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CLASSIFICATION OF GENERAL ABSOLUTE GEOMETRIES
WITH LAMBERT-SACCHERI QUADRANGLES

HELMUT KARZEL - MARIO MARCHI!

Without claiming any kind of continuity we show that an absolute geometry
has either a singular, a hyperbolic or an elliptic congruence, i.e. for any quadruple
(a, b, c,d) of distinct points contained in a plane withd,a L a,b L b,c L c,d
((a, b, ¢, d) is then called Lambert-Saccheri quadrangle)if a’ := (a L ¢, d)Ne, d
then either a’ = d ( singular case), or a’ € ]c, d[ (hyperbolic case) ord € |c,a’[
(elliptic case).

Introduction.

In their attempt, to deduce the parallel postulate from the other ax-
ioms of Euclid, G. Saccheri and H. J. Lambert considered quadrangles
(a, b, c,d) with three orthogonal angles «, 8, y and for the forth angle §
they made the three hypotheses: § = R, § < R and § > R (where R
stands for the right angle). They succeeded to show that Euclid’s parallel
postulate is equivalent with the hypothesis § = R, and that the hypothesis
d > R leads to a contradiction. In order to disprove the hypothesis § < R
they proved many theorems of hyperbolic geometry but failed to obtain the
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desired contradiction. Of course Euclid’s axiomatic and the argumentation
of Saccheri and Lambert base on many visual assumptions and as we know
since more than 100 years, the mentioned theorems are only valid under the
claim of continuity conditions like the Archimedian axiom. M. Dehn [1]
gave in 1900 examples of geometries where the hypothesis § = R is valid
but not the parallel postulate and examples with § > R.

In this paper we consider absolute planes (E, 9, o, =) in the sense
of [4] p. 96. E denotes the set of points, ¥ of lines, o stands for the
order structure and = for the congruence. We claim that the axioms I1,
I3, E1, Al, A2, V1, V2,.., V7 of [4] are valid. The order structure which
is in [4] a function « from the set of triples (¢, E, E)' := {(G,a,b) €
99X EXFE | a,b ¢ G} in the cyclic group ({1, —1},-) of order 2
((Gla,b) = a(G,a,b) = 1 resp. (Gla,b) = —1 expresses that the
points a, b are on the same resp. on different “sides” of the line G) can
also be replaced by a betweenness function (cf. e.g. [2] p. 389). If a, b, ¢
are collinear points with a # b, ¢ then (a|b, c) = —1 or = 1 respectively,

means that a is between b and ¢ or c¢ is a point on the halfline a, b
respectively. By la, b[ we denote the open segment, i.e. the set of all points
between a and b and [a, b] :=la, b[ U {a, b} is the closed segment. If [a, b]
and [c, d] are two segments then by the axioms V2,V3 (Streckenabtragen)

there is exactly one point u € c:) b such that (a, u) = (¢, d). We set:

la,b| = |c,d| if u = b, |a,b| < |c,d| if b €]a, u[ hence (bla, u) =
—1 and |a, b| > |c,d]| if u €]a, b|.

A quadruple (a, b, c, d) of distinct complanar but non collinear points
will be called LS(Lambert Saccheri)-quadrangle if

d,alablbclecd.

In this case we set
(a,b,c,d) :=a":=(a Lc,d)Nc,d.
The set LS of all LS-quadrangles (a, b, ¢, d) falls into the classes
LS, :={(a,b,c,d) € LS| (a,b,c,d) = d} of rectangles,
LS, :={(a,b,c,d) e LS| (a,b,c,d) €]c,d[} of hyperbolic and
LS, :={(a,b,c,d) € LS |d €]c, (a, b, c,d)'[} of elliptic quadrangles
which are characterized by |a, b| = |c, d|, |a, b| < |c,d| and |a, b| > |c, d|
resp.

It is well known that LS, # ¢ implies LS = LS,. Then the absolute
plane (E, 9, a, =) is called singular (cf. e.g. [3] p. 162) and the congruence
Euclidean. The Euclidean planes are a subclass of the singular planes.
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In this paper we give a geometric proof that, for the ordinary case,
characterized by LS, = (J, we have also the statements:

“LSy #0) = LS, =LS”, “LS,#0= LS, =LS".

