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MINIMAX SOLUTIONS FOR A PROBLEM
WITH SIGN CHANGING NONLINEARITY
AND LACK OF STRICT CONVEXITY

PAOLA MAGRONE

A result of existence of a nonnegative and a nontrivial solution is
proved via critical point theorems for non smooth functionals. The equa-
tion considered presents a convex part and a nonlinearity which changes
sign.

1. Introduction and main results

Let us consider the problem

(P)
u=>0 on dQ,

{ —div(¥'(Vu)) = Au+b(x)|[ulP~>u inQ,
where A is a real parameter, Q is a bounded open subset of RNV, N > 2. b(x) €
C(Q) changes sign in Q. Finally 2 < p < 2* = %, and we will assume that
¥ : RN — R is a convex function of class C! satisfying the following conditions:
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(¥2) 3u>0:u|€|2§‘1‘(5>§ﬁ|5|2 for every & € RY;
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€[—e0 195
Moreover the function b(x) has to be strictly positive in a non zero measure set,
and the zero set must be “’thin”, in other words b(x) must satisfy the following
conditions:

(b1) QT :={x€Q : b(x) >0} is a nonempty open set,
(by) Q°:={x€Q : b(x) =0} has zero measure.

Conditions (b;) and (by) imply that b (x) = b(x) + b~ (x) # 0 and that, since b
is continuous, the set Q° is closed in Q.

Let us also denote by (A) the eigenvalues of —A with homogeneous Dirich-
let boundary condition.
In the model case ¥(&) = 1|& |2, there is a wide literature on problem (P).
To cite only some of the existing results, in [2] the authors found positive so-
lutions to (P) in case that A; < A < A*, with A* suitably near to A;. In the
following many other papers ([1], [2], [3], [5], [6]) were devoted to prove exis-
tence of (possibly infinitely many) solutions for A € [A;,A*] or also for every A,
in case the nonlinearity satisfies some oddness assumption. A result concerning
all A different from the eigenvalues of the Laplacian under some quite general
assumptions can be found in [11], while in [8] the authors proved a result of
existence of a nontrivial solution (possibly changing sign) for every A.

On the other hand, only a small literature is available when dealing with
equations with a non strictly convex principal part. In this framework, in [7] the
author applies non smooth variational methods in presence of subcritical, pos-
itive, nonlinearities; while using similar techniques a nonlinearity with critical
growth was considered in [9].

The aim of this paper is to extend to the setting of non strictly convex functionals
some of the results contained in [2] (existence of a positive solution for A < A;)
and [8] (existence of a nontrivial solution for any A.)

Problem (P) can be treated by variational techniques. Indeed, weak solutions
u of (P) can be found as critical points of the C! functional J : H} (Q) — R
defined as

J(u):/Q‘P(Vu)dx—g/guzdx—;/gb(xﬂupdx. (1)



MINIMAX SOLUTIONS 161

The key point here is that, although ¥ shares some properties with this typical
case, there is no assumption of strict convexity with respect to &.
For instance, one could consider

1 N
¥E) =v 5 LE, @
]J=
where
1t if |¢] < 1,
y() =1 lt|—3 if1<]<2,

P =1t 43 if ft] > 2.

If we look at the principal part of J as the energy stored in the deformation ,
this means that the material has a plastic behavior when 1 < |Dju| < 2. We refer
the reader to [13, Chapter 6] for a discussion of several models of plasticity.

As shown in [7, 9], it may happen that Palais Smale sequences, even if

bounded in H(} (Q)-norm, do not admit any subsequence which converges stro-
ngly in this norm. And there is no way to prevent the interaction between the
area where W loses strict convexity and the values of Vu. A possibile strategy is
to look for compactness in a weaker norm (Lz*).
Let us introduce the following notations: let k > 1 be such that A; < A < A4
and let ey, ..., e, be eigenfunctions of —A associated to A, ..., A, respectively.
Finally, let E_ = span{ey,...,e;} and E, = E*. The main results of this paper
are the following:

Theorem 1.1. Let N > 2 and let ¥ : RN — R be a convex function of class
C! satisfying (¥1),(¥2),(W3). Moreover let the function b(x) verify (by), (b2).
Then, for every A €]0,A[, problem (P) admits a nontrivial and nonnegative
weak solution u € H} (Q).

