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COMMON FIXED POINT RESULTS FOR WEAKLY ISOTONE
INCREASING MAPPINGS IN PARTIALLY ORDERED

PARTIAL METRIC SPACES

VESNA Ć. RAJIĆ - S. RADENOVIĆ - W. SHATANAWI - N. TAHAT

In this paper we prove some common fixed point results for pair of
weakly isotone increasing mappings in the context of partially ordered
partial metric spaces. Thus our results in the new context generalize, ex-
tend, unify, enrich and complement fixed point theorems of contractive
mappings in several aspects. We provide examples to illustrate the usabil-
ity of our results.

1. Introduction and preliminaries

Matthews [23] generalized the concept of a metric space introducing partial
metric spaces. Based on the notion of partial metric spaces, Matthews [22], [23],
Oltra and Valero [30], Ilić et al. [19], [20] obtained very interesting fixed point
theorems for mappings satisfying different contractive conditions. Recently,
Abdeljawad et al. [6], proved one fixed point result for generalized contraction
principle with control functions on partial metric spaces. For more recent results
on partial metric spaces see [1]-[2], [4]- [10], [12]-[14], [16], [18]-[21], [26],
[32], [33], [35].
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Fixed point results in ordered metric spaces has been initiated in 2004 by
Ran and Reurings [31], and further studied by Nieto and Lopez [28]. For other
results on ordered (partial) metric spaces see for example [1], [12], [16], [33]
and [34]. The aim of this paper is to investigate existence of fixed point of
mappings satisfying T− Hardy-Rogers conditions in the context of partially
ordered partial metric spaces. Our results generalize, extend, unify, enrich and
complement various known results in fixed point theory.

Consistent with Matthews [22], [23] and O’Neill [27], [29] the following
definitions and results will be needed in the sequel.

Definition 1.1. A partial metric on a nonempty set X is a function p : X×X →
R+ such that for all x,y,z ∈ X :

(p1) x = y⇔ p(x,x) = p(x,y) = p(y,y) ,

(p2) p(x,x)≤ p(x,y),

(p3) p(x,y) = p(y,x) ,

(p4) p(x,z)≤ p(x,y)+ p(y,z)− p(y,y) .

A partial metric space is a pair (X , p) such that X is a nonempty set and p is a
partial metric on X .

For a partial metric p on X , the function ps : X×X → R+ given by

ps (x,y) = 2p(x,y)− p(x,x)− p(y,y) (1)

is a (usual) metric on X . Each partial metric p on X generates a T0 topology τp

on X with a base of the family of open p−balls {Bp (x,ε) : x ∈ X ,ε > 0} , where
Bp (x,ε) = {y ∈ X : p(x,y)< p(x,x)+ ε} for all x ∈ X and ε > 0.

Definition 1.2. [23] A sequence {xn} in a partial metric space (X , p) converges
to x ∈ X if and only if p(x,x) = limn→∞ p(xn,x) ;

(i) a sequence {xn} in a partial metric space (X , p) is called Cauchy if and only
if limn,m→∞ p(xn,xm) exists (and finite);

(ii) a partial metric space (X , p) is said to be complete if every Cauchy sequence
{xn} in X converges, with respect to τp, to a point x ∈ X such that p(x,x) =
limn,m→∞ p(xn,xm) ;

(iii) A mapping f : X → X is said to be continuous at x0 ∈ X , if for every ε > 0,
there exists δ > 0 such that f (Bp (x0,δ ))⊂ Bp ( f x0,ε) .

Lemma 1.3. [[23]] Let (X , p) be a partial metric space. Then:
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(1) The sequence {xn} is a Cauchy in a partial metric space (X , p) if and only if
{xn} is a Cauchy in a metric space (X , ps) ;

(2) A partial metric space (X , p) is complete if and only if a metric space (X , ps)
is complete; Moreover, limn→∞ ps (xn,x) = 0 if and only if

p(x,x) = lim
n→∞

p(xn,x) = lim
n,m→∞

p(xn,xm) (2)

Remark 1.4. (1) [25] Clearly, a limit of a sequence in a partial metric space
need not be unique. Moreover, the function p(·, ·) need not be continu-
ous in the sense that xn→ x and yn→ y implies p(xn,yn)→ p(x,y) . For
example, if X = [0,+∞) and p(x,y) = max{x,y} for x,y ∈ X , then for
{xn}= {1} , p(xn,x) = x = p(x,x) for each x≥ 1 and so, e.g., xn→ 2 and
xn→ 3 when n→ ∞.

