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DIFFERENTIAL SANDWICH THEOREMS OF
SYMMETRIC POINTS ASSOCIATED WITH
DZIOK-SRIVASTAVA OPERATOR

RABBA M. EL-ASHWAH - MOHAMED K. AOUF
ALI SHAMANDY - SHEZA M. EL-DEEB

In this paper we obtain some applications of theory of differential sub-
ordination, superordination and sandwich results for the classes of sym-
metric points associated with Dziok-Srivastava operator.

1. Introduction

Let H(U) denote the class of analytic functions in the open unit disk U = {z €
C: |z] < 1} and H[a, 1] denote the subclass of functions f € H(U) of the form:

fR)=a+aiz+am?+...(acC).

Also, let A denote the subclass of functions f € H(U) of the form:
f)=2+Y a". (1.1)
k=2

If f and g are analytic function in U, we say that f is subordinate to g,
written f < g if there exists a Schwarz function w, which is analytic in U with
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w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)). Furthermore,
if the function g is univalent in U, then we have the following equivalence (see
[6] and [12]):

f(z) < ¢(z) = f(0) = ¢(0) and f(U) C g(U).

For k,h € H(U), let ¢ : C*> x U — C and let h be univalent in U. If k(z)
satisfies the first order differential subordination

0(k(z),7k' (z);2) < h(z), (1.2)

then k(z) is a solution of the differential subordination (1.2). The univalent
function ¢(z) is called a dominant of the solutions of the differential subordina-
tion (1.2), if k(z) < g(z) for all the functions k(z) satisfying (1.2). A univalent
dominant ¢(z) is said to be the best dominant of (1.2) if g(z) < ¢g(z) for all dom-
inants ¢(z). If k(z) and @(k(z),zk’(z);z) are univalent functions in U and if k(z)
satisfies the first order differential superordination

h(z) < @(k(z),7K'(2);2), (1.3)

then k(z) is a solution of the differential superordination (1.3). The univalent
function ¢(z) is called a subordinant of the solutions of the differential super-
ordination, if g(z) < k(z) for all the functions k(z) satisfying (1.3). A subor-
dinant g(z) is said to be the best subordinant of (1.3) if ¢(z) < ¢(z) for all the
subordinants ¢(z). Using the results of Miller and Mocanu [13], Bulboaca [5]
considered certain classes of first order differential superordinations as well as
superordination-preserving integral operators [4]. Ali et al. [1], have used the
results of Bulboaca [5] (see also [2, 3]) to obtain sufficient conditions for nor-
malized analytic functions to satisfy:

2f'(2)
1) =75

where ¢; and g5 are univalent functions in U with ¢ (0) = ¢, (0) = 1.
Sakaguchi [20] introduced a class S; of functions starlike with respect to
symmetric points, which consists of functions f(z) € A satisfying the inequality

2zf (2)
m{ﬂdﬂ©}>0@eUy (1.4)

=< QZ(Z)v

Obviously, it forms a subclass of close-to-convex functions and hence univalent.
Moreover, this class includes the class of convex functions and odd starlike
functions with respect to the origin (see [20]).
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For real parameters o,...,0, and Bi,...,Bs (B; ¢ Z, ={0,—1,-2,...};
Jj=1,2,...,s), we now define the generalized hypergeometric function
GFs(a, ..., a4 B, ..., By z) by (see for example, [22, p.19])

oo

qu(Otl,...,(Xq;ﬁl,...,ﬁs;z): Z(al)k(aq)kZ

(g<s+1;q,s e Ng=NU{0};z€U),

where (0)y is the Pochhammer symbol defined, in terms of the Gamma function
[, by

(e)v =

F(9+v):{ 1 (v=0:0eC =C\{0}), o

o) 0(6+1)...(6+v—1) (veN; 6 eC).