Theorem 1.2. Let N > 2 and let ¥ : RY — R be a convex function of class C'
satisfying (W), (¥2), (¥3) and let L > Ay. Moreover let the function b(x) verify
(b1),(b2) and the following assumptions:

/b(x)|v|p >0 VYveE.. 3)
Q

Jec EX\ {0} : /b(x)|v]pdx2C/ v[Pdx  VveE_@span{e}. (4)
Q o

Then problem (P) admits a nontrivial weak solution u € H} (Q).
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Remark 1.3. Arguing as in section 2 of [9] we can deduce the following prop-
erties for W, up to modifying the constant [ :

W(E)-E>plEl?  VEERY, (5)
W(E) > uE  VEERY ®)
() s;m vEERY )

Furthermore (W3) yields that Vo > 0, IMs € R :

W(E)E—2¥(&) < olE| + Mo (8)

2. The variational framework

Let Q be a bounded open subset of RV, N > 2, with Lipschitz boundary and let
A € R. Let us define the following functional J : H}(Q) — R

J(u):/Q‘I‘(Vu)dx—i/ﬁuzdx—;/gb(x)\u”dx.

By (¥1), (¥,) the functional J is of class C' on H}(Q). We wish to apply
variational methods to functional J, but, as already mentioned, it is well known
that the Palais Smale (PS) condition for a functional which is not strictly convex
is not satisfied on H(} (Q). So it is convenient to extend the functional J to L’
with value +oo outside H} (Q).

In other words we define the convex, lower semicontinuous functional (still de-
noted J)

J 1 L¥ (Q) —] — o0, 4-o0]

I
/‘P(Vu)dx—l/ uzdx——/b(x)|u\pdx ifucHY(Q),
= Q 2 Jo pJao

oo ifue ¥ (Q)\H(Q)

J(u) ©)

This setting will allow us to recover PS condition.
This functional can be written as J = Jo +J;, where

Jo:/‘P(Vu)dx,
Q

is proper, convex and l.s.c., while

A 1
J :——/uzdx—f/bx ulP dx,
(=5 [ [ bl
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is of class C'. We will use the following definitions ([12], [7]) of critical point
and PS sequence for functionals of the type J = Jy + J;:

Definition 2.1. Let X be a real Banach space, u € X is a critical point for J if
J(u) € R and —Ji(u) € dJy, where dJj is the subdifferential of Jy at u.

Definition 2.2. Let X be a real Banach space and let ¢ € R. We say that u; is
a Palais Smale sequence at level ¢ ((PS). sequence for short) for J if J(ux) — 0
and there exists o4 € dJo with (o +J] (ug)) — 0 in X*.

The following proposition (see [7]) assures that the critical points of the
extendend functional already defined gives the solutions of our problem.

Proposition 2.3. Let u € L* (Q,RN). Then u is a critical point of J if and only
ifu € H} (Q) and u is a weak solution of (P).

Proof. Letv € L* . Then v € dJy, if and only if u € H} (Q) and
—div(¥'(Vu)) =v
that is a reformulation of definition 2.1. O

Moreover we will apply the compactness result contained in [7], which we
recall.
Let us define the functional £ : WO1 2(Q,RY) — R as

E(M):/Q‘P(Vu)dx

Theorem 2.4. Assume that Q is bounded. If {u,} is weakly convergent to u
in WOl’Z(Q,RN) with E({un}) — E({u}), then u is strongly convergent to u in
L7 (Q).

3. Proof of main results

Since W' (0) = 0, of course 0 is a solution of (P). Therefore we are interested in
nontrivial solutions. In order to find nonnegative solutions of (P),we consider
the modified functional J : L*> (Q) —] — oo, +oo| defined as

_ /Q‘P(Vu)dx—g/Q(qu)zdx—[lj/gb(x)(uJ’)pdxifueH(}(Q),

oo ifue ¥ (Q)\H}(Q)

J(u)
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Proposition 3.1. Let ¥ : RN — R be a convex function of class C' satisfying
(W2) with u > 0, and (6). Then each critical point u € L? of J is a nonnegative
solution of (P).

