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SOME RESULTS ON SPECIAL BINOMIAL IDEALS

LUCIA MARINO

The main goal of this paper is to characterize a particular class of ideals
whose structure can still be interpreted directly from their generators: binomial
ideals having a finite number of binomials generators in a polynomial ring
k[x] = k[x1, ..., xn]. More in details, we associate to every binomial ideal a
homogeneous linear system constructed on its generators. We call it Toric System
because it supplies us Toric Ideals given as elimination ideals. We observe that
the constructed Toric Ideals depend only on the rank of a matrix that is solution of
the Toric System. In addition, we define a binomial principal generator and then,
we give some results for the case of a particular class of binomial ideals.

1. Introduction.

In the first section we recall the algebraic definition of Toric Ideal, given
by Sturmfels in [11] and reviews some basic definitions on terminology on
the Binomial Ideals. The study of the binomial prime ideals has particular
interest in applied mathematics, including integer programming (see Conti-
Traverso [4]), and computational statistics (see [6]). Within computer alge-
bra, they arise in the extension of Gröbner bases theory to canonical sub-
algebra bases suggested by Robbiano-Sweedler [10], where the role of a
single S − pair is played by an entire binomial ideal. In Section 2, we shall
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review some basic definitions and terminology on the Binomial Ideals and
Toric Ideals. In Section 3 it is introduced a particular homogeneous linear
system, called Toric System. We prove that the set of all solutions of it will
give us Toric Ideals. Moreover, we observe that these depend on the rank
of a matrix that is solution of the Toric System (see Section 4). In the last
section, we give some results for the case of a particular class of binomial
ideals and we show how to distinguish if these are Toric ideals or not.

2. Preliminaries.

We shall review some basic definitions in this section. Most of the
materials presented here are standard and can be found in [2], [5], [8], [11].

Let k be any field and let k[x] = k[x1, ..., xn] be the polynomial ring
in n indeterminates.

First recall that the set of power products is denoted by

T n = {x
β1
1 ...xβn

n | βi ∈ N0, i = 1.....n}

Sometimes we will denote x
β1
1. . . x

βn
n by xβ , where β =(β1, . . . , βn)∈N

n .
We would like to emphasize that power product will always refer to a
product of the xi variables, and term will always refer to a coefficient
times a power product. We will also always assume that different terms
in a polynomial have different power products.

There are many orderings on T n but we must be able to compare any
two power products. Thus the order must be a total order.

Definition 2.1. By a term ordering on T n we mean a total order < on T n

satisfying the following two conditions :

(i) 1 < xβ for all xβ ∈ T n, xβ �= 1;

(i i) If xα < xβ , then

xαxγ < xβ < xγ ,

for all xγ ∈ T n.

Given a term ordering ≺ , every non-zero polynomial f ∈ k[x] has a
unique initial monomial, denoted in≺(f).

If I is an ideal in k[x], then its initial ideal is the monomial ideal

in≺(I ) =< in≺( f ) : f ∈ I > .
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The power products which do not lie in in≺(I) are called standard
monomials. A finite subset G⊂ I is a Gröbner bases for I with respect
to ≺ if in≺(I ) is generated by {in≺(g) : g ∈ G}. If no monomial in this
set is redundant, then the Gröbner bases G is minimal. It is called reduced
if, for any two distinct elements g, g � ∈ G, no term of g � is divisible by
in≺(g).

The reduced Gröbner bases is unique for an ideal and a term ordering
if one requires the coefficient of in≺(g) in g to be 1 for each g ∈ G. Starting
with any set of generators for I, the Buchberger algorithm computes the re-
duced Gröbner bases G. The division algorithm rewrites each polynomial
f modulo I uniquely as a k-linear combination of standard monomials.

Throughout this paper, k denotes a field and S = k[x1, ..., xn] is the
polynomial ring in n variables over k. In this section, we present some
elementary facts about Toric Ideals.