If LS = LSy, or LS = LS,, we say that the congruence “=" is
hyperbolic or elliptic respectively. The hyperbolic planes have hyperbolic
congruence. The elliptic planes fall out of our axiomatic frame. But their
congruence is elliptic.

Since in a spatial absolute geometry all planes are absolute planes and
these planes are isomorphic, this classification is also here valid.

We have the main results:

Theorem 1. Let (P, 4, a, =) be a general absolute geometry (in the sense
of [2]) then either LS = LS, or LS = LS, or LS = LS., ie. the
congruence “=" is either Euclidean or hyperbolic or elliptic.

IfI? :={p | p € P} denotes the set of all point-reflections then:

(1) LS = LS, < P3=P.

(2)If (P, 4, o, =) is an Euclidean geometry (i.e. the Parallel Axiom is
valid) then LS = LS, .

(3)If (P, 9, a, =) is a hyperbolic geometry (i.e. (P, §, ) is an ordered
space with hyperbolic incidence structure in the sense of [2] Sec.2) then
LS =1LS,.

(4)If LS, = () then:Va, b,c € P :{a, b, c} are collinear dobof
is an involution.

Theorem 2. There are absolute geometries (P, §, a, =) such that:
(1) LS = LS, and (P, 9, o, =) is not an Euclidean geometry (cf.[1]).
(2) LS = LS, and (P, §, a, =) is not a hyperbolic geometry.
(3) LS = LS, (cf- [1]).

1. Notations and known Results.

In the absolute plane (E, 9, «, =), given by the axioms I1, I3, Al, A2,
V1, V2,..V7of [4],leta,b,c, ... € E and A, B, C, ... € § denote points
and lines respectively. If a # b let a, b € § be the uniquely determined
line joining a and b and let a(b) € a, b\ {b} be the unique point such that
(a(b),a) = (a, b) and let a(a) := a. The map

a:E— E;x+— ax)
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is called point reflection. We set

Al B« |ANB|=1andifce ANB,ace A\B, be B\ A then
(a,b) = (a,c(b)) = (b, c(a))

and call then A and B orthogonal.

(a L B) € § denotes the unique line witha € (¢ L B)and (a L B) L B
(cf.[4] (16.9)). _ _

If {a’} := (a L B) N B is the foot of a on B let B(a) := a’(a) then

§:E—>E;x|—>§(x)

is called line reflection (cf. [4] p. 105). Let § := {G | G € §} be the set of
all line reflections.

(1.1) If M denotes the group of all motions of the absolute
plane (E 9, a, E)Nthglz _

(D M=25605UgoFo§ (cf.[4](17.6) and (17.9)).

(2) MT := § o § is the subgroup of proper motions (cf.[4](17.18)).

(3) Va,b,c,d with a % bc # d Jio € MY : o(@b) = cd
(cf. [4](17.15)). L L
4) VYa,b,c,x,y,z with b # a,c, b,a L b,cand y # x,z, y,x L

Y,z di0 € M : U()TX) = b,a and 0()72) = b, ¢ (follows from
[4](17.15) and Axiom V2).

(1.2)If A, B,C L G and {a} := AN G then:

(Ha=AoG. o

(2) Thereisaline D with Ao BoC = D and D 1L G. (cf. [4](17.7) and
(17.13.2)).

From (1.2) and [4](17.10) follows:

(1.3)If a, b, c are collinear then Fix(dobo?) # P andifd € Fix(Gobo?)
thendoboc¢=d=coboaanda,b,c,d are collinear.

By [4](18.3):

—~ —~
~

(b)) =AoboA, A(B) =

—_—~ —_—~

(14)a(b) =aoboa, a(B)=aoBoa,

Leta # b, if there is a point m or a line M with m(a) = b or 1\7I(a) =b
respectively, then m is called the midpoint or M the midline of a and b
respectively. The following point sets determined by a and b with a # b



CLASSIFICATION OF GENERAL ABSOLUTE GEOMETRIES ... 31

are called: L
la,b[ .= {x € a,b | (x|la,b) = —1} open segment and [a, b] =
la, b[ U {a, b} closed segment,

a,b:={x e€a,b| (alb,x) =1}anda,b :={x € a,b | (alb,x) = —1)}
halflines.

S
A subset S C FE is called convex if for all {a, b} € (2> it holds Ja, b[ C S.

Let C be the set of all convex subsets of E.

From [4]p.87-89 follows:

(1.5) If a # b then: B

Wab=abUla)Ua.b. la.bl= a.b N b.a.