(2) [6] However, if p(xn,x) → p(x,x) = 0 then p(xn,y) → p(x,y) for all
y ∈ X .

Remark 1.5. It is worth noting that the notions p-continuous and ps-continuous
of any function in the context of partial metric spaces are incomparable, in gen-
eral. Indeed, if X = [0,+∞), p(x,y) = max{x,y} , ps (x,y) = |x− y| , f 0 = 1 and
f x= x2 for all x> 0, gx= |sinx| , then f is a p−continuous and ps-discontinuous
at point x = 0; while g is a p−discontinuous and ps−continuous at x = π (for
some details see [29], [33]). Therefore, in this paper, according to [29] we take
that T : X→X is continuous if both T : (X , p)→ (X , p) and T : (X , ps)→ (X , ps)
are continuous.

Definition 1.6. Let (X ,�) be a partially ordered set. Then:

(a) elements x,y ∈ X are called comparable if x� y or y� x holds;

(b) a subset A of X is said to be well ordered if every two elements of A are
comparable;

(c) a mapping f : X → X is called nondecreasing w.r.t. � if x � y implies
f x� f y.

Definition 1.7. Let X be a nonempty set. Then (X , p,�) is called a partially
ordered partial metric space if:

(i) (X , p) is a partial metric space, and (ii) (X ,�) is a partially ordered set.

Definition 1.8. Let (X , p,�) be a partially ordered partial metric space. We say
that X is regular if the following hypothesis holds: if {zn} is a non decreasing
(resp. non increasing) sequence in X with respect to � such that zn ps→z ∈ X as
n→ ∞, then zn � z (resp. z� zn) for all n ∈ N.
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Definition 1.9. [11] Let (X ,�) be a partially ordered set. A pair ( f ,g) of self-
maps of X is said to be weakly increasing if f x� g f x and gx� f gx for all x∈X .
Hence, a pair ( f , f ) is said to be weakly increasing if f x� f f x for all x ∈ X .

Note that two weakly increasing mappings need not be nondecreasing. There
exist some examples to illustrate this fact in [11].

Definition 1.10. [25] Let (X ,�) be a partially ordered set and let f ,g : X → X
be two mappings. The pair ( f ,g) is weakly isotone increasing if for all x ∈ X
we have f x� g f x� f g f x.

Remark 1.11. If f ,g : X → X are weakly increasing, then the pair ( f ,g) is
weakly isotone increasing.

Definition 1.12. Let (X , p) be a partial metric space. A mapping T : X → X is
said to be:

(i) a sequentially convergent if for any sequence {yn} in X such that {Tyn}
is convergent in (X , ps) implies that {yn} is convergent in (X , ps),

(ii) a subsequentially convergent if for any sequence {yn} in X such that
{Tyn} is convergent in (X , ps) implies that {yn} has a convergent sub-
sequence in (X , ps).

Motivated by the work of [15], we give following definition.

Definition 1.13. Let (X , p) be a partial metric space and T : X → X . A pair
( f ,g) of selfmaps on X is said to be a T-Hardy-Rogers pair on X if there exist

ai ≥ 0, i = 1, ...,5 with
5
∑

i=1
ai < 1 such that for all x,y ∈ X

p(T f x,T gy)≤ a1 p(T x,Ty)+a2 p(T x,T f x)

+a3 p(Ty,T gy)+a4 p(T x,T gy)+a5 p(Ty,T f x) . (3)

If a1 = a4 = a5 = 0 and a2 = a3 6= 0, (resp. a1 = a2 = a3 = 0 and a4 = a5 6=
0; a4 = a5 = 0 and a1,a2,a3 6= 0 ) then ( f ,g) is called T-Kannan (resp. T-
Chatterjea; T-Reich) pair from [24].

2. Fixed point results

In this section, we obtain some fixed point results of T-Hardy-Rogers pair de-
fined on a partially ordered partial metric space which is complete. We begin
with the following result.