Corresponding to the function H, ;(01) f(z) = h(ou, ... a4 B1 ..., Bs;2) f(z), de-
fined by (see [9] and [10])

Hys(00)f(2) = [zgF5(0,- 03 Brs o Bis2)] + £ (2)

=z+ Y Ti(a)ax", (1.6)

where
(061)](,1 ...... ((Xq)k,1

Fien) = (B)i=1---(B)k—1 (k= 1)1

(1.7)
From (1.6), we have:

Z(H%S(Oll)f(Z)), = alHq,s(al + l)f( ) (al - 1) qs(al)f( ) (18)
We note that:

() Hai(ar,00;p1)f(z) = F(au,00;B1)f(z) (see Hohlov [11]);

(
(i) Ha(a,l;c)f(z) = L(asc)f(z) (a,c > 0) (see Carlson-Shaffer [7]);
(iii) H21(n+1,151)f(z) =D"f(z) (n > —1) (see Ruscheweyh [19]);

(

(iv) Hy1(A+1,¢;0)f(z) = I*(a,c) f(z) (a,c € R\Zy; A > —1) (see Cho et

(V) Hy1(2,1;n41)f(z) =1,f(z) (n> —1) (see Noor [16] and Noor and Noor
[17]).
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2. Definitions and preliminaries

In order to prove our results, we shall need the following definition and lemmas.

Definition 2.1. [13] Let Q be the set of all functions f that are analytic and
injective on U \ E(f), where E(f) ={{ €dU : lirr%f(z) = oo} and are such that
—

f'(§) #0for & € dU\E(f).

Lemma 2.2. [12] Let q be univalent in the unit disc U and let 0 and ¢ be
analytic in a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set

0(2) = 24 (2)¢(q(z)) and h(z) = 8(¢(z)) + O(z), 2.1)

suppose that
(i) Q is a starlike function in U,
Zh'(z)

(ii) EK{ e >0,zeU.
If k is analytic in U with k(0) = ¢(0), k(U) C D and
0(k(z)) + 2K (2)9 (k(2)) < 0(q(2)) +24'(2)9(q(2)), 22)

then k(z) < q(z) and q is the best dominant of (2.2).

Lemma 2.3. [2]] Let &, ¢ € C with ¢ # 0 and let g be a convex function in U

with
29" (2) PN
SK{H— 70 }>max{0, EK(P}.

If k is analytic in U and

Ek(z) + @zk'(z) < Eq(2) + 924 (2), (2.3)
then k < q and q is the best dominant of (2.3).

Lemma 2.4. [6] Let g be a univalent functionin U and let 0 and ¢ be analytic
in a domain D containing q(U) . Suppose that

o [ 0'(a(2)
(z)‘ﬁ{ 0(a(2) } >0 forzeU,
(i) Q(z) = z¢'(

q'(2)9(q(z)) is starlike univalent in U .
Ifke H[q(0),11NQ, with k(U) C D, 0(k(z))+zk' (z)9(k(z)) is univalent in U

and

0(q(2)) +24'(2)9(q(2)) < 0(k(2)) + 2K (2) 9(k(2)), (2.4)
then q(z) < k(z) and q is the best subordinant of (2.4).
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Lemma 2.5. [13] Let g be convex univalent in U and let B € C, with R{B} >
0. Ifk € H|g(0),1]N Q, k(z) + Bzk'(z) is univalent in U and

q(2) + Bzq'(z) < k(z) + Bk (2), (2.5)
then g < k and q is the best subordinant of (2.5).

Lemma 2.6. [18] The function q(z) = (1 —2)2* (a,b € C*) is univalent in
U ifand only if |2ab—1| <1 or|2ab+1|<1.

3. Subordinant results

Unless otherwise mentioned, we shall assume in the reminder of this paper that
AeCH ay,...,0p €R, a1 #0, Bi,....Bs €eR\Zy, g,s €Ny, g<s+1,z€U
and the powers are understood as principle values.

Theorem 3.1. Let q(z) be univalent in U, with g(0) = 1 and suppose that

9%{1+Z2,N((ZZ))} >max{0;—a1-9?<i>}. 3.1)

If f(z) € A satisfies the subordination

(1 - 2’) (Hq-s(al)f(Z)_zftl-s(al)f<_Z)) +)v (H%S(al—i_l)f(Z)_zqu(alJrl)f(_Z))
A !
<q()+ 24 (Z), (3.2)
oy

hen
t Hys(on)f(z) —Hys(ou)f(—2)
2z

and q is the best dominant of (3.2).

