigate convolution prop-
erties, the necessary and sufficient condition, coefficient estimates and
inclusion properties for these classes.

1. Introduction

Let A denote the class of analytic functions of the form:
f@)=z+Y ad (1)
k=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Let S*(«)
and K (o) (0 < o < 1) denote the subclasses of A that consists, respectively,
of starlike of order & and convex of order & in U. It is well-known that Let
S*(a) cS*(0)=S*and K (a) = £ (0) C K.

If f(z) and g (z) are analytic in U, we say that f (z) is subordinate to g(z),
written f(z) < g(z) if there exists a Schwarz function @, which (by definition)
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is analytic in U with ®@(0) =0 and |@(z)| < 1 for all z € U, such that f(z) =
g(®(z)), z € U. Furthermore, if the function g (z) is univalent in U, then we have
the following equivalence, (cf., e.g.,[5], [17] and [18]):

f(z) < ¢(z) < f(0) = (0) and f(U) C g(U).
For functions f given by (1) and g given by
g()=z+) b )
k=2
the Hadamard product or convolution of f(z) and g(z) is defined by
(f*8) () =2+ Y, i’ = (g+) (2). 3)
k=2

Making use of the principal of subordination between analytic functions, we
introduce the subclasses S*[A, B] and K*[A, B] of the class A for || < J and
—1 < B < A <1 which are defined by (see [3], [4] and [19])

o _ . iazfl(z) 1+
S [A,B]—{fe.A.e <cosoc<1_i_BZ

Az .
@ >—|—zsma(z6U)}, 4)

and

/

K*|A,B] = fEA:ei“(Z]];Z;) < coseo (1122) +isina(z € U)

&)
We note that

SY[A,B]=S[A,B], K°[A;B] =K[A;B] (-1 <B<A<1),

where the classes S[A,B] and K [A; B] are introduced and studied by many au-
thors (see [1], [11], [13], [14], and [22]).

For complex parameters ay,...,aq;b1,...,bs (b; & Zy ={0,—1,-2,...};
j=1,...,s ), we define the generalized hypergeometric function

GFs(ai,...,ai,...;a4b1,...,bs;2)

by the following infinite series (see [23]):

GFs(ai,....ai,...,a4b1,...,bg2)
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(g<s+1;q,s e Ng=NU{0} ,N={1,2,...};z€U),

where (x), is the Pochhammer symbol defined, in terms of the Gamma function
I, by

) Tx+k) [ 1 (k=0),
7o T(x) | x(x+1)...(x+k—1) (keEN).
Dziok and Srivastava [9] considered a linear operator H(ay,...,aq;b1,...,by) :

A — A defined by the following Hadamard product:
H(ay,...,a4;b1,...,bs)f(z) =h(ar,...,ai,...,a4;b1,...,bs;2) % f(2), (6)
where
h(ai,...,ai,...,a4;b1,...,bs;z) =z 4Fs(ai,....ai,...,a4b1,...,bg2)  (7)

(g <s+1;q,5s € Np;ze ).
If f (z) € Ais given by (1), then we have
H(ai,...,ag:by,....bo) f(2) =2+ Y Tilar:bi]ad", ®)
k=2

where
(al)kfl e (aq)k—l

(b1)g_y---(bg),_ KV

ila;b] = 9)

If, for convenience, we write
Hq,S [al;bl] = H(al, . ,aq;bl,. .. ,bs),
then one can easily verify from the definition (6) or (8) that (see [9]):

Z(Hq,s [al;bl]f(z))/ =aiHy, la1 +15b1] f(z) — (a1 — I)Hq,s la1;01] f(z), (10)

and

2(Hysla1;b1+1] f(z)) = b1Hyslar;b1] f(z) — (b1 — 1)Hy s [ar; b1 + 1] £(2).
(11)
It should be remarked that the linear operator H, [a1;b1] is a generalization
of many other linear operators considered earlier. In particular, for f € A, we
have

(i) Hyi(a,bse)f(z) = (If’bf> (z) (a,b € C;c ¢ Zj ), where the linear opera-
tor I*? was investigated by Hohlov [12];
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(i) Hy1 (6 +1,1;1)f(2) = D5f( )(8 > —1), where D? is the Ruscheweyh
derivative of f(z) (see [2

(i) Ho(u+ 1,11+ 2)(2) = Fu(H)(@) = 2L 501 poyar with o >

—1, where F, is the Libera integral operator (see [2], [15] and [16]);