For binomial ideals, Toric Ideals and Gröbner bases, see Buchberger
[2], Cox, Little, and O’Shea [5], Eisenbud [7], Eisenbud-Sturmfels [8].

In this section it is studied a class of ideals whose structure can still be
interpreted directly from their generators: binomial ideals. By binomial in
a polynomial ring S, we mean a polynomial with at most two terms, say
axα+ bxβ , where a, b ∈ k and α, β ∈ N

n
0 .

We define a binomial ideal to be an ideal of S that can be generated
by binomials, and a binomial scheme (or binomial variety, or binomial
algebra) to be a scheme (or variety or algebra) defined by a binomial ideal.

Proposition 2.2. Let �� <�� be a monomial order on S, and let I ⊂ S be a
binomial ideal.

(a) The reduced Gröbner bases G of I with respect to �� <�� consists of
binomials.

(b) The normal form with respect to �� <�� of any term modulo G is
again a term.

Proof. If we start with a binomial generating set for I , then the new
Gröbner bases elements produced by a step in the Buchberger algorithm
are binomials.

(b) Each step of the division algorithm modulo a set of binomials takes
a term to another term. �

This proposition and the uniqueness of the reduced Gröbner bases with
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respect to a fixed monomial order �� <�� give the following corollaries:

Corollary 2.2. If I ⊆ k[x1, ..., xn] is a binomial ideal, then the elimination
ideal I ∩ k[x1, ..., xr ] is a binomial ideal for every r ≤ n.

Proof. See [8]. �

In the next section we shall study a special class of binomial ideals in
k[x] = k[x1, ..., xn].

Let’s recall the well known definition of Toric Ideal, see Sturmfels [11].
We fix a subset A = {a1,..., an} of Z

d .

Each vector ai is identified with a monomial tai in the Laurent polyno-
mial ring

k[t±1] = k[t1, ..., td, t−1
1 , ..., t−1

d ].

Let the semigroup homomorphism

π : N
n −→ Z

d

be defined by

u = (u1, ..., un) �−→ u1a1 + ... + unan = π(u).

The image of π is the semigroup

NA = {λ1a1 + ... + λnan : λ1, ..., λn ∈ N}.

The map π lifts to a homomorphism of semigroup algebras :

π̂ : k[x] → k[t±1], xi �→ tai .

The kernel of π̂ is denoted by IA and it is called the Toric Ideal of A. IA

is prime and it is the defining ideal of an affine variety of zeros in kn , that is
irreducible. It is the Zariski closure of the set of points satisfying the system
xi = tai , ai �= 0 with i = 1, .., n, t ∈ K d . Here k∗ denotes k \ {0}. The
multiplicative group (k∗)d is called the (d- dimensional algebraic) torus. A
variety of the form ν(IA) is an affine toric variety. This definition is different
from the definition of toric variety in algebraic geometry, see Fulton [9],
because we do not require that toric varieties are normal. The following
lemma permits to compute an infinite generating set for the Toric Ideal I A.

Lemma 2.4. The Toric Ideal IA is spanned as a k-vector space by the set
of binomials

{xu − xv : u, v ∈ N
n | π(u) = π(v)}.
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Remark 2.5. We omit the proof.(see [11]). We next compute the dimension
of the toric variety V(IA).

We write ZA for the lattice spanned by A and dimA for the dimension
of ZA.

Lemma 2.6. The Krull dimension of the residue ring k[x]/IA is equal to
dimA.

Proof. See Sturmfels [11], Lemma 4.2. �

Remark 2.7. If we consider a binomial principal Toric Ideal I A then

dim(k[x]/IA) = n − 1.

It follows that dim(A) = n−1, i.e. our d is n−1 for the binomial principals
ideals, by lemma 2.6 .

3. Toric Systems.

Let I be any binomial ideal in a polynomial ring k[x] = k[x1, ..., xn].