< q(z)

Proof. Define a function /(z) by

(ou)f(z) —Hys(on) f(—2)
2z

h(z) = Ha

(zeU), (3.3)

where £(z) is analytic in U with 2(0) = 1. By differentiating (3.3) with respect
to z, we obtain that

! !

o (7) = Lo/ Q) ~=(Fas@)/ () Hyule)f @ Hudelf(CD) (34

2z 2z
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From (3.4) and (1.8), a simple computation shows that

Hq.s(al )f(z) _Hq.s(al )f(—2)

2 ()= Hys(ou+1)f(2)—Hgs(on+1)f(-2) @

2z 2z )
hence the subordination (3.2) is equivalent to
Azh Azq
n(z)+ 22 <Z)<q(z)+ 2q (2)
[04] [04]

Now, applying Lemma 2.3, with ¢ = O% and & = 1, the proof is completed. []

Taking ¢(z) = {igi (=1 <B<A<1)in Theorem 3.1, the condition (3.1)
reduces to

1—-Bz 1
9?{1+BZ} >max{0,—a1-9{<}t>}. (3.5)

It is easy to check that the function y(§) =

1+§, || < |B, is convex in U and

since (&) = w(&) for all || < |B], it follows that the image y(U) is convex
domain symmetric with respect to the real axis, hence

. 1-Bz 1—|B|
inf ¢ R = > 0. 3.6
{ <1+Bz>} 1+ B (5.6)
Then the inequality (3.5) is equivalent to } BI — < 0 -R(3), hence, we obtain
the following corollary.

Corollary 3.2. Let f(z) € A, —1<B<A<1 and max{0;—c - R (%)} <
1-B| then

1+[B|?
(1 _l) (Hq,x(al)f(z);qu(al)f( )) iy ( Hys(a1+1)f(2) 2fq,X(al+l)f(*Z)>
1+Az A (A—B)z
— 3.7
1—|—Bz+a1 (14 Bz)? 7
implies
Hq,s(al)f(Z) _Hq,s(al)f(_Z) ~ 1+Az
2z 1+ Bz
and iigi is the best dominant of (3.7) .

Taking ¢(z) = 1+Z in Theorem 1 (or putting A = 1 and B = —1 in Corollary 1),
the condition (3 1) reduces to

1
o - R (l) >0, (3.8)

hence, we obtain the following corollary.
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Corollary 3.3. Let f(z) € A, assume that (3.8) holds true and

(1-2) (Hq‘s(al)f( 2) 2§Iqa(a1) (=2 )) +/1( Hys(0a+1)f(2) qurs(a1+l)f(fz))

1+z A 2z

— . 3.9
1-z o (1 —Z)z (3:9)
then
Hq,s(al)f(z) _Hq7s(al)f(_z) < 1+z
2z 1—z
1
and 1 te is the best dominant of (3.9) .
—Z

Theorem 3.4. Let q(z) be univalent in U, with q(0) =1 and q(z) #0 for all
zeU, n,§eC*, p,te€C, withp+1#0, f(z) €A and suppose that f and

q satisfy the next conditions:

p(H%S(al+1)f(z)7HqJ(al+1)f(7z))+r(Hq,J(al )f(z) an(al

) 40 (zev) (3.10)

2(p+7)z
and
®d14+4 & O ey, G.11)
q()  4q(2)
If

4 £ d Bt @) (s ) e(Hysle)f @)~ Hyu(o)F(-2) |
(Hq7s(061+1)f(z) qs(a1+])f( ))"‘T( qs(al)f(z) qs(al)f( Z))

{anq(g)’ (3.12)

then

¢
Hys(ou+1)f(z2)=Hgs(o1+1)f(—2) ) +T(Hy (i +1) f(2) —Hgs (1 +1) f(—2)
<p( w AT §<,))+§)(/ Ll e A : )) < q(z)

and q is the best dominant of (3.12).

Proof. Let

g(Z) — <p(Hq,s(al+1)f(Z)Hq,s(al+l)f(Z))+T(Hq,x(al+l)f(z)Hq,a‘(a1+1)f(z)) C

2(p+7)z ’
(3.13)
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where z € U, then g(z) is analytic in U, differentiating g(z) logarithmically with
respect to z, we obtain

-1

28'(z7) ¢ { p2(Hys(01+1)£(2)—Hy (00 +1) £(—2)) +22(Hos () £(2)—Hoy (1) £(—2)

g(z) P (Ha,s(01+1) £ (2)—Hy s (01 +1) f(=2) )+ (Hy,s(n) f(2)—Hg s (04) f(—2) )

(3.14)