@) 1a.bl. [a.b]. a.b € C.

3)If{a,b,c}e (f) are collinear then: (b|a, ¢) =—1 <— b,_)a ﬂl:)c = 0.

By [4](16.11), (16.12) and (18.3) resp. (16.10.2) holds:
(1.6) Two distinct points a, b have exactly one midpoint m and one midline

M and (mla,b) = (M|a,b) = —1,i.e.m €]a, b[, M=@mLa,b),m=
a,_bo]q, Mmoa=homorb=niodoin.

A7HIfA,BLCand A# BthenANB =0.

(1.8) Leta, b & C and a # b then:

(1) Ja,b[NC # @ < (Cla, b)) = —1 (cf. [4],p.83,V1]).

(2) If there isa D € ¢ with a, b, C L D then (Cla,b) = 1 (by (1) and
[4]1(16.10.2)).

(3)Ifa, bNC # ¢ and (¢} := a, bNC then (Cla, b) = (c|a, b) ([4](13.9)).
(4) If a, b, c, or respectively a’, b’, ¢/, are distinct and collinear and if
there are A, B, C distinct with a,a’ € A, b,b' € B, ¢,c’ € C and
ANB = ANC = (in particular if there isa D with A, B,C L D -in
this case we write

(a,b,c) Lp (@, b,c)-)then (a|b, c) = (d'|b/, ') ([4](13.10)).

(1.9) Let a, b, c be three distinct and collinear points, let m |, m,, ms be the
midpoints of a, b, of b, ¢, of a, c respectively, then:
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()31 d € a,bsuchthat éodob = d (cf. (1.3)).
(2)Iféo0d ob = d then (bla, ¢) = (c|d, b).
(3) (bla, c) = =1 = (m3|my, my) = —1.

Proof. ”(1)” follows from [4](17.7) and (17.13.2).

“(2)” Since m> mzoc = bomz (cf.(1.4)),the pomts a, b, c, m, are collinear and
we have: mz(d) = mzodomz mzocoaobomz = bo(mgoaob)omg =
bo (b od omy) onm, = a,i.e. ms(d) = a. Therefore by (1.1)

(bla, c) = (ma(b)|ma(a), mr(c)) = (Cld_b))

“B3)’By (1.6)and (1.5) m; € la,b[ < b,a ,i.e. (blm;,a) =1 and

my € 1b,c[ € b,c, ie. (blmy,c) = 1. Now (bla,c) = —1 implies
(blmy,mp) = (blmy,a) - (bla,c) - (blc,m;) = 1-(—1)-1 = —1 thus
(mi|b, my) = (ma|b, my) = 1. By myomzom, (b) = irom3(a) = m>(c) =
b we have, according to (1.3), m| om3omy = m,omszoim; = b and so by
(2), (malm3, my) = (m1lb,my) = 1 and (m|m3, my) = (mz|b, m;) = 1.
But this implies by [4] Axiom A1, (m3|m, mp) = —1. O

2. Lambert-Saccheri Quadrangles.

A quadruple (a, b, c,d) € (f) is called Lambert-Saccheri quadrangle
ifd,a L ab L b,c L c,d. LetLS be the set of all Lambert-Saccheri
quadrangles and let (a, b, ¢, d) € LS, then also (¢, b, a,d) € LS and if
(a,b,c,d) :=a’ :=(a L c,d)Nc,dthenalso (a’,c,b,a) € LS.

We have the three types

LS, :={(a,b,c,d) e LS| (a,b,c,d) =dj},

LS, :={(a,b,c,d) € LS| (a,b,c,d) €]c,d[} and

LS, . ={(a,b,c,d)e LS |de€]c,(a,b,c,d)[}

of LS-quadrangles: the rectangles, the hyperbolic and the elliptic ones.

Since LS, # ¢} implies LS = LS, - the absolute plane (E, §, o, =) is
then called singular (cf. [4] (21.3) and [3] p.162) - we consider from now
on only ordinary absolute planes characterized by LS, = (.

(2.1) For (a, b, c,d) € LS holds:
(a,b,c,d) € LS, < l|a, b| < |c,d|.
(a,b,c,d) e LS, < |c,d| < |a, b|.

