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DIFFERENTIAL INEQUALITIES FOR MEROMORPHIC
p-VALENT FUNCTIONS ASSOCIATED
WITH GENERALIZED INTEGRAL OPERATOR

RABHA M. EL-ASHWAH

In this paper the author introduced a new generalized integral operator
for meromorphic p-valent functions in U* = {z:z€ C and 0< |z] <1}
The object of this paper is to give an application of this operator to the
differential inequalities.

1. Introduction
Let X, be the class of functions of the form:
f@=z7+Y a? (peN={1,2,...}), 1)
k=1

which are analytic and p-valent in the punctured unit disc U* = {z:z € C and
0< |zl <1} =U\{0}.
For a function f(z) € ¥, we define the integral operator

S8 (0, 1) £(2) (0 Bt A > 0,04 B # 0, + 4 #0)

Entrato in redazione: 20 ottobre 2012

AMS 2010 Subject Classification: 30C45.
Keywords: Analytic functions, Meromorphic functions, Differential inequalities.



132 RABHA M. EL-ASHWAH
as follows:
382 (0 1) f(2) = £(2),
35,’i(aau)f(Z) = (Z%f) zipi<%> /:(Zﬁwl)f(t)dt
(feXyzelUr), 0
S (emf@) = (54) i) / 5 384 a0
(feX,zelU"), 0

and, in general,

3P (e, B. )£ (2)

a+ﬁ);l"(u+> / t(%“"l>s§;§11<a,u)f<r)dt
0

- <u+/l

= Sg’i(m#) (Zp(llfz)> Koo *ng(%”) (ﬁ) * f(2) (2)

We note that if f(z) € X, then from (1) and (2), we have

oo

m 1 + "
Grlen Q=5+ L | oo o

(B, A > 0,0+ B#0,u+A#0peN;meNg=NU{0};ze U"). (3)

From (3), it is easy to verify that

(L+A)2(SP7 (o, ) f(2)) = (@+B)SE (o, ) f (2)

~[p(+2) + (a+ B)ISEL (o, 1) £(2). “)
We note that:

() 3(;:76(1, 1)f(z) = Pl f(z)(y > 0) (see Aqlan et al. [1]);

(ii) S?Zg(a,u)f(z) =L"(o, 1) f(z) (0 >0, > 0,m € Ny) (see Bulboaca et
al. [2]);
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(i) SV3(1,1)f(2) = PLf(z)(y >0, > 0) (see Lashin [3]).
Also we note that
(i) ST (o, 1)(2) = S (a) f(2) (o > 0,m € Ny),
m 1 b o " —p.
where 37(a0) f(z) = > +k§] <Ot+2k) a kP,

(i) 305(1,0)(z) = 3", fR)(A > 0,m € Ny),
1 = 1 "o
m — -pr
where 37, f(2) Zp+k)::1 <1+M€) aZ"P.
For our purpose, we introduce.

Definition 1.1. Let H be the set of complex-valued function &(r,s,t) : C* — C
(C is the complex plane) such that:

() h(r,s,t) is continuous in a domain D C C3;

(i) (1,1,1) € Dand |h(1,1,1)| < I;

iy (0,60 (22 con () é(ﬁ)ﬁ)y N
TS

whenever

2 .
B ) e+ (2(2h) +1) e 4L

eie,ei0+ (um) Cele, (

o+p

with R(e=L) > {(¢ — 1) for real O and for { > 1.

Definition 1.2. Let H be the set of complex-valued function A(r,s,t):C* — C
(C is the complex plane) such that:

(i)  h(r,s,t) is continuous in a domain D C C>;
(ii) (I,1,1) € Dand |h(1,1,1)] < 1;

L,
i [r(enet (25

i A A
e"+<%)§+(% >1

) (t)ser i
¢+ (06+ﬁ) eif
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whenever

e,e 4 () e+ (B ) ¢+ (K55 )(%)Ceitﬁé—j%L
C+( +A>e
m

eD
with R(L) > {({ — 1) for real 6 and for § > 1.

2. Main result

Unless otherwise mentioned, we assume throughout this paper that o, B, u, A >
0,a+B#0,u+A#0andm> 2.
In proving our main result, we shall need the following lemma.