Proof. Since by Proposition 2.3 we already know that the critical points of J
are solutions of our problem, it is only left to prove that the modified functional
will give nonnegative solutions. By (¥,) one has

,LL/ |Vu7]2dxdx§/‘I"(Vu)-(—Vuf)dxdx
Q Q
:k/u+(—u7)dxdx—|-/(Lﬁ)pfl(—u*)dxdxzo
Q Q

whence the assertion. O]

Remark 3.2. From now on, to simplify notations, we will keep on using the
functional J instead of J, since it is understood what has been proved in Propo-
sition 3.1.

Proof of Theorem 1.1

We aim to apply to J a nonsmooth version of Mountain Pass Theorem [12]. First
of all, let us observe that, by (¥ ), we have

v 1 *
[}2 |éu]z)d[jcx—>2 asu— 0in L* .
Jo

Then, as in the case (&) = 1|&|? treated in [2, 8], we deduce that there exist
p >0 and a > 0 such that J(u) > o whenever |ju|| = p. On the other hand,
there exists e € L2 with e > 0 a.e. in Q such that

A Ite) ===,

again, this is proved in [2] in the case W(&) = 1|&|?, but by (W) the assertion
is true also in our case.

By the Mountain Pass theorem, there exist a sequence () in L>* and a sequence
(wg) in L&' (Q) strongly convergent to 0 such that (see definition 2.2)

/‘P (Vug ) (Vv —Vuy) dx>7t/uk v — Uy dx—i—/ ) |ug [P (v — wi) dx

+/wk(v—uk)dx vveL®) (10)
Q
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Taking v = 0 and v = 2uy as tests in the previous inequality yield

/‘P’(Vuk)Vukdx:l/(uk)de—k/b(x)]uk\pdx—i—/wkukdx vveL®),
? ? ° e (11)

Furthermore also the following relation holds:

k—yoo

fim <./Q‘P(Vuk)dx— ;L/Q(uk)zdx— Il)/gb(x)(uk)pdx) —e>a. (12)

Let us write the expression pJ (uy) — J (uy )uy

p /Q ¥(Vig)dx— 22 /Q ()2 dx — /Q b(x) (1) dx — /Q W (Vitg) - Vg dx
+7L/§2(uk)2dx+/gb(x)(uk)pdx
_ / (p—2)¥ (Vi) dx + / 2%(Vi) — ¥ (Vi) - Vg ] dlx
Q Q
77L<§fl)/g(uk)2dx:(pr)Cf/kaukderC (13)

By (8) and (¥;) one gets

,Lt(p—Z—G)/ Vg |2 dx— A (B—l)l/(uk)zdxgpc—/ witte+C (14)
Q 2 Q Q

SO
[,L(p—Z—G)/Q\Vuklzde/'L(g-l)/g(uk)zdx—i—c (15)

where the quantity (p —2 — 0) is strictly positive since ¢ is arbitrarily small.
Our aim is to prove the boundedness of the Hj norm of the Palais Smale se-
quences, so arguing by contradiction, let us assume that

|lug|| — oo as k — oo

Dividing (12) by ||ux||? yields

liminf{pfglp(vuk) x—Mde—l/Qb(x)< e )pdx}:o.

|7 2 [lmllP P o

Since p > 2 and (W;) holds, the first two terms go to zero. So

. we \" O\
limsup </Qb(x) <HukH> dx) =0. (16)
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strongly in L? and weakly in H(} (Q). Arguing by contradiction let us suppose
that up = 0. Dividing (15) by ||ux||? yields

1 c
[.L(p—2—26)§7t<12?—1)W/Q(uk)zdx—l—w (17)

the right hand side goes to zero, which leads to a contradiction since p —2 —
20 > 0and u > 0, so up must not be identically zero.

Now let ¢ € C5’(Q") be a compact support function, ¢ > 0 and ¢ # 0. Let
us use the function t¢v, v € H} (Q) as a test in (10):

VveH(Q): /Q+ W (V) (tgVv+1vVo — Vi)
> A/m Lt1<(tv(l>—141c)+/Q+ l)(x)(uk)!’—l(tvqb—uk)Jr/Q+ wi(tve — uy).