(iv) Hyi(a,15¢)f(z) = L(a,c)f(z)(a € R;c € R\Z, ), where L(a,c) is the
Carlson-Shaffer operator (see [6]);

(v) Hy1(A+1,c1a)f(z) = *(a,c)f(z)(a,ce R\Z; ;A > —1), where *(a,c)
is the Cho—Kwon-Srivastava operator (see [7]);

(vi) Hpa(p, 1A +1)f(2) =1, f(z)(A > —1;u > 0), where the operator I ,,
is the Choi—Saigo—Srivastava operator (see [8]) which is closely related
to the Carlson—Shaffer [6] operator L(u,A + 1);

(vii) Hy1(1,1;n41)f(z) =1.f(z)(n > —1), where I, is Noor operator of n—th
order (see [20]).

Next, by using Dziok-Srivastava operator Hy s [a1;b1], we introduce the fol-
lowing classes of analytic functions for s,q € No, || < Jand -1 <B<A < 1:

SL(])fs [al;AaB] = {f cA: Hq,x [al;bl]f(Z) S [A,B]} R (12)
and
K& lai;A,B] = {f € A: Hylay:b1] f (z) € K[A,B]}. (13)

We also note that
f(2) €K JanA,Bl < zf (z) € S [ar;A,B]. (14)

In this paper, we investigate convolution properties of S [a1;A,B] and
K¢ lai;A, B] associated with the operator Hy s [a1;b1]. Using convolution prop-
erties, we find the necessary and sufficient condition, coefficient estimates and
inclusion properties for these classes.

2. Convolution Properties

Unless otherwise mentioned, we assume throughout this paper that —1 < B <
A< 1,]a| < Z,|C| =1 and Iy [a;;b] is defined by (9). To prove our convolu-
tion properties, we shall need the following lemmas due to Bhoosnurnath and
Devadas [3, 4].
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Lemma 2.1 ([3]). The function f(z) defined by (1) is in the class S*[A,B] if
and only if

1 Z
: [f(z)*(l—Mz) (1_2)2] £0 (zeU), (15)
where .
_ e “+(Acosa+iBsina)§
M= (A—B){cosa (16)

Lemma 2.2 ([4] Lemma 3 with n = 1). The function f (z) defined by (1) is in
the class K% [A, B] if and only if

i[f(z)*(l—Nz)(l 3] #0 (zeD), (17)

where _
_ 24 [(A+B)cosa +i2Bsina] §

N= (A—B){cosa

(18)

Theorem 2.3. A necessary and sufficient condition for the function f defined by
(1) to be in the class S [a1;A, B) is that

> (k—1+kBC)e* — (Acoso+iBsina) &

= (A—B){cosa

Tilab]a 1 40 (zeU).
(19)

k=2

Proof. From Lemma 2.1, we find that f (z) € S [a1;A, B] if and only if

Z
(1—2)?

L sl i) 12+ (1 )

]7&0 (zeU), (20)

where M is given by (16). From (8), the left hand side of (20) may be written as

1 ‘ z M22
B [Hms [a1;01] f(2) = <(1 —Z)2 - (1 —Z)2>]
- i [Z (Hy [a13b1) f(2)) _M{Z(H%S [a1:61] f(2)) — Hys [al;bl]f(Z)H
= (k—1+kBE)e'® — (Acosa + iBsin o) Crk larsb]

- 1_,?;2 (A—B){cosa

Thus, the proof of The Theorem 2.3 is completed. O
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Theorem 2.4. A necessary and sufficient condition for the function f defined by
(1) to be in the class K¢, [a1;A, B] is that

1— Zk (k—1 glaf (A A]{Bi;;(gc(z“;(k 1)B§1H(X]C1—~k [al;bl]akzk—l 7& 0 (Z c U) ) (21)

Proof. From Theorem 2.3, we find that f (z) € K¢, [a1;A, B] if and only if

Z
(1-2)°
where N is given by (18). From (8), the left hand side of (22) becomes

2
[H lar3bi] £(2) * ((1 _ZZ)3 G fz)3>]

52y aribil 7)) -

i [Hq,s la1;b1] f(2) * (1 — Nz) ] #0 (zel), (22)

N = N =

"

N{;z (zHyslar;b1) f(2)) —z(Hys [a1;bl]f(Z)),H

B (k—1)el® —[(A—kB) cos a—i(k—1)Bsina( . k1
R e PR

this proves Theorem 2.4. 0

3. Coefficient Estimates and Inclusion Properties

Unless otherwise mentioned, we assume throughout this section that a; > 0 (i =
l,...,q)and bj >0 (j=1,...,5).