Lemma 2.1. [4] Let w(z) = a+wn2"+ ..., be analytic in U with w(z) # 0 and

E> 1. Ifzo =1r0e® (0 < rg < 1) and |w(zo)| = Inllgx |w(z)|. Then
Z|=ho

20w (z0) = Ew(z0) 5
and
g1+ @)L ©)
w (z0)
where § is a real number and
2
S LG LI
w(zo)|* —lal* ~ " [w(z0)| +a]

Theorem 2.2. Let h(r,s,t) € H and let f € ¥, satisfy:

(307 (e ) f @230 (o) (). 7805 (e w)f(@)) e C ()
and
(2887 (0, 112,230 (e ) £, 27307 o) @) [ <1 ()

forall z€ U. Then we have

z”SM(a wWrz)| <1l (zeU)
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Proof. We define the function w(z) by

3P0, 1) £(2) = w(2),

for f(z) € £,. With the aid of the identity (4), we obtain

zpsﬁﬁk4(a,u)f@)::M4Z)+,(%$%>ZW%Z)

and
2
%) W(Z)+ <2<zi§) +1) ( )+22w//(z)
a+p
<u+l)
we claim that |w(z)| < 1 for z € U. Otherwise there exists a point zo € U such
that max |w(z)| = |w(z)| = 1. Letting w(zo) = ¢’® and using Lemma 2.1 we see

|z <lzol
that

302 (e, ) f(2) = (

307 (0, ) f (20) = wlzo) = ¢,

Zpsﬁm 1( H)f(z())—e —1—(51%)4‘61'9’

2, .
%ﬁ)eﬁ+(2G§§)+di9+L

atp)’?
u+2
where L= 22w (z0) and { > 1.
Further, an application of (6) in Lemma 2.1 gives

s} ) e

R(e L) > C(L ~1).

Since h(r,s,t) € H, we have

)

PSP (@, 1) f(z0) = (

or

(2307 (e ) (20), 2307 (0, 0) f20), 2P S0 2 ) f (20)) |

h <€i67ei6_~_ (%) Cei@ ,
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(%>2el’9+ (2 (fj%’j) + 1) el +L .
EI

which contradicts the condition (8) of the theorem. Therefore we conclude that

)

b (o) )| <1 (2€V).
This complete the proof of Theorem 2.2. O

Corollary 2.3. Let h(r,s,t) = s and f € X, satisfying the conditions (7) and (8)
form > 2. Then

]zpsﬁ m+’(a,,u)f(z)‘ <1 (i>0:z€U).
Proof. Since h(r,s,t) =s € H, so with the aid of Theorem 2.2, we have

EEVCATICIES

— z”Sﬁ,’lm(a,u)f(z)‘ <1l (m>2)= ‘z”Sﬁ”ZnH(a,u)f(z) <1(i>0).

O
Theorem 2.4. Let h(r,s,t) € H and let f € ¥, satisfy:
3[3,m f 3[3,;1171 o, 1) f Sﬁ7m72 ) f
ﬁm+f M) f(2) 7 ﬁm( u)f(z) ﬁm 1( 1) f(z) epcC ©
S, (ep)f(z) 305 (ou)f(2) 3 (ot 1) f(2)

and

ﬁm 1 B,m—2
h(SM(au)f() 3P, fz) 3P <,u>f<z>) o)

3P ) f(2) sﬁﬂl (0, )£ (2) s‘,i? o) f(2)

forall z&€ U. Then we have

3P (e, 1) f(2)
3P (o, ) £ (2)

<1 (zeU).
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Proof. Let
3B (o, ) £ (2)
3P (o, ) £ (2)

Then it follows that w(z) is either analytic or meromorphic in U, w(0) = 1 and
w(z) # 1. With the aid of the identity (4), we obtain

Sﬁgm%a,m«z) {w o () 28 }
(@ )f()

=w(Z).

and

3P (e, ) f (2
S CANVIE

, u+A w(z) 2w () w (2) ’
<“H>”<Z)+<a+ﬁ)<w<z> e <w<z>>)
o+p

p+A > w ()
w(z)+
@+ (65) o6
we claim that |w(z)| < 1 for z € U. Otherwise there exists a point zo € U such
that ‘r‘na‘lx| lw(z)| = |w(z)| = 1. Letting w(z9) = ¢® and using Lemma 2.1 with
z|<|20
a=k=1, we see that

I
—
=
=
+
7 N\

=
+
>
N———
IS
=
&
+

Sl mf)
3P (0, 1) £ (20)

B,m—1
Sp,;m (ot 1) f(z0) Ly (%) ¢
3P 0) f ()
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Further, an application of (6) in Lemma 2.1 gives

R(L) = E(E—1).

Since h(r,s,t) € H, we have

3P, f(zo)  SE4 (e m) fzo) SEY (e 1) f(zo)
3P o, ) f(z0) 37 (@, ) (20) s‘“" JCADVIED

= ‘h(e’e e+ (gig) ¢,

e+ (55) o+ (5

(s ceo+g-2+L
) +B 21,
a
C + (u+/l) e
which contradicts the condition (8) of the theorem. Therefore we conclude that

3B (o, 1) £(20)
3P (o, 1) f(z0)

This complete the proof of Theorem 2.4. 0

<1l (zel).

Remark 2.5. By specializing the parameters @, 8, it,A and m, we obtain results
corresponding to different operators defined in the introduction.
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