Then let us divide the previous inequality by ¢ and then let # go to +oo:

| (V) (V) + ¥ (Vi v
> A/m UV Jr/g+ b (x) (u)P v +/kavq) VveHY(Q) (18)

On the other hand, if + — —co, one gets the opposite inequality, so we can
deduce that the equality holds in the last expression, that is

/Q W (Vi) (9V) + W (Vi V

:l/mukv‘l)“‘/mb*(x)(uk)p*lvqb—|—/QW/<V¢ VveHN(Q). (19)

Now let us choose v = u; and divide both handsides of (19) by ||ux||?. It is easily
seen that the terms containing A and wy go to 0 as k — ~+eo. Then

/ Y (Vg )V ¢
o [lmllP

goes to 0 since p > 2 and (7) holds.
On the other hand, by (7), since p > 2 and ¢ is of class C* in Q" bounded,
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1 eee | [Joar] |2
¥ (Vi )u Vo < C
e [P s e[~ e

1) . .
The term 1“2 j bounded, while Lel] converges to 0.
et [l [P

By (19) We can conclude that

1
b (x) (k)P ¢ +— 0 as k — oo.
L Tt @0

Applying Fatou’s Lemma yields

1
liminf [ ———b"(x)(ux)?9 <0
o ||ul[P

p

and since the integrand is nonnegative, this means that Tl ” -

must tend to 0, a.e.
p
in QT as k — oo. Arguing in the same way Hukll” —0a.e. ask — oo, in Q7. This

yields that H H - — 0 a.e. in Q since the remaining part is negligible. This is in
contradiction w1th the fact that it converges to a nonzero function ug.

Then u; must have bounded norm in H(} (Q) and admits a subsequence weakly
converging in L* .
According to (10) and taking v = u as a test function yields

/Q W (V) (Vu— Vuy) dx
>)L/uk (0 — dx—i—/ ) ()P~ I (u—u)dx+o(1)
s0 as k — oo the right hand-side terms go to zero, and we obtain
liminf/Q W (Vu)(Vu— Vuy) dx > 0. (20)
On the other hand, by convexity
/Q W(Vu)dx > /g W(Vuy) dx+ /Q W (Vi) (Vu—Vig)dx  (21)

So by (20) and (21)

limsup/ Y(Vuy)dx < limsup (/ ‘I‘(Vu)dx—/ ‘P’(Vuk)(Vu—Vuk)dx>
Q Q Q

S/‘P(Vu)dx—liminf/ ‘P'(Vuk)(Vu—Vuk)de/‘P(Vu)dx
Q Q Q
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By lower semicontinuity and convexity
liminf/Q Y (Vuy)dx > /Q‘P(Vu) dx (22)
We can conclude that
/ Y (Vuy)dx — / Y(Vu)dx.
Q Q

By Theorem 2.4 u; admits a subsequence strongly converging in L>", which
concludes the proof of PS condition and of Theorem 1.1.

Proof of Theorem 1.2

We are now concerned with the existence of (possibly sign-changing) nontrivial
solutions u of (P). Let (A4) denote the sequence of the eigenvalues of —A with
homogeneous Dirichlet condition, repeated according to multiplicity.

Since the case 0 < A < A; is already contained in Theorem 1.1, we may assume
that A > A;. Letk > 1 be such that 4 < A < A4, ey, ..., e are eigenfunctions
of —A, as defined in the introduction. Finally, let E_ = span{e,...,e;} and
E+ = E}
Consider the functional J defined in (9) We aim to apply the version of the
Linking Theorem for convex functional presented by Szulkin in [12]. Since
Jo¥(Vu)dx 1

= in H}(Q
[ Va2 dx —5 asu— 0 in Hy(Q),

as in the case W(&) = J|&|? treated in [8], we deduce that there exist p > 0 and
o > 0 such that J(u) > o whenever u € E, with ||u|]| = p. On the other hand,
there exists e € H} (Q) \ E— such that

lim J(u) = —co
[luf| e
ucRe@E_

Again, this is proved in [8] when W(&) = 1|£|?, but by () the assertion is true
also in our case. Finally, it is clear that J(u) < 0 for every u € E_.

By the Linking type theorem in [12] (Theorem 3.4), there exist a PS se-
quence (1) in HJ () and we can continue, up to minor changes, as in the proof
of Theorem 1.1 to prove that there exists a subsequence of (i) strongly con-
verging in L*". This concludes the proof of Theorem 1.2, since the nontriviality
of the solution comes directly from the characterization of the critical level of
the solution.
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