We can suppose that I is generated by h-binomials of type

{a1x
u1 − b1x

v1, a2x
u2 − b2x

v2, ..., ahx
uh − bhx

vh }.

We observe that the exponents ui , vi belong to N
n , in particular these

can be written in the following way:

u1 = (u11, u12, ..., u1n), v1 = (v11, v12, ..., v1n)

...

...

uh = (uh1,uh2, ..., uhn), vh = (vh1, vh2, ..., vhn).

We give the following definition:

Definition 3.1. Let I be a binomial ideal as above. We define the Toric
System associated to I as the homogeneous linear system (∗) constructed
on the generators of I of type

(∗)






u11C1 + u12C2 + ... + u1nCn = v11C1 + v12C2 + ... + v1nCn

u21C1 + u22C2 + ... + u2nCn = v21C1 + v22C2 + ... + v2nCn

...

uh1C1 + uh2C2 + ... + uhnCn = vh1C1 + vh2C2 + ... + vhnCn



90 LUCIA MARINO

where Ci is a column matrix with d rows, i.e. Ci ∈ Z
d,1, for i = 1, .., n,

are unknown.

In order to get a solution of (∗) we need to find A=(C1, C2, ..., Cn) ∈
Z

d,n , with the vectors Ci ∈ Z
d,1 for i = 1, ..., n.

With the above notation we can write the Toric System in the following
compact form

uj ·t A = vj ·t A

for j = 1, ..., h.

Call S the set of all solutions of the system. We observe that S �= ∅,
since the Toric-System associated to a binomial ideal is a homogeneous
linear system, that has always the solution � = (0,...,0). If the solution �

is unique then the ideal I is a Toric ideal. Suppose that there exists at least
one non-zero solution. Thus let A I be the family of the matrices of Z

d,n

having as columns-vectors a solution (C1, C2, ..., Cn) �= (0, ..., 0) of the
Toric-System. Then

AI = {A ∈ Z
d,n, A �= �| uj ·t A = vj ·t A , j = 1, ..., h.}

and call it the family of the matrices associated to I.

Definition 3.2. Let
A = {t C1,

t C2, ...,
t Cn}

be the set of all column-vectors of a matrix A of A I . We call it Binomial
Set of A.

Example 4.2 Let’s consider the binomial ideal I = (x 2
1 x2 − x3, 2x2

3 − 5x2
4)

of k[x1, x2, x3, x4]. The vectors uj and vj , for j = 1, 2 are:

u1 = (2, 1, 0, 0), v1 = (0, 0, 1, 0), u2 = (0, 0, 2, 0), v2 = (0, 0, 0, 2).

The Toric Sistem is �
2C1 + C2 = C3

2C3 = 2C4

The generic tuple of Z
4 of the corresponding set S of the solutions has

the structure (C1, C3 − 2C1, C3, C3). Thus

AI = {A ∈ Z
d,4| 2C1 + C2 − C3 = C3 − C4 = 0}

Clearly if we choose d = 3 then one matrix of A I is of type

A =

�
1 1 3 3
0 0 0 0
0 1 1 1

�
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thus the Binomial Set is

A = {(1, 0, 0), (1, 0, 1), (3, 0, 1), (3, 0, 1)}.

Now, fixed a matrix A of the family AI we construct the Toric Ideal of
A as elimination ideal.

Definition 3.4. Let I be a binomial ideal and let A be a binomial set of the
matrix A of the family AI . We say that ĨA is a Toric Ideal of A associated
to I and A if it is the Toric Ideal constructed on the set A as elimination
ideal.

4. Matrices of AI having different rank.

We remark that in example 3.3 by using CoCoA, see [3], the Toric Ideal
of A was computed as elimination ideal is (−x2

1 x2 + x3,−x2
3 + x4). The

computation of a set of generators of a Toric Ideal by its own definition
is difficult. Toric Ideals are binomial ideals which represent the algebraic
relations of sets of power products. They appear in many problems arising
from different branches of mathematics. Bigatti and Robbiano develop
new theories which allow us to devise a parallel algorithm and efficient
elimination algorithm. (see Bigatti-Robbiano [1]).