Now, using Lemma 2.2 with 6(w) = 1 and ¢(w) = L, then 6 is analytic in C
and ¢ (w) # 0 is analytic in C*. Also if we let

and

h(z) = 6(q(z)) +0(z) = 1+1

then, Q(0) = 0 and Q'(0) # 0, and the assumption (3.11) yields that Q is a
starlike function in U. From (3.11) we have

m{zh/(z)}:i)t{wzqﬂ(z) B Zq'(z)} >0(zeU),

0(z) 4@ q(2)

then, by using Lemma 2.2, we deduce that the assumption (3.12) implies g(z) <

¢(z) and the function g is the best dominant of (3.12). O
Taking ¢(z) = %i‘gé (-1<B<A<1),p=0and T=mn =1 in Theorem
3.4, the condition (3.11) reduces to

2Bz (A-B)z }
{1 14+Bz (1+Az)(1+Bz) >0, (3.15)

hence, we obtain the following corollary.
Corollary 3.5. Let f(z) € A, assume that (3.15) holds true, —1 <B <A <1
and suppose that Hys (1) (@)~ Hys(01)] (=) #0(zeU). If

2z

It {Z(Hq,s(al)f(Z) — Hys(@)f(=2) 1} <irg (A-B)z

Hy (o) f(z) — Hys(ou) f(—2) 1+Az)(1+Bz)’
(3.16)
then
(Hactonar-tste )f(*Z))g PR 3.17)
Z 1+B7’ '
1+Az . .
and is the best dominant of (3.16) .
14+ Bz
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_ ¢(A-B)
Putting p =0,7=n=1and ¢(z) =(1+Bz) B ({e€C* —-1<B<
A <1, B#0) in Theorem 3.4 and using Lemma 2.6, it is easy to check that the
assumption (3.11) holds, hence we obtain the next corollary:

Corollary 3.6. Let fe A, { €C*, -1 <B<A< 1, withB+#0 and suppose
that |S42 1| <1 or [SAEL 1| <1

)

1 _|_ C (Z(Z‘I:ls(al)f(z)_Hq,s(al)f(_z)) _ 1) < 1 + [B+ C(A _B)]Z (318)

g.5(01)f (2)—Hg.s(1)f(—2) 1+Bz
then B
( s(0n) f fls (a)f(= Z))C = (l—f—BZ)%
{(A-B)
and (1 +Bz) B s the best dominant of (3.18).

Puttingp =0, 1=1,1n = abml (Al <%, a,beC), { =a,and q(z) =
1

2abe=i* cos A
(1—z

in Theorem 3.4, hence combining this togther with Lemma
2.6, we obtain the following corollary.

Corollary 3.7. Let f(z) € A, assume that (3.11) holds true and |A| < 5, a,b €
C* such that ‘abe*"}” cosA — 1‘ <1 or ‘abe*"}” CcosA + 1‘ <1.If

i _ —2)
G o E v =R BT
e Hys () (2)=Hys (@) f(=2) | * 1
( B ) = (1 — g)2abe Feosd
and L , is the best dominant of (3.19).

(1 . Z)Zabe*”L cosA

Puting p =0, t=1, 1 = = (a,b€C*), { =a, and q(z) = (1-2)7*" in
Theorem 3.4 (or putting A = 0 in Corollary 3.7), hence combining this together
with Lemma 2.6, we obtain the following corollary.

Corollary 3.8. Let f(z) € A, assume that (3.11) holds true and a,b € C* such
that [2ab—1| <1 or |2ab+1| < 1.1If

l (z(Hq,s(oq)f(z) —Hq,s(al>f(_z))/ _ 1) < 5

1+ (3.20)

b\ Hys(on)f(z)—Hys(ou)f(—2) 1—2
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then

(Hw(o‘l )f"(z)*zfq,x(al )f(*z))a < (1—z)7 2

and (1 —z)72% s the best dominant of (3.20).

Theorem 3.9. Let q(z) be univalentinU, withq(0)=1,1n,{ €C*,p,1,0,x €
C,withp+1t#0 and f(z) € A.Suppose that f and q satisfy the next two
conditions:

p(Hq“v(al+1)f(z)_Hq,s(al +1)f(_z))+T(Hq,S(a| )f( ) Hl] Y(a|

) 20 (zev) (321)