COMMON FIXED POINT RESULTS . . . 195

Theorem 2.1. Let (X ,�) be a partially ordered set and suppose that there exists
a partial metric p on X such that (X , p) is a complete partial metric space and
f ,g : X → X. Let T : X → X be a continuous, injective mapping and ( f ,g)be a
T-Hardy-Rogers pair on the set of all comparable elements of X. If one of the
following two conditions is satisfied:

(a) f or g is continuous;

(b) (X , p,�) is regular,

then f and g have a common fixed point provided that T is subsequentially
convergent and pair ( f ,g)is weakly isotone increasing. Moreover, the set of
common fixed point of f and g is well ordered if and only if f and g have a
unique common fixed point.

Proof. Let x0 be arbitrary point in X . If x0 = f x0 or x0 = gx0 the proof can be
easily finished using contractive condition (3). Indeed, let x0 = f x0 then we
have

p(T f x0,T gx0)≤ a1 p(T x0,T x0)+a2 p(T x0,T f x0)+a3 p(T x0,T gx0)

+a4 p(T x0,T gx0)+a5 p(T x0,T f x0) ,

or

p(T x0,T gx0)≤ a1 p(T x0,T x0)+a2 p(T x0,T x0)+a3 p(T x0,T gx0)

+a4 p(T x0,T gx0)+a5 p(T x0,T x0)

= (a1 +a2 +a5) p(T x0,T x0)+(a3 +a4) p(T x0,T gx0)

≤ (a1 +a2 +a5 +a3 +a4) p(T x0,T gx0)

< p(T x0,T gx0) .

Hence, T x0 = T gx0, that is., gx0 = x0.
Similarly, if x0 = gx0 we obtain that x0 = f x0.
So we assume that x0 6= f x0 and x0 6= gx0. We can define a sequence {xn} in

X , as follows:

x2n+1 = f x2n and x2n+2 = gx2n+1 for n = 0,1,2, . . .

We can also suppose that the successive terms of {xn} are different. Other-
wise we have again finished. Since pair ( f ,g) is weakly isotone increasing, we
have

x1 = f x0 � g f x0 = gx1 = x2 � f g f x0 = f gx1 = f x2 = x3,

x3 = f x2 � g f x2 = gx3 = x4 � f g f x2 = f gx3 = gx4 = x5,
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and continuing this process we get

x1 � x2 � ...� xn � xn+1 � . . . (4)

Now we claim that for all n ∈ N

p(xn,xn+1)≤ kp(xn−1,xn) ,

where k = 2a1+a2+a3+a4+a5
2−a2−a3−a4−a5

∈ [0,1).
Since the successive terms of {xn} are comparable, therefore by replacing x

by x2n and y by x2n+1 in (3), we have

p(T x2n+1,T x2n+2) = p(T f x2n,T gx2n+1)

≤ a1 p(T x2n,T x2n+1)+a2 p(T x2n,T f x2n)+a3 p(T x2n+1,T gx2n+1)

+a4 p(T x2n,T gx2n+1)+a5 p(T x2n+1,T f x2n)

= a1 p(T x2n,T x2n+1)+a2 p(T x2n,T x2n+1)+a3 p(T x2n+1,T x2n+2)

+a4 p(T x2n,T x2n+2)+a5 p(T x2n+1,T x2n+1)

≤ a1 p(T x2n,T x2n+1)+a2 p(T x2n,T x2n+1)+a3 p(T x2n+1,T x2n+2)

+a4 p(T x2n,T x2n+1)+a4 p(T x2n+1,T x2n+2)−a4 p(T x2n+1,T x2n+1)

+a5 p(T x2n+1,T x2n+1)

= (a1 +a2 +a4) p(T x2n,T x2n+1)+a4 p(T x2n+1,T x2n+2)

+(a5−a4)5 p(T x2n+1,T x2n+1) ,

or equivalently,

(1−a3−a4) p(T x2n+1,T x2n+2)

≤ (a1 +a2 +a4) p(T x2n,T x2n+1)+(a5−a4)5 p(T x2n+1,T x2n+1) . (5)

Similarly, replacing x by x2n+1 and y by x2n in (3), we obtain

(1−a2−a5) p(T x2n+1,T x2n+2)

≤ (a1 +a3 +a5) p(T x2n,T x2n+1)+(a4−a5)5 p(T x2n+1,T x2n+1) . (6)

Summing (5) and (6), we obtain p(T x2n+1,T x2n+2)≤ kp(T x2n,T x2n+1) , where
k = 2a1+a2+a3+a4+a5

2−a2−a3−a4−a5
. Obviously 0≤ k < 1. Similarly, it can be shown that

p(T x2n+1,T x2n)≤ kp(T x2n,T x2n−1) . Therefore, for all n≥ 1,

p(T xn,T xn+1)≤ kp(T xn−1,T xn)≤ ...≤ kn p(T x0,T x1) .