We observe that ρ(A) ≤ d where ρ(A) is the rank of A. Moreover,
there exists always at least a vector Cj with j = 1, ..., n which is a linear
combination of the vectors:

C1, ..., Cj−1, Cj+1, ..., Cn.

Then ρ(A) ≤ n − 1.

Theorem 4.1. Let A be the Set-Binomial of A ∈ AI . The rank of A is n −1
if and only if the Toric Ideal of A associated to I is a binomial principal
ideal.

Proof. Since ρ(A) = n − 1, by Lemma 2.6 we have dimk[x]/ ĨA = n − 1
and it implies that the Toric-System has only one linear equation. So ĨA is
principal. Conversely, if ĨA is principal then ρ(A) = n − 1. �

We note that ρ(A) ≤ n − 1, in particular ρ(A) = n − h where n is
the number of the coordinates x1, ..., xn , and h is the number of linearly
independent equations of the Toric-System.
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In next example given a binomial ideal I we choose two matrices of A I

having different rank. We will observe that if ρ(A) is equal either to n − 3
or to n −2, then the Toric Ideal of A associated to I is not a principal ideal.

Example 4.2. Let’s consider the binomial ideal I = (2x1x2 − x2
3 , 4x2

3 − x4)

of k[x1, x2, x3, x4]. Thus h = 2 and the vectors-exponents are: u1 =
(1, 1, 0, 0), v1 = (0, 0, 2, 0), u2 = (0, 0, 2, 0), v2 = (0, 0, 0, 1). Then,
fixed d, we have

A = (C1, ..., C4),

such that �
u1 ·t A = v1 ·t A
u2 ·t A = v2 ·t A

Hence the Toric-System can be written as
�
C1 + C2 = 2C3

2C3 = C4

This means that AI = {A ∈ Z
d,4 | C1 + C2 − 2C3 = 2C3 − C4 = 0}. The

generic solution is (2C3 − C2, C2, C3, 2C3).

Thus AI is the set of matrices A with -d rows and four columns of type

A = (2C3 − C2, C2, C3, 2C3),

This means that the rank of all the matrices of AI can be at most 2. We
consider two matrices of AI having different rank: A1 with rank equal to
one and A2 with rank equal to two.

For example, let’s suppose d = 3 by choosing tC2 = tC3 = (1, 1, 1),
we have

A1 =

�
1 1 1 2
1 1 1 2
1 1 1 2

�

thus ρ(A1) = 1. If we construct the Toric Ideal of A1 by using CoCoA, it
will be generated by

ĨA1 = (x2 − x3, x1 − x3,−x2
3 + x4).

Let’s see now a matrix A2 having ρ(A2) = 2. For example if we
choose tC2 = (1, 0, 1), tC3 = (1, 0, 0) then

A2 =

�
1 1 1 2
1 0 0 0

−1 1 0 0

�
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and we have by using CoCoA that the Toric Ideal of A2 is generated by

ĨA2 = (−x2
3 + x4, x1x2 − x4).

We observe that ĨA1 and ĨA2 are not principal ideals, this result follows
by Theorem 4.1. In fact in our example the rank of all the matrices of A I

can be at most 2, i.e. different by n−1 which is three. Moreover we observe
that changing the rank we obtain different Toric Ideals on the same binomial
ideal

ĨA1 �= ĨA2 .

If we consider d = 5, choosing as tC2 = tC3 = (1, 1, 1, 1, 1) then the
rank of A1 is one and ĨA1 is the same.

We can conclude observing that by changing d does not imply that the
Toric Ideal of A will be different.

In the next example we show that Toric Ideal of A depends on the rank
of the matrices of AI , in fact we obtain different Toric Ideals if we have
different ranks.