Proof Let D :=a,d, C :==c,d, D' :== (a L C), La’} =D'NC, M
the midline of » and ¢, D; := M(D) and a; := M(a). Then {a;} =
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D, NC (a,¢) = (a,b) thus |a;,c¢|] = |a,b| and D;, D’ 1 C and
(M|b, c) = —1 (by (1.6)), (M|a, b) = (M|c,d) = 1 by (1.8.2) implying
(M|a,d) = (Mla,b) - (M|b,¢) - (M|c,d) =1-(—1)-1=—1.
Therefore the point {m} := M N Ja, d[ exists and we have m € D, Dy,
(ml|a,d) = —1 and (a,m,d) L¢ (d’,ay,d) hence by (1.8.4), (a;|a’,d) =
= (m|a,d) = —1,1.e.a; € la’,d[ and (d'|a;,d) = 1.

Now if (a,b,c,d) € LS) then a’ € ]c, d[ hence (a'|ay,c¢) = (d'|c,d) -
(d'|la;,d) = (=1) - 1 = —1 implying (a;|la’,c) = 1 and so (ai|c,d) =
(aila’,d) - (ajla’,c) = (—1) - 1 = —1, i.e. a; € ]c, d[. Therefore together
la, b| = |ay, c| < |c, d|.

If (a,b,c,d) € LS, thend € ]a’, c[ hence (d|a’,c) = —1 and (a|a’, d) =
—1 implies (d|a’, a;) = 1. Consequently (d|ay, ¢) = (d|d’, ¢)-(d|a’, a1) =
(=) -1=-1,ie.d €lay,c][ and so |c, d]| < |ay, c| = |a, b|. O

(2.2) Let (a, b, c1,dy), (a, b, cr,dy) € LS withd, € la, dy].
If (a, b, cy, dl) € LS),, then (a, b, ¢y, dz) e LS,
if (a,b,cy,dy) € LS, then (a, b, cy,dy) € LS,.

Proof LetD :=a,d;, A:=a,b, B:=b,c; (=b,c2), Ci :=c;,d;,
let My, M>, M5 be the midlines of b, ¢;, of c1, ¢, of b, > regE Then
Ml, Mz, M3, A C 1 B Mz @) Mz (e} Ml(b) M3 (e} Mz(CI) = M3((,’2) =
b,beA and D L A imply by (1.2):

()Ms 0 My o My_= A, M3(D) = M, o My(D) , M(A) = C,
M}(A) = Cz and Mz(C]) = Cz and {ml} = MN ]b Cl[ = M; N B,
{m2} = M2 N ]Cl, C2[ = M2 N B {m%} = M3 N ]b C2[— M3 N B resp.
are the midpoints of b, c¢; of ¢y, 2 of b, c; respectively.

By (1.6) (M|b, c1) = (M3|cy, c2) = (M3)|b, ¢;) = —1 and by (1.8.2)
(Mi|b,a) = (Milc1,d1) = (Malcy,d) = (Malca, dr) = (M3lcp, dy) =
= (Ms|b,a) = 1. Consequently (My|a,d;) = (Mi|a, b) - (My|b, cy) -
(My|c1,d1)) = 1-(=1)-1 = —1 and in the same way (M;|d;,d,) =
(Ms3la, dy) = —1,i.e. the points {m} := M| N ]a,d\[= M\ N D, {my} =
M> N D and {m3} := M3 N D exist (cf.(1.8.1)) and we have (m|a, d;) =
(mal|dy, dy) = (m3|lda, a) = —

From d; € la, d,[ follows by (1.8.4) ¢y € 1b, ¢ , i.e. (c1]b, c2) = —
and so by (1.9.3), (m}|m}, m}) = —1. Since A, C;, M; L B we obtain
again by (1.8.4):
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(2) (myla, dy) = (my|dy, do) = (m3la, dr) = (m3|my, my) = —1.

__ Nowlet Dy := M;(D) and D, := May(D1) = M, o My (D), i.e. by (1),
M5(D) = D,. If we set a; := M;(a), a> := M>(ay) and since D = a, m;
=a,m3, A L D andby (1) we have:

R ai € G, (a,b) = (a,¢c1) = (@,¢2) , D1 = amy, Dy =
az, ms, C] 1 D] , C2 1 Dz and Dz = Mz @) D] OM2 = MQ(D]).

From (3) and (2) follows:

4) (Dyla,dy) = (mila,dy) = =1, (D2lm,my) = (m3|my, my) =
—1.

