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POSITIVE SOLUTIONS FOR A CLASS OF INFINITE
SEMIPOSITONE PROBLEMS INVOLVING THE
p-LAPLACIAN OPERATOR

M. CHOUBIN - S. H. RASOULI - M. B. GHAEMI - G. A. AFROUZI

We discuss the existence of a positive solution to the infinite semi-
positone problem

—Apu = auP~' —bu¥ — f(u) — u%’ x€Q, u=0,xcdQ,
where A, is the p-Laplacian operator, p > 1,y>p—1,a € (0,1), a,b and
¢ are positive constants, € is a bounded domain in RY with smooth bound-
ary dQ, and f : [0,00) — R is a continuous function such that f(u) — oo
as u — oo, Also we assume that there exist A > 0 and 8 > p — 1 such that
f(s) < AsP, for all s > 0. We obtain our result via the method of sub- and
supersolutions.

1. Introduction

We consider the positive solution to the boundary value problem

{—Apu:aupl—buy—f(u)—uca, xeQ, W

u=20, X € 0Q,

where A, denotes the p-Laplacian operator defined by A,z = div(|Vz|P~2Vz),
p>1L,v>p—1,0€(0,1), a,b and ¢ are positive constants, Q is a bounded
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domain in RV with smooth boundary d€, and f : [0,e0) — R is a continuous
function. We make the following assumptions:

(H1) f:[0,4+) — R is a continuous function such that lim_, . f(s) = co.
(H2) There exist A >0 and B > p — 1 such that f(s) < AsP, for all s > 0.

In [8], the authors have studied the equation —Au = g(u) — (c/u®) with
Dirichlet boundary conditions,where g is nonnegative and nondecreasing and
lim, . g(u) = oo. The case g(u) := au — f(u) has been study in [7], where
f(u) > au—M and f(u) < AuP on [0,0) for some M,A > 0,8 > 1 and this g
may have a falling zero. In this paper, we study the equation —A,u = auP~! —
bu? — f(u) — (c/u®) with Dirichlet boundary conditions. Our result in this paper
include the result of [7] in the case p = 2 (Laplacian operator), where say in
Remark 2.2. Let F(u) := au?~' — bu? — f(u) — (c/u®), then lim,,_,o+ F (1) = —oo
and hence we refer to (1) as an infinite semipositone problem. In fact, our result
in this paper is on infinite semipositone problems involving the p-Laplacian
operator.

In recent years, there has been considerable progress on the study of semi-
positione problems (F(0) < 0 but finite) (see [1],[2],[5]). We refer to [6], [7],
[8] and [9] for additional results on infinite semipositone problems. We obtain
our result via the method of sub- and supersolutions([3]).

2. The main result

We shall establish the following result.

Theorem 2.1. Let (H1) and (H2) hold. If a > (pfﬁa)p*l?t], then there ex-
ists positive constant ¢* := c*(a,A, p, &, B,v,Q) such that for ¢ < ¢*, problem
(1) has a positive solution, where Ay be the first eigenvalue of the p-Laplacian

operator with Dirichlet boundary conditions.

Remark 2.2. Theorem 2.1 was established in [7] for the case p = 2 (the Lapla-
cian operator), f(u) := g(u) — bu”, where the function g satisfy the following
assumptions:

o g(u) =~ bu® for some 6 > 7.

e There exist A > 0 and 8 > 1 such that g(u) < AuP, for all u > 0.

e There exist M > 0 such that g(u) > au — M, for all u > 0.