Example 4.3.

Let I = (x2
1 x2 − x3, x1x4 − x2

2 , x2
3 − x2

4 , x3 + x4) in k[x1, x2, x3, x4].

The Toric-System can be written as





2C1 + C2 = C3

C1 + C4 = 2C2

2C3 = 2C4

C3 = C4

It is a linear system having four indeterminate and three linearly
independent equations, so every matrix of A I has maximal rank either less
than or equal to one.

Choosing d = 3 and the following matrix

A =

�
1 3 5 5
1 3 5 5
1 3 5 5

�

we have ĨA = (−x2
1 + x2,−x2

1 x2 + x4,−x2
2 + x1x4, x3 − x4).

Here we have only matrices with ranks 0 or 1. If we take every matrix
Ai of AI having maximal rank (equal to one) then the Toric Ideal of A is
always

(−x2
1 + x2,−x2

1 x2 + x4,−x2
2 + x1x4, x3 − x4).
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Instead if we have the matrix

� =

�
0 0 0 0
0 0 0 0
0 0 0 0

�

then Toric Ideal of A is generated by (x1 − 1, x2 − 1, x3 − 1, x4 − 1).

5. A particular class of binomial ideals.

Proposition 5.1. Let I be a finitely generated binomial ideal in k[x] having
generators with coefficients one. Let A be a matrix of A I .

Then for every A ∈ AI the Toric Ideal of A associated to I, called ĨA,
contains I .

Proof. Let h be the number of generators of I , i.e I is generated by h-
binomials of type

{xu1 − xv1, xu2 − xv2, ..., xuh − xvh }.

By construction of ĨA , with A ∈ AI , we have that

uj ·t A = vj ·t A

for j = 1, ..., h where uj = (uj1, ..., ujn) and vj = (vj1, ..., vjn) are the
exponent vectors of the generators of I . Thus for every generator of I , we
have

u1C1 + ... + unCn = v1C1 + ... + vnCn

hence

π(u) = π(v) ⇒ π̂(xu − xv) = 0 ⇒ I ⊆ ĨA.

�

Remark 5.2. If the coefficients of generators of the binomial ideal I are
different from one, then the Toric Ideal associated to I does not contain I .

Example 5.3. Let I = (2x − y) be the binomial ideal in k[x, y], then
u1 = (1, 0), v1 = (0, 1) where

(1, 0)
�
C1

C2

�
= (0, 1)

�
C1

C2

�

then AI = {A | C1 = C2}. Fixed A of AI , if dimA = 1 then for every
integer positive d by using CoCoA the Toric Ideal of A associated to I is
generated by (x − y).
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Such ideal does not contain I , in fact the coefficients of the generator
are different from one.

Definition 5.4. We define a binomial principal generator, called b.p.g., a
binomial in k[x] of type xu − xv such that for some k ∈ N, u and v are of
type

u = (u1, ..., uk, 0, ..., 0), v = (0, .., 0, vk+1, ..., vn),

with the following condition :

G.C.D.(u1, ..., uk, vk+1, ..., vn) = 1.

Let A
+ be one matrix of AI of type A = [C̃i ] such that C̃i ∈ N

d , for
i = 1, ..., n.

Proposition 5.5. For every ideal I that is generated by only one b.p.g. in
k[x], there exists at least a matrix of A I different from the matrix � with d
rows, n columns and non negative integer entries.

Proof. Given a ideal I , that is generated by only one b.p.g. in k[x],

I = (xu − xv),

then the vectors u and v ∈ N
n can be written as u = (u1, ..., uk, 0, ..., 0)

and v = (0, ..., 0, vk+1, ..., vn).

By section 2 since I is principal, then our Toric-System is the following
linear equation:

u1C1 + ... + ukCk = vk+1Ck+1 + ... + vnCn.