2(p+1)z
and "e)
g \Z . o
9{{1 o } > max{0; ~R (ﬁ>} (zeU). (3.22)
If

¢
J—_-(Z) . <p(Hq,S(‘xl+1)f(Z)Hq,S(al+1)f2((p7—-)_?c;r;(Hq,s(al)f(Z)Hq,S(al )f(Z))) %

px(Hys(0n+ 1) (2) ~Hya(oa+ 1) (—2)) +72(Hyslon) F @) ~Hyulo)f(-2) |
‘”C”( F @ Hys (@i )7 (—2)) 72 (@) @) Fysla) (-2) | |

p(Hys(an+1)
+ (3.23)
and
F(z) < 0q(z) + Nzq (2) + , (3.24)
then

, ¢
Hys(o1+1)f(z)—Hgs(ou+1)f(—2) ) +7(Hys(on) f(z)—Hq,s (001 f(—2)
(p( e 2(pz+)r);( A e A >> <q(z) (3.25)

and q is the best dominant of (3.25).
Proof. Let g(z) defined by (3.13), we see that (3.14) holds and

28 (z) = {g(2)

) ( peltuston s 0@~ Hyulon t0f(-2) ee(Hyule) s @ Hiule(-2) |
P(Hq,,(a1+1)f(2) qs(aH‘l)f( )) ( ( l)f(z) qa(al)f(fz)) ’

(3.26)

Now, Let us consider 8(w) = ow+ s and ¢(w) = 7, then 0 and ¢ (w) # O are
analytic in C. Also if we let

0(z) =24'(2)¢(q(z)) = nz¢'(2),
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and
h(z) = 6(q(2)) + Q(z) = 0q(z) + nzq'(2) + 2
then the assumption (3.22) yields that Q is a starlike function in U and that

W@\ o 79 (2)
m{g@}‘i"{n ! q'<z>}>°(ZEU)'

The proof follows by applying Lemma 2.2.

O

Taking ¢(z) = }f;ﬁ (=1 <B <A< 1) and using (3.6), the condition (3.22) re-
duces to

1—|B|
max{O ‘J{n } STk 3.27)

hence, putting 1 = p = 1 and 7 = 0 in Theorem 3.9, we obtain the following
corollary.

Corollary 3.10. Ler f(z) € A, —1 <B <A <1 and ¢ € C such that max {0;

—R(0)} < i;ig} suppose that (s (1 1)/ @) Zf‘“(alH ) #0 (zeU) and
let L € C If

(Hq,s(al+1)f(Z)—Hq,.r(061+1)f(—Z))C
2z

e(Hy (04 +1) () —Hya(on+1)f(—2))
G+C< Hy (a1 —Hy @)~ L | T
< glaz  (A-B) (3.28)

78: T (14827 T %5

then

<Hq,s(oc.+1)f(z)—HW(a1+1)f(—z)>C =< L4z
2 1+Bz

and %i‘gz is the best dominant of (3.28) .

Putting p =0, =t =1and ¢(z) = % in Theorem 3.9, we obtain the fol-

lowing corollary.

Corollary 3.11. Let f(z) € A such that P8O Bt 4 for iz ¢ U

andlet § € C*. If

Hyo(00)f(2)—Haa(00)f(—2) \ Ha (1) f(2)—Ho(00)f(~2))
(st o (Gt 1) |+
1 2
PP L S T (3.29)

11—z (1—2)2
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then
Hys(00)(2) = Hys(on)f(=2)\© _ 142
= )
2z 1—-z
+z . .
and I is the best dominant of (3.29) .
—Z

4. Superordination and sandwich results

Theorem 4.1. Let g(z) be convex in U, with q(0) =1 and

o R(A) > 0. 4.1

Let f(z) € A and suppose that Hys(on)f (Z);f‘”(a‘ VD) e g [¢(0),1]N Q. If the
Jfunction

(1-2) (Htm(al)f( 2) zilqv(al) fl=z )) +7L( Hys(01+1)f(2) qu,_y(a.ﬂ)f(_z)),

is univalent in U and

Az (z
q(z) + *41
< (1 —)L) (Hq,s((xl)f(z) zfqa((xl) (—z ) +A ( gs(1+1)f(2) qu,x(al+1)f(*z)> . (42)

then
Hys(on)f(z) —Hys(on)f(—2)
2z

q(z) <
and q is the best subordinant of (4.2) .