In fact, the function f satisfy the hypotheses of Theorem 2.1 in this paper (Since
lim,, e (g()/bu®) = 1, hence lim, . f(u) = o) and g satisfy the hypotheses
of Theorem 2.1 in [7], where (1) changes to equation —Au = au — g(u) — (c/u%)
with Dirichlet boundary conditions.
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Proof of Theorem 2.1. We shall establish Theorem 2.1 by constructing posi-
tive sub-supersolutions to equation (1). From an anti-maximum principle (see
[4, pages 155-156]), there exists 6() > 0 such that the solution z; of

—Apz— APl =-1, xe€Q,
z=0, X €0Q,

for A € (41,41 + 0) is positive in Q and is such that = <0on dQ, where v is
outward normal vector on dQ. Fix 1* € (M,mln{ll —|— o, (”1%)” la}) and

let

r=(p=(a=1) py-p+1)
2bllzp-lle 7 3b||zp+ [l

T 1
(p/p—l—i—Ot)p_l Bortt a— (p 1+a)p A i
Bp=(p l)(a 1} ’ p(p 117+1) }
p—l+a 3A”Z}(*Hoop7 +o

KZ:min{<(p/p_1+a)p1))y;+17(a (p 1+a)p 11*) +’

oo

Define ¥ = Kz, pive . Then
p 1Izuz
Vy=K(—— V-
v (p_1+ )25 V2
and
— Ay = —div(|Vy|" V)

— p — — — a o
— _KP l(m)[f 1{(% - 7ia ’VZ;L*‘p +Zp iia ApZ/l*}
(p=DH(1-a)

— - p —1 (p—1)(1-a) 1)7?41:05 p—I+a *
kP (Pt (eobiea) e g, e
(g e e -

| p | . 1)(1)H1) (P*I)I(Jl:a) (r-1)(1
J— - _ - I3 o poita
=K (p—1+oc)p A g _<( 7174 ))

Zi*l+a

P> min Qg and 73 > uin Q\ Qs,

Let 6 >0, u >0, m > 0 be such that |Vz; -
where Qg :={x € Q:d(x,dQ) < §}. Let

* . — 3 -1 p— —a 1
= KP 1+amm{(p_f+a)17 (b= >))m1’,%u1’<a—( iy )}

Let x € Qg and ¢ < ¢*. Since (pfﬁa)p*l?t* < a, we have

KP*I( P )P*ll* £<—]7l:rlz>)¢ (K I 1+a>‘p—] )
r—l+a Ty Z .
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From the choice of K , we have

1 p yp—(p—D(a=1)

e e A ] OV @)
1 p B B br=(p-D)a-1)
st 2 A e @
and by (3),(4),(H2), we know that
Lepi_ P o1 e\ 7
S G (K ®
Lo, P HE v\ P e
L e e e <-A(K) <—f(KT) ©
Since |Vz;+|” > min Qg, from the choice of ¢* we have

kP p(lpm Dy v
p—1+ao p—1+ao <k

p—1+a
l*
<_Kp—1( p )p—l((p_1)<1_a)) m?
- p—1+a r—1+a i_“.’ia
c

S - a (7
(KZ;’;IJNX )

Hence for ¢ < ¢*, combining (2), (5), (6) and (7) we have

—Apy =K (!

p—1+a
oot (=D -a)) [Va |
Zl* _Zl* - ap
p - 1 + o p—l4+a
Zl*
plp=1) 1 (p=D(1-a)
— Kp—l p p_ll* p;l+a _ 7Kp—1 p p—1 *p—|+(1
Sy P v e
B l p—l( p )pflz(p;i)lqr;a)
2 p—1l+a Ax
g (P (p—D(1-a) IVZO%*I”
p_1+a P—1+O¢ p*l,jHl
Zy«
p p—1 P Y p
S a(KZ)/E:H—a) _b<KZ£:I+a> _f(KZX:H—a) _ Cp _
(ki)