Since B, D; 1L Cy and B, D, 1 C, we have:
(5) (Diley, my) = (Dalcz, my) = 1.

From (2) follows (d;|a, my) = (dy|m,, d>) = 1 and since d; € ]a, d>|,
1.e. (dlla,dz) = —1 we have (d1|m1,m2) = (d1|m1,a) . (d1|a,d2) .
(dildy,my) =1-(—1)-1 = —1andso (m;|d;, my) = 1. Together with (3)
and (5) follows (Dy|my, m}y) = (Di|my, dy) - (Dyl|dy, c1) - (Diley, my) =
(mi|ma, dy) - (a1|dy, c1) hence:

(6) (Dilma, m3y) = (aildy, c1).

Finally m} o m’ o m)(c;) = ¢, implies m} o m| o m} = & (cf. (1.3))
hence by (1.9.2), (m}|m}, m}) = (m}|ca, m3), by (1.8.4), (ma|m, m3) =
(m3|d2, mg) and so by (2) and Axiom A2 (m3|d2, mz) = (m2|m1, I’I13) =1.
Since by (3), D, = az,m3 and d,, ax,c; € C we have (Dy|my, dy) =
(m3lmy, dy) = 1, (Dslda, c2) = (az2lds, ¢2) and by (5), (Da|cy, my) = 1.
Consequently (D2|m2, m/z) = (Dzll’ﬂz, dz) . (D2|d2, 6‘2) . (DleQ, m/z) 1m-
plies:

(7) (D2lmy, my) = (az|da, c2).

If Dy N M, = @ then by (3), D, N M, = ) and therefore (D |m,, m})
= (Dzlmy,my) = 1, ie. by (6) and (7), (aildi,c1) = (azldz, c2). If
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{t} .= Dy N M, # O then by (3) t € D, and so by [4] Axiom Al,
(Dy|my, m}) = (Dy|m,, m}). Therefore in any case:

(8) (aildy, c1) = (az2lda, c3).

By 3) |a, b| = |ai, c1] = |az, ¢2| and since a;, ¢;, d; € C; we have:
(a,b,c1,dy) € LS, < la,b| = |aj,ci| < l|di,ci|] & a; €
8
lendil <= —1 = (ald;, cDZ(@ldr, ) = @ € lerdo|
la, b| = |as, 2| < |da, 2| <= (a, b, c3,d>) € LS;, and

(a,b,c1,dy) € LS, < la,b| = laj,ci| > |d,c1] & di €
8
leall <= -1 = (dla, c)Zdalar, c2) < do € lor, ] <
la, b| = |az, ca| > |da, c2| <= (a, b, c2, d>) € LS,. O
From (2.2) follows:

(2.3) An ordinary absolute plane has either a hyperbolic congruence, i.e. for
all (a,b,c,d) € LS itholds (a,b,c,d) € LS, or a elliptic congruence,
i.e. for all (a, b, c,d) € LS itholds (a,b,c,d) € LS,.

Proof. Let (a,b,c,d), (u,x,y,z) € LS. Weset (a,b,c,d) ~ (u,x,y,z)
if both quadruples are in LS or both in LS, contained. Clearly if 7 is a
motion then (a, b, c,d) ~ (t(a), t(b), T(c), T(d)).

By (1.1.4) there is exactly one motion ¢ € M with o (x) = b o(u) € b a

and o (y) € b c. Therefore we may assume x = b, y € b candu € b a
and we have to consider the three cases:

1. u = a resp. ¢ = y then by (2.2), (a,b,y,z) ~ (a,b,c,d) resp.
(u,b,c,z) ~(a,b,c,d).

2.u€la,b[.IfU := (u L b, a) then (Ula, b) = (ula,b) = —1, (Ula, d)
= (U|b,c) = 1 hence (U|c,d) = (Ulc,b) - (Ulb,a) - (Ula,d) =
1-(=1)-1=—-1andso {s} :=U N]c,d]| exists and (u, b, c,s) € LS. By
2.2), (u,b,y,z) ~w,b,c,s)~ (a,b,c,d).

3.a €lu,bl. Let D := (a L a, b) then in the same way,

(Dly,z) = (D|u,b) = (alu,b) = —1 hence {t} := D N ]y, z[ exists and
by (2.2) and case 1., (u, b, y,z) ~ (a,b,y,t) ~ (a, b, c,d). O
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