Now, for any m ∈ N with m > n, we have

p(T xn,T xm)≤ p(T xn,T xn+1)+ p(T xn+1,T xn+2)+ ...+ p(T xm−1,T xm)

≤
(
kn + kn+1 + ...+ km−1) p(T x0,T x1)≤

kn

1− k
p(T x0,T x1) ,
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which implies that p(T xn,T xm)→ 0 as n,m→∞. Hence {T xn} is a Cauchy se-
quence in (X , p) and in (X , ps) . Since (X , p) is complete, therefore from Lemma
1.3 (2) (X , ps) is a complete metric space. Hence {T xn} converges to some v∈X
with respect to the metric ps, that is,

lim
n→∞

ps (T xn,v) = 0, (7)

or equivalently,

p(v,v) = lim
n→∞

p(T xn,v) = lim
n,m→∞

p(T xn,T xm) = 0. (8)

Suppose now that T is subsequentially convergent. Therefore convergence
of {T xn} in (X , ps) implies that {xn} has a convergent subsequence {xni} in
(X , ps). So

lim
n→∞

ps (xni ,u) = 0, (9)

for some u ∈ X . As T is a continuous, (9) and Remark 1.5 imply that

lim
n→∞

ps (T xni ,Tu) = 0.

From (7) and by the uniqueness of the limit in metric space (X , ps) , we obtain
Tu = v. Consequently,

0 = p(Tu,Tu) = lim
i→∞

p(T xni ,Tu) = lim
i, j→∞

p
(

pxni , pxn j

)
. (10)

(a) If f is a continuous self map on X , then f x2ni→ f u and T f x2ni→ T f u as
i→ ∞. Since T x2ni → Tu as i→ ∞, we obtain that Tu = T f u. As T is injective,
so we have f u = u. Also, because u� u, we obtain

p(Tu,T gu) = p(T f u,T gu)≤ a1 p(Tu,Tu)+a2 p(Tu,T f u)

+a3 p(Tu,T gu)+a4 p(Tu,T gu)+a5 p(Tu,Tu)

= a1 p(Tu,Tu)+a2 p(Tu,Tu)+a3 p(Tu,T gu)+a4 p(Tu,T gu)+a5 p(Tu,Tu)

= (a3 +a4) p(Tu,T gu)≤ (a1 +a2 +a3 +a4 +a5) p(Tu,T gu)

< p(Tu,T gu) ,

and Tu = T gu and again using injectiveness of T, we have u = gu. Similarly,
the result follows when g is continuous.

(b) Further, if f and g are not continuous then by given assumption we have
xn � u for all n ∈ N. Thus for a subsequences {x2ni} and {x2ni+1} of {xn} we
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have x2ni � u and x2ni+1 � u. Therefore, we have

p(T f u,Tu)≤ p(T f u,T gx2ni+1)+ p(T gx2ni+1,Tu)− p(T gx2ni+1T gx2ni+1)

≤ a1 p(Tu,T x2ni+1)+a2 p(Tu,T f u)+a3 p(T x2ni+1,T gx2ni+1)

+a4 p(T x2ni+1,T f u)+a5 p(Tu,T gx2ni+1)+ p(T gx2ni+1,Tu)

≤ a1 p(Tu,T x2ni+1)+a2 p(Tu,T f u)+a3 p(T x2ni+1,T x2ni+2)

+a4 p(T x2ni+1,T f u)+a5 p(Tu,T x2ni+2)+ p(T x2ni+1,Tu) .