_ Cc —=
= ay? 1—bt/ﬂ—f(w)—w, x€Qs.
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Next in Q \55, for ¢ < ¢* from the choice of ¢* and K, we know that

c 1 p p—1
ke <37 IZA*( e z*), ®)
and
py—p+l) 1 p—1
bK’y p+l Tp—lta < _ # ),* 9
“ar 3 a4 (p—l-i-(x) ©)
p(B—p+1) 1 p—1
Kﬁ [)+1 Tp—lta < Z o # l* . 10
e (10
By combining (8), (9) and (10) we have
_ — gp-1 P \p
pV (p—1+(x)
porime it (=11 -a) [Vz|”
S E p—1+a “Tta
2y
<Kp—1( p ) 12‘* ;€<pl+]o)c
- p—1+a
1 & /1 p -l
= —KPN (—E2 A*ZE,
Zplial._z;(s G Zl)
A*

1 | — 1 1 _pi1 AR
< T{ (SKP Z;L*a— Ka) +KP~ Zl* (361—be P Z)L[* )
ZX;H—OC

1 1 1 p(ﬁ—|ﬁ+1)
+K <3“AKﬁ_p+ i > J

-1

¥p Br
p—1 p PTra Y p-lta _ A pBoplva c
<ak 25 —bK 7y AK' 2y

ap
K(X p—1+a
l*

_r N p-—1 P _\NY C
a(KZi;H»Oc) _b<KZ;;1+a) _f(KZ;;H»Ot) -
(KZX;IJAI)

C —
=ay’”! —bW—f(w)—W, xeQ\Q;.

Thus v is a positive subsolution of (1). From (H1) and ¥ > p — 1, it is obvious
that z = M where M is sufficiently large constant is a supersolution of (1) with
z > y. Thus Theorem 2.1 is proven. O
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3. An extension to system (11)

In this section, we consider the extension of (1) to the following system:

—Apu:alu”_l—bluy—fl(u)—%, xeQ,
v

—Ayy = aP 1 — byt — fo(v) — %, xXeEQ, (11)
u

u=0=v, x€0Q,

where A, denotes the p-Laplacian operator, p > 1, y>p—1, a € (0,1), aj,az,
bi,bs,cy and ¢, are positive constants, Q is a bounded domain in R with
smooth boundary dQ, and f; : [0,ec) — R is a continuous function for i = 1,2.
We make the following assumptions:

(H3) f;:[0,+e) — R is a continuous functions such that lim,_, . f;(s) = o
fori=1,2.

(H4) There exist A > 0 and 8 > p—1 such that fi(s) < AsP, i =1,2, for all
s > 0.

We prove the following result by finding sub-super solutions to infinite semi-
positone system (11).

Theorem 3.1. Let (H3) and (H4) hold. If min{ai,az} > (5-0-5)"" '\, then

there exists positive constant c* := c*(ay,ay,by,by,A, p,Q) such that for
max{cy,c2} < c¥,
problem (11) has a positive solution.

Proof. Let ¢ be as in section 2, @ = min{ay,a,} and b = max{b;,b,}. Choose
A* € (A, min{A; + o, (’H%)l’*ld}). Define

T S _1

o (=1 T () T A

SR A pr ) o Ty >
2b||zp |l 7 3D ||z ||l

—L —1
(P/P -1+ a)p—l prrtt a— (p*era )P A" ﬁ*}rﬂ
Br—(p—1)(a—1) > ’ ( p(B—p+1) > }’
2A||Zl* - p—1+o 3A”Z}’* p—1+o

oo

and
. - - —1{(p—-1)(1— ~ 1,4
ot = kPt mln{(p—f-‘,—(X )P ((pp_)](Jraa))mp’ %‘up (a _ (p_f+a)p 2 ) } '
By the same argument as in the proof of theorem 2.1, we can show that (y1, y»)
R p
= (Kzj."™ Kzj."™) is a positive subsolution of (11) for max{cy,c2} < ¢*.
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Also it is easy to check that constant function (z1,22) := (M, M) is a super-
solution of (11) for M large. Further M can be chosen large enough so that
(z1,22) > (y1,y») on Q. Hence for max{cy,c2} < c*, (11) has a positive solu-
tion the proof is complete. O
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