Let us suppose that u1 �= 0. Then it is possible to choose the column-
vectors by fixing the number of the components n − 1 with bi in the i − 1
entry

t C̃i = (0, ..., 0, bi , 0, ..., 0), bi = b�
iu1, b�

i ≥ 0,∀ i = 2, ..., n − 1

tC̃n = (c2, c3, c4, ..., ck, 0, ..., 0, cn−1), cn−1 = c�
n−1u1, c�

n−1 ≥ 0, cj

= c�
j u1, c�

j ≥ 0
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By our Toric-System, we have

u1C̃1 + u2













b2

...

0
0
0
0
...

0













+ ... + uk













0
...

0

bk

0
0

...

0













= vk+1













0
...

0
0

bk+1

0
...

0













+ ... + vn













c2

c3

...

ck

0
...

0
cn−1













.

So the vector-column C̃1 is given by

C̃1 =


















vnc
�
2 − u2b

�
2

vnc
�
3 − u3b

�
3

· · ·

vnc
�
k − ukb

�
k

vk+1b
�
k+1

· · ·

· · ·

vnc
�
n−1


















.

We observe that every column C̃i , for i=2,...,n, has non negative integer
entries. Moreover C̃1 ∈ N

n−1,1 if we choose c�
2, ..., c�

k in such way as

vnc
�
j − ujb

�
j ≥ 0 ∀ j = 2, ..., k.

So if we fix u1, c
�
2, .., c�

k , then A
+ is well determined.

In the case u1 = 0 it is possible to proceed as above by choosing one
ui supposing that at least a ui �= 0. �

Remark 5.6. The set A
+ is not unique because it depends on the choice of

u1, c�
2, .., c�

k .

We can compute now one of the sets A
+ that we call A

+
1 . For this

purpose, if u1 �= 0 we can choose bi = u1, i = 2, ..., n − 1 and cn−1 = u1

and c�
j = uj + 1 so that b�

i = 1 and c�
n−1 = 1 and cj = u1(uj + 1),

∀ j = 2, ..., k.

Then our column-vectors of the sets A
+
1

t C̃1 = (vn(u2 + 1) − u2, ..., vn(u2k + 1) − uk, vk+1, ..., vn)
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with u1 in the i − 1 entry

t C̃i = (0, ..., u1, 0, ..., 0), ∀ i = 2, ..., n − 1

t C̃n = (u1(u2 + 1), ..., u1(uk + 1), 0, ..., 0, u1).

Then the set A
+
1 = [t C̃i ]. If u1 = 0, it is possible to built a similar

matrix if it does exist at least a us �= 0 (at least one of such us always
exists) so that bi = us , cn−1 = us and cj = us(uj + 1).

Fixed A
+
1 we can consider the known map π̂ : k[x] → k[t] defined by

xi �→ tai where ai in our case are the components of vectors t C̃i ∈ A
+
1 .

Thus it is possible to write

x1 = tvn
n−1...t

vk+1
k tvn(uk+1)−uk

k−1 ...tvn(u2+1)−u2
1

xi = t u1
i−1, i = 2, ..., n − 1

xn = t
u1
n−1t

u1(uk+1)
k−1 ...t

u1(u2+1)
1

This remark suggests an equality between two ideals. We have the
following result.

Call I and J the ideals in k[x,t] generated respectively by t
u1
i−1 − xi ,

∀ i = 2, ..., n − 1 and by α1, α2 for I , where

α1 = t
u1
n−1t

u1(uk+1)
k−1 ...t

u1(u2+1)
1 − xn ,

α2 = t
u1vn
n−1 ...t

u1vk+1
k t

u1(vn(uk+1)−uk)

k−1 ...t
u1(vn(u2+1)−u2)

1 − x
u1
1 ;

by t
u1
i−1 − xi , ∀ i = 2, ..., n − 1 and by β1, β2 for J , where

β1 = t
u1
n−1x

(uk+1)
k ...x

(u2+1)
2 − xn ,

β2 = tvnu1
n−1 x

vn−1

n−1 ...x
vk+1

k+1 x (vn(uk+1)−uk)

k ...x (vn(u2+1)−u2)

2 − xu1
1 .