Proof. Let k(z) defined by (3.3), we see that (3.4) holds. After some computa-
tions, we obtain

2z z

(1=2) <Hq,s(al)f(z)—Hq,s(Otl)f(—Z)> +7L< Hya (e +1)(2) My (o 1) (2 ))

—k(x)+ 228 @43)

(241

and now, by using Lemma 2.5 we obtain the desired result. O

Taking ¢(z) = ﬁgi (=1 <B <A <1)inTheorem 4.1, we obtain the following
corollary.
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Corollary 4.2. Let q(z) be convex in U, with q(0) =1 and [o4R(1)] > 0.

Let f(z) € A and suppose that Hys(0)/ @) ZZ‘“(O”) 1) ¢ H[g(0),1]N Q. If the
function

(1-2) (Hq‘x(al)f( 2)—Hys(o)f(=z ) ) < (0 +1)/(2) 2Hm(oc1+1)f(_z)> ’

2z z

is univalent in U and

5 (A—=B)z (00 f(2)—Hys () f(=2)
(g < — ) (Pl )

iy (Hq,s(al""l)f(z)_z[;q‘s(al'f‘])f(_z)) 7 4.4)

then
14+Az < Hq,s(al)f(z) _Hq,s(al)f(_z)
1+ Bz 27
and }igz (=1 <B<A<1) isthe best subordinant of (4.4) .

The proof of the following theorem is similar to the proof of Theorem 3.4
and then applying Lemma 2.4, so we state the theorem without proof.

Theorem 4.3. Let q(z) be convex in U, with q(0)=1,n,{€C*, p,te€C,
with p+1T #0. Let f(z) € A and satisfy the next conditions:

p(H s(on+1)f(z)—Hy,s (ot +1)f(—Z))+T Hys(on)f(z)—Hg,s(on)f(
. = 2(p+r)z(q 1 e )#O(ZGU)

and

<P(Hq‘s(al‘H)f(z)_Hq,s(al+1)];((;Z—~)_?E‘)|‘ZT(Hq,s(al )f(2)—Hgs(on )f(—Z)) ) s c H[C](O), 1] N Q

If the function

4 £ 4 Bt @) Ay s ) e(Hyele)f @)~ Huulo)F(-2) |
P (Hay,s(01+1)f(2)—Hy,s (01 +1)f(=2) )+ (Hys(0n) f(2)=Hy s (01) f(=2))

is univalent in U and

1+nZZ(S><1+Cn

O G R Vi) B GV o e i )
p (Hy (@) (2)—Hy(on 1)1 (—2)) 4 2(Ho () ) ~Hy (@) /(—2) !
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and q is the best subordinant of (4.5) .
By applying Lemma 2.4, we obtain the following theorem.

Theorem 4.4. Let q(z) be convex inU, withq(0)=1,1n,{ € C*, p, 1,0, €
C, withp+1#0 and R (%ql (Z)) > 0. Let f(z) € A and satisfy the next
conditions:

Hya(00+1) () ~Hy (00 4 1) (=) +2(Hy o (00)f (2)—Hyo(00) ()
plfuston+ 110~ Has(c 2(Pz+)r)zr( @/ M @ID) 4 (zev)

and

¢
Hys(an+1) f(2)—Hys (o +1) f(—2) ) +7( Hys (1) f(2) —Hyps (001) f(—2)
<p( gs(Q+1)f(2) ~Hy. (o z(pi)r);( 0:(01) ()~ Hg (1 Z)> € Hlgq(0),1]N Q.

If the function F given by (3.23) is univalent in U and
6q(2) +nzq (2) + % < F(2), (4.6)

then

, B RN
4 < (p(Hq.s(m+1>f<z>—Hm<a1+1>f2<(;z+>)r)+zr(ﬂm<al>f<z> Hya(o)f( z>)>

and q is the best subordinant of (4.6) .

Combining Theorem 3.1 and Theorem 4.1, we obtain the following sand-
wich theorem.

Theorem 4.5. Let q; and qy be two convex functions in U, with q1(0) =
¢2(0) =1 and [4R(A)] > 0. Let f(z) € A and suppose that

Hy,s(ou )f(z)*zfq‘s(‘xl )f(=2) c H[q(O), 1] N0 Q

If the function

(1 _ l) (Hq‘s(al )f(z)_zlz"lq.s(al )f(—Z)> + ), (Hq‘s(al+1)f(z)_2:[q,s(al+l>f(_z))
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is univalent in U and

0 (2) _i_/lzz:l](z) <(1=2) (H[,,xa.)f(z)—zfq,q(a.)f(-z))

_|_A(( gs(01+1)f(2)—Hys(0u+1)f(—2 )) < ( )+AZZCZ(Z)7 (47)

2z 5}

then

q1(2) < Hqﬁ.v(al)f(Z)*zqu(al)f(*Z) < (2)

and q\ and q, are, respectively, the best subordinant and dominant of (4.7).