As an applications of Theorems 2.3 and 2.4, we next determine coefficient
estimates and inclusion properties for a function of the form (1) to be in the
classes S/ [a1;A, B] and K¢ [a1;A, B].

Theorem 3.1. [f the function f (z) defined by (1) belongs to S;); [a1;A,B], then

oo

Y (k—1+|A+iBsina —kBe'|) Ty [ar;b1] |ax| < (A—B)cosar.  (23)
k=2

Proof. Since

(k—1+kBE)e* — (Acosa +iBsina) {
(A—B){cosa

k—1

Ty [ar;b1] axz
k=2
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(k—1+kBE)e* — (Acosa +iBsina) {
(A—B){cosa

‘Fk [a1;b1] |ax|,

and

(k—1+kB{)e'* — (Acosa +iBsina) {
’ (A—B)Ccosa
|(k—1)e™ — (Acos o+ iBsina — kBe') |
(A—B)cosa
- (k—1)+ |Acos o+ iBsin o — kBe' |
- (A—B)cosa ’

the result follows from Theorem 2.3. O

Similarly, we can prove the following theorem.

Theorem 3.2. [f the function f (z) defined by (1) belongs KJ'; [a1;A, B], then

ik{(k— 1)+ |(A—kB)cosa—i(k—1)Bsina|} Ty [ar;b1] |a|
k=2
<(A—B)cosa. (24)

We will discuss two inclusion relations for the classes S [a1;A,B] and
IC[‘;"S [a1;A, B]. To prove these results we shall require the following lemma:

Lemma 3.3 ([10]). Ler h be convex (univalent) in U, with R{yh(z)+n} >0
forall z € U. If p is analytic in U, with p(0) = h(0), then

zp (2)
p(Z)+m < h(z) = p(z) <h(z).

Theorem 3.4. Suppose that

—ia < B ay
ER{e l—I—Bz}> ABeosa €U (25)

Iff €S lar+ 1A, B, with Hy s [a1;b1] f(2) # 0 (z € U), then f € S [a1;A, B.

Proof. Suppose that f € S7 [a1 + 1;A, B], and define the function

wz(Hyslasb £(2)
P = a1

(ze ). (26)
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Then p is analytic in U with p(0) = ¢'*, and using the relation (10), from (26)

we obtain
Hq,s [al + l;bl]f(Z)

Hysla;b1]f(2)

Differentiating logarithmically (27) with respect to z and then using (26), we
deduce that

e p(2)ta—1=a (27)

zp (2)
p() e ®p(z)+a—1

1+ Az o
<cosa<]+BZ>+zsma—h(z). (28)

From (25), we see that R {e‘io‘h (2)+a — 1} > 0,z € U. Since the function

h(z) is convex (univalent) in U with 2(0) = /%, according to Lemma 3.3 the
subordination (28) implies p (z) < & (z), which proves that f € S [a1;A,B]. O

From the duality formula (14), the above theorem yields the following in-
clusion:

Theorem 3.5. Suppose that (25) holds and H, s [ay;b1] f(z) # 0 for all z € U. If
f ey lar+1;A,B], then f € K [a1;A,B].

Proof. Applying (14) and Theorem 3.4, we observe that

f €K a1+ 1A,B] <= o € Sy lar+1;A,B] (from (14))
—zf € S;'slai;A, B] ( by Theorem 3.4 )
— feK{la;A,B],

which evidently proves Theorem 3.5. O

Remark 3.6. (i) Takingg=2,s=1,a; =n+1(n>—1)anda, = b; = 1 in The-
orems 2.3, 3.1 and 3.4, respectively, we obtain the results obtained by Bhoos-
nurmath and Devadas [4, Theorems 1,3 and 4, respectively];

(ii) Taking g =2,s = l,a; =n+1(n> —1),a, =b; = 1,6 = 0 and 5 =—Cin
Theorems 2.3, 3.1 and 3.4, respectively, we obtain the results obtained by Ahuja
[1, Theorems 1, 3 and 5, respectively];

(iii) For special choices fora;(i=1,...,q) and b;(j=1,...,s), where g,s € Ny,
we can obtain corresponding results for different linear operators which are de-
fined in the introduction.
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