Proposition 5.7. I = J , with notation as above.

Proof. Both I and J are ideals in k[x, t] = A. In order to show that I = J
it is therefore sufficient to show that J/I = 0 in A/I and in A/J we have
I/J = 0. This is true. In fact if we have A/I then J/I = 0 for construction
of J . The same for I . �

Using the result of Proposition 5.5, i.e. that for every ideal I is gener-
ated by a only b.p.g. in k[x] it is possible to have a set A = {t C1, ...,

t Cn}
of N

d with some Ci �= 0, we obtain the following
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Proposition 5.8. A binomial ideal generated by a b.p.g. in k[x] is a Toric
Ideal associated to I and A is equal to I , i.e. I is a Toric Ideal.

Proof. Given a binomial ideal of type I = (xu − xv) in k[x], with u and
v of N

n−1 so that u = (u1, ..., uk, 0, ..., 0) and v = (0, ..., 0, vk+1, ..., vn)

satisfying the conditions

G.C.D.(u1, ..., uk, vk+1, ..., vn) = 1,

there exist bi , bj ∈ Z such that

1 =

k�

i=1

biui +

n�

j=k+1

bjvj .

We observe that in our case the Toric-System associated to I is the
equation

u ·t A = v ·t A.

By hypothesis we have that d = n − 1, then we choose the vectors
tCi ∈ Z

n−1 for i = 1, ..., n −1, in such way they have vn as i-th component
and the other components are zero, i.e

tCi = (0, ..., 0, vn, 0, ..., 0)

thus the vector Cn in our Toric-System will be

tCn = (u1, ..., uk, −vk+1, ..., −vn−1).

Let

π̂ : k[x] → k[t]

be the map defined by

xi �→ tai .

If ai =t Ci for i = 1, ..., n then, a direct calculation shows that

xj �→ tvn
j , j = 1, ..., n − 1

xn �→ t
u1
1 t

u2
2 ...t

uk
k t

−vk+1
k+1 ...t

−vn−1
n−1 .

So, we call J the following ideal

J = (x1 − tvn
1 , x2 − tvn

2 , ..., xk − tvn
k , xk+1 − tvn

k+1, ...

..., xn − t
u1
1 t

u2
2 ...t

uk
k t

−vk+1

k+1 ...t
−vn−1

n−1 )

in k[x, t].
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Therefore if we choose as lexicographic term ordering �� <�� with

x1 > x2 > ... > xn > t1 > ... > tn−1

then the set of generators of J is a Gröbner bases of J,(see B. Buchberger
[2]).

In order to prove that I is a Toric Ideal it is sufficient to prove that the
elimination ideal of J is the binomial principal prime ideal I . In fact, first
we will show that if xs−xz ∈ J with s = (s1, ..., sn), z = (z1, ..., zn) ∈ N

n ,
then xs − xz is a multiple of xu − xv . Let g1 = x1 − tvn

1 , ..., gn =

xn − t
u1
1 t

u2
2 ...t

uk
k t

−vk+1
k+1 ...t

−vn−1
n−1 .

Therefore we assume that xs − xz ∈ J , i.e. it reduces to zero with
respect to g1, ..., gn

xs − xz −→g1,...,gn 0

where the gi , for i = 1, ..., n, are the generators of J . Then beginning with
g1 we have

xs1
1 ...xsn

n − xz1
1 ...xzn

n −→g1 tvns1
1 xs2

2 ...xsn
n − tvnz1

1 x z2
2 ...xzn

n

therefore

t
vns1
1 x

s2
2 ...xsn

n − t
vnz1
1 x

z2
2 ...xzn

n −→g2 t
vns1
1 t

vns2
2 x

s3
3 ...xsn

n − t
vnz1
1 t

vnz2
2 x

z3
3 ...xzn

n

...

and after a finite number of steps we obtain :

tvns1+snu1
1 ...t

vnsk+snuk
k ...t

vnsn−1−snvn−1

n−1 − tvnz1+znu1
1 ...t

vn zk+znuk
k ...t

vn zn−1−znvn−1

n−1 .