Combining Theorem 3.4 and Theorem 4.3, we obtain the following sand-
wich theorem.

Theorem 4.6. Let q(z) be convex in U, withq(0)=1,n,€C*, p,t€C,
withp+1#0. Let f(z) € A and satisfy

p(Hq,J<a1+1>f(z>qu,s<al+1>.;;<(;z+>)f)+zr(ﬂqﬁs<m>f<z> Hs@)f(9) 40 (e 1)

and

¢
Hys(ou+1)f(z)—Hgs(01+1)f(—z) ) +T(Hys(0t) f(z) —Hgs (o) f(—
(p( (@41 (@) —Hys (e >2<(pz+>)r);( 0s(0)(&) ~Hys (@) Z>>> € H[q(0),1]N Q.

If the function

1+ Cn ( q, V(a1+1)f(z)*Hq.s(alJfl)f(*z)),JFTZ(Hq.x(al)f(Z)*Hq,S(al)f(*Z))l -1
(Hq S(OC[+l)f(z)qu_S(061+l)f(fz))+T(Hq,5(OC| )f(Z)*Hq.S(al)f(*Z))

is univalent in U and

!

q,(2)
1+7 Zt]ll(ZZ)

Latn p2(Hy(an 1)1 (€)=Hyon-+1)1(=2)) +32(Hyulo) FQ)—Hysle)f(2)) |
p (Hys(0+1)1(2)—Hya (00 1) f(—2)) 7 (Ho (1) £ (2)—Hys (1) ()

<14 Zq2((z)) (4.8)

then

71(2) < <p(Hq,S(a1+l)f(z)Hqﬁs((lerl) f(z))+T(Hq,s((x1)f(z)Hq‘s((xl)f(z))>g <

2(p+7)z

and q\ and q, are, respectively, the best subordinant and dominant of (4.8).
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Combining Theorem 3.9 and Theorem 4.4, we obtain the following sand-
wich theorem.

Theorem 4.7. Let q; and q» be two convex functions in U, with q;(0) =
¢2(0)=1,letn,§ €C* p,1,0,x€C, withp+1#0 and R <%q’(z)) > 0.
Let f(z) € A satisfies

P (Hys(01+1)f(2)—Hy,s(01+1)f(=2))+7(Hy,s (1) f(2) =Hy,s () f(=2))
: : oo - #0 (zeU)
and
P 1))yl 11 0)5(Hr )0~ Hoon) 1 9)\°

If the function F given by (3.23) is univalent in U and
641 (2) + 124, () + 2 < F(2) < 0¢2(2) + n242(2) + , (4.9)

then

¢
s 1 “) 3 < y ) y <
g1 (Z) =< <p(Hq1 (a1+1)f(z)—Hy (al+1)J;((p:)_?E;F;(Hq (o) f(z)—Hg,s(ou) f( Z))) < QZ(Z)

and q1 and g, are, respectively, the best subordinant and dominant of (4.9).

Remark 4.8. (i) Taking ¢ =2, s =1, a; = ap = ; = 1, in Theorems 3.1,
34,39,4.1, 4.4, 4.5, 4.7, we obtain the results obtained by Muhammad [14,
Theorems 1, 2, 3,4,5,6,7];

(i) Takingg =2, s=1,a; =n+1 (n> —1), ap = 1 and B; = 2, in Theorems
3.1, 3.4, 3.9, 4.1, 4.4, 4.5, 4.7, we obtain the results obtained by Muhammad
[15, Theorems 3.1, 3.4,3.9,4.1,4.3,4.4,4.5].

Remark 4.9. By Specializing ¢,s and o in the above results, we obtain
the corresponding results for the operators F(ay, a;B1), L(a;c), D"f(z) and
I*(a,c), which are defined in introduction.

Acknowledgments

The authors would like to record their sincere thanks to the referee(s) for their
valuable comments and insightful suggestions.



[1]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

SANDWICH THEOREMS OF SYMMETRIC POINTS 265

REFERENCES

R. M. Ali - V. Ravichandran - M. H. Khan - K. G. Subramanian, Differential sand-
wich theorems for certain analytic functions, Far East J. Math. Sci. (FIMS) 15 (1)
(2004), 87-94.