On taking limit as i→ ∞ and applying Remark 1.4 (2) we have

p(T f u,Tu)≤ (a2 +a4) p(Tu,T f u)

≤ (a1 +a2 +a3 +a4 +a5) p(Tu,T f u)< p(Tu,T f u) , (11)

which implies that p(Tu,T f u) = 0, that is., Tu = T f u. Now injectivity of T
gives u = f u. Also, because u� u we obtain

p(Tu,T gu) = p(T f u,T gu)

≤ a1 p(Tu,Tu)+a2 p(Tu,T f u)+a3 p(Tu,T gu)

+a4 p(Tu,T gu)+a5 p(Tu,Tu)

= (a3 +a4) p(Tu,T gu)

≤ (a1 +a2 +a3 +a4 +a5) p(Tu,T gu)

< p(Tu,T gu)

and Tu = T gu, that is., u = gu. Hence u is the common fixed point of f and g.
Since sequentially convergent maps are subsequentially convergent then the

result holds when T is sequentially convergent.
Now suppose that set of common fixed points of f and g is well ordered.

Then common fixed point of f and g is unique. Assume on contrary that, f u =
gu = u and f v = gv = v but u 6= v. Now, by (3) we have

p(T f u,T gv)

≤ a1 p(Tu,T v)+a2 p(Tu,T f u)+a3 p(T v,T gv)

+a4 p(Tu,T gv)+a5 p(T v,T f u)

= (a1 +a4 +a5) p(Tu,T v)

≤ (a1 +a2 +a3 +a4 +a5) p(Tu,T v)

< p(Tu,T v) ,

which is a contradiction. Hence, u = v. Conversely, if f and g have only one
common fixed point then the set of common fixed point of f and g being single-
ton is well ordered.
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If we take f = g in Theorem 2.1, then we have the following corollary (sim-
ilar to Theorem 2.1 of Filipović et al. [15]).

Corollary 2.2. Let (X ,�) be a partially ordered set and suppose that there
exists a partial metric p on X such that (X , p) is a complete partial metric space
and f : X → X. Let T : X → Xbe a continuous, injective mapping and ( f , f ) be
a T-Hardy-Rogers pair on the set of all comparable elements of X. If one of the
following two conditions is satisfied:

(a) f is continuous;

(b) (X , p,�) is regular,

then f have a fixed point provided that T is subsequentially convergent and pair
( f , f ) is weakly isotone increasing. Moreover, the set of fixed point of f is well
ordered if and only if f has a unique fixed point.

Taking T x = x in Theorem 2.1, we get the Hardy-Rogers type [17] (and
so Kannan , Chatterjea and Reich) fixed point theorem for two weakly isotone
increasing maps on partially ordered partial metric spaces.

Corollary 2.3. Let (X ,�) be a partially ordered set and suppose that there
exists a partial metric p on X such that (X , p) is a complete partial metric space
and f ,g : X → X such that

p( f x,gy)≤ a1 p(x,y)+a2 p(x, f x)+a3 p(y, f y)+a4 p(x,gy)+a5 p(y, f x) ,
(12)

for all comparable x,y ∈ X , where ai ≥ 0, i = 1, ...,5and
5
∑

i=1
ai < 1. If one of the

following two conditions is satisfied:

(a) f or g is continuous;

(b) (X , p,�) is regular,

then f and g have a common fixed point provided that pair ( f ,g) is weakly
isotone increasing. Moreover, the set of common fixed point of f and g is well
ordered if and only if f and g have a unique common fixed point.

Taking g = f in Theorem 2.1, we get the following.

Corollary 2.4. [2] Let (X ,�) be a partially ordered set and suppose that there
exists a partial metric p on X such that (X , p) is a complete partial metric space
and f : X → X . Let T : X → X be a continuous, injective mapping and ( f , f ) be
a T−Hardy-Rogers pair on the set of all comparable elements of X . If one of
the following two conditions is satisfied:
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(a) f is continuous;

(b) (X , p,�) is regular,

then f have a fixed point provided that T is subsequentially convergent and pair
( f , f ) is weakly isotone increasing. Moreover, the set of fixed point of f is well
ordered if and only if f a unique fixed point.

3. Examples

We demonstrate the use of Theorem 2.1 and Corollaries 2.2-2.4 with the help of
the following example. It will show also that this theorem is more general than
that some other known fixed point results ([2], [15], [17], [24]).

(a) Let X = [0,1] be endowed with the following relation: x� y if and only
if x≥ y where≥ is usual order on X . Then, (X ,�) is a partially ordered set. Let
p : X ×X → R+ be defined by p(x,y) = max{x,y} . The partial metric space
(X , p) is complete because (X , ps) is complete. Indeed, for any x,y ∈ X ,

ps (x,y) = 2p(x,y)− p(x,x)− p(y,y) = 2max{x,y}− (x+ y) = |x− y| .

Thus, (X , ps) = ([0,1] , |·|) is the usual metric space which is complete.
Define T, f ,g : X → X as T x = x2, f x = 1

3 x and gx = 1
2 x. It is clear that

pair ( f ,g) is weakly isotone increasing. All the conditions of Theorem 2.1 are
fulfilled with a1 = a2 = a4 = a5 = 0,a2 = a3 =

1
3 . Indeed, for all x,y ∈ X ,x < y

we have

p(T f x,T gy) = max
{

1
9

x2,
1
4

y2
}
=

1
4

y2,

and

a1 p(T x,Ty)+a2 p(T x,T f x)+a3 p(Ty,T gy)

+a4 p(T x,T gy)+a5 p(+yTy,T f x) =
1
3
(p(T x,T f x)+ p(Ty,T gy))

=
1
3

(
max

{
x2,

x2

9

}
+max

{
y2,

y2

4

})
=

1
3
(
x2 + y2) .

Since 1
4 y2 ≤ 1

3

(
x2 + y2

)
for all x,y ∈ X ,x < y, we obtain that (3) holds. Hence,

by Theorem 2.1 f and g have a common fixed point. Here 0 is the common
fixed point of f and g.

(b) Taking a2 = a3 = a4 = 0,a1 =
1
7 ,a5 =

1
9 we obtain that (3) holds. Indeed,

for all x,y ∈ X ,x < y we have

p(T f x,T gy) = max
{

1
9

x2,
1
4

y2
}
=

1
4

y2,
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and

a1 p(T x,Ty)+a2 p(T x,T f x)+a3 p(Ty,T gy)

+a4 p(T x,T gy)2+a5 p(+yTy,T f x) =
1
7

p(T x,Ty)+
1
9

p(Ty,T f x)

=
1
7

max
{

x2,y2}+ 1
9

max
{

y2,
1
9

x2
}
=

1
7

y2 +
1
9

y2.

Since 1
4 y2 ≤ 1

7 y2 + 1
9 y2 for all x,y ∈ X ,x < y, we obtain that (3) holds.

On the other hand, consider the same problem in the standard metric d (x,y)
and take x = y = 1. Then d (T f 1,T g1) =

∣∣1
9 −

1
4

∣∣= 5
36 and

1
7

d (T 1,T 1)+
1
9

d (T 1,T f 1) =
1
9

∣∣∣∣1− 1
9

∣∣∣∣= 8
81

<
5

36
= d (T f 1,T g1) .

Hence, the condition (3) if p = d does not hold and existence of a common fixed
point of f and g cannot be obtained from the known results in standard metric
spaces (see, e.g., ([15], [24]).

(c) The following example shows that the existence of order may be crucial.
Taking

p(x,y) =
{

max{x,y} ,x ∈ [0, 1
2)∨ y ∈ [0, 1

2)

|x− y| ,x,y ∈
[1

2 ,1
]
,

instead p(x,y) = max{x,y} in (a) and (b). The order � is given by

x� y⇔
(

x,y ∈ [0,
1
2
)∧ x≥ y

)
∨ (x = y) .

Take ai, i = 1, ...,5;T, f and g as in (b). It is easy to check that the contrac-
tive condition (3) holds. All the conditions of Theorem 2.1 are fulfilled and
mappings f and g have a common fixed point (x = 0) .

On the other hand, consider the same problem, but without order. Then the
condition (3) does not hold and the conclusion about the common fixed point
cannot be obtained in this way. Indeed, take x = y = 1. Then p(T f 1,T g1) =∣∣1

9 −
1
4

∣∣= 5
36 and

1
7

p(T 1,T 1)+
1
9

p(T 1,T f 1) =
1
9

∣∣∣∣1− 1
9

∣∣∣∣= 8
81

<
5
36

= p(T f 1,T g1) .
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