M. K. Aouf - F.M. Al-Oboudi - M. M. Haidan, On some results for A-spirallike
and A-Robertson functions of complex order, Publ. Inst. Math. (Beograd) (N.S.)
77 (91) (2005), 93-98.

M. K Aouf - T. Bulboaca, Subordination and superordination properties of mul-
tivalent functions defined by certain integral operator, J. Franklin Inst. 347 (3)
(2010), 641-653.

T. Bulboacd, A class of superordination-preserving integral operators, Indag.
Math. (N.S.) 13 (3) (2002), 301-311.

T. Bulboacd, Classes of first-order differential superordinations, Demonstratio
Math. 35 (2) (2002), 287-292.

T. Bulboacad, Differential Subordinations and Superordinations, Recent Results,
House of Scientific Book Publ., Cluj-Napoca, 2005.

B.C. Carlson - D.B. Shaffer, Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal. 15 (4) (1984), 737-745.

N.E. Cho - O.S. Kwon - H. M. Srivastava, Inclusion relationships and argument
properties for certain subclasses of multivalent functions associated with a family
of linear operators, J. Math. Anal. Appl. 292 (2) (2004), 470-483.

J. Dziok - H. M. Srivastava, Classes of analytic functions associated with the gen-
eralized hypergeometric function, Appl. Math. Comput. 103 (1) (1999), 1-13.

J. Dziok - H. M. Srivastava, Certain subclasses of analytic functions associated
with the generalized hypergeometric function, Integral Transforms Spec. Funct.
14 (1) (2003), 7-18.

Yu. E. Hohlov, Operators and operations in the class of univalent functions, 1zv.

Vyssh. Uchebn. Zaved. Math. 197 (10) (1978), 83—89.

S.S. Miller - P.T. Mocanu, Differential subordinations, Monographs and Text-
books in Pure and Applied Mathematics, 225, Dekker, New York, 2000.

S.S. Miller - P. T. Mocanu, Subordinants of differential superordinations, Com-
plex Var. Theory Appl. 48 (10) (2003), 815-826.

A. Muhammad, Some differential subordination and superordination properties
of symmetric functions, Rend. Semin. Mat. Univ. Politec. Torino 69 (3) (2011),
247-259.

A. Muhammad - A. Khattak, Some differential subordination and superordination
properties of symmetric analytic functions involving Noor integral operator, Le
Matematiche, 67 (2) (2012), 77-92.

K.1. Noor, On new classes of integral operators, J. Nat. Geom. 16 (1-2) (1999),
71-80.



266

(17]

(18]

[19]

(20]

(21]

(22]

R. M. EL-ASHWAH - M. K. AOUF - A. SHAMANDY - S. M. EL-DEEB

K.I. Noor - M. A. Noor, On integral operators, J. Math. Anal. Appl. 238 (2)
(1999), 341-352.

W.C. Royster, On the univalence of a certain integral, Michigan Math. J. 12
(1965), 385-387.

S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49
(1975), 109-115.

K. Sakaguchi, On a certain univalent mapping, J. Math. Soc. Japan 11 (1959),
72-75.

T.N. Shanmugam - V. Ravichandran - S. Sivasubramanian, Differential sandwich
theorems for some subclasses of analytic functions, Aust. J. Math. Anal. Appl. 3
(1) (2006), Art. 8, 11 pp.

H. M. Srivastava - P. W. Karlsson, Multiple Gaussian hypergeometric series, Ellis
Horwood Series: Mathematics and its Applications, Horwood, Chichester, 1985.

RABBA M. EL-ASHWAH

Department of Mathematics

Faculty of Science at Damietta

Mansoura University, New Damietta 34517, Egypt
e-mail: r_elashwah@yahoo.com

MOHAMED K. AOUF

Department of Mathematics

Faculty of Science

Mansoura University, Mansoura 35516, Egypt
e-mail: mkaouf127@yahoo.com

ALI SHAMANDY

Department of Mathematics

Faculty of Science

Mansoura University, Mansoura 35516, Egypt
e-mail: shamandy16@hotmail.com

SHEZA M. EL-DEEB

Department of Mathematics

Faculty of Science at Damietta,

Mansoura University, New Damietta 34517, Egypt
e-mail: shezaeldeeb@yahoo.com