Since xs − xz →g1,...,gn 0 then we have

tvns1+snu1
1 ...tvnsk+snuk

k ...t
vnsn−1−snvn−1

n−1 − tvnz1+znu1
1 ...tvn zk+znuk

k ...t
vn zn−1−znvn−1

n−1 = 0

Therefore we have the following system





vns1 + snu1 = vnz1 + znu1

· · ·
vnsk + snuk = vnzk + znuk

vnsk+1 − snvk+1 = vnzk+1 − znvk+1

· · ·
vnsn−1 − snvn−1 = vnzn−1 − znvn−1
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i.e.

(1)






u1(sn − zn) = vn(z1 − s1)
· · ·
uk(sn − zn) = vn(zk − sk)

vk+1(sn − zn) = −vn(zk+1 − sk+1)

· · ·
vn−1(sn − zn) = −vn(zn−1 − sn−1)

vn(sn − zn) = −vn(zn − sn)

As stated in the hypothesis, the 1 can be written as linear combination
of ui and vj

1 =

k�

i=1

biui +

n�

j=k+1

bjvj

and if we multiply this equation by (sn − zn) it becomes

(sn − zn) = (sn − zn)

k�

i=1

biui + (sn − zn)

n�

j=k+1

bjvj

Now, by using the system (1), this equation becomes

(sn − zn) =

k�

i=1

bivn(zi − si) −

n�

j=k+1

bjvn(zj − sj)

i.e.

(sn − zn) = vn(

k�

i=1

bi(zi − si) −

n�

j=k+1

bj(zj − sj)) (6.1)

If we call

k =

k�

i=1

bi(zi − si) −

n�

j=k+1

bj(zj − sj)

then the equation (6.1) becomes

(sn − zn) = vnk.
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Thus for this result we obtain the new system:





u1kvn = vn(z1 − s1)
· · ·
ukkvn = vn(zk − sk)

vk+1kvn = −vn(zk+1 − sk+1)

· · ·
vn−1kvn = −vn(zn−1 − sn−1)

and computing the components of the vectors-exponents s and

(2)






z1 = u1k + s1
· · ·
zk = ukk + sk

sk+1 = kvk+1 + zk+1

· · ·
sn−1 = kvn−1 + zn−1

.

If we consider the binomial

x
s1
1 ...xsn

n − x
z1
1 ...xzn

n =

= xs1
1 ...xsk

k x
kvk+1+zk+1

k+1 ...x
kvn−1+zn−1

n−1 xsn
n − xku1+s1

1 ...xkuk+sk
k x

zk+1

k+1 ...x
zn−1

n−1 x zn
n =

= xs1
1 ...xsk

k x
zk+1

k+1 ...x
zn−1

n−1 x zn
n (x

kvk+1

k+1 ...xkvn
n − xku1

1 ...xkuk
k ) =

= x
s1
1 ...x

sk
k x

zk+1
k+1 ...x

zn−1
n−1 x zn

n ((xv)k − (xu)k)

note that it is a multiple of xv − xu . Thus the elimination ideal of J is
our

I = (xu − xv).

�

Proposition 5.8 implies the following corollary

Corollary 0.0. If I is a binomial ideal generated by a b.p.g. of the type
(xu − xv) then it is a prime ideal.

Proof. The definition of a Toric Ideal of A says that it is the kernel of π̂ .
Thus it is a prime ideal, (see Sturmfels [11]). �

Proposition 5.10. Let I be a binomial ideal in k[x] having the Krull
dimension of the residue ring k[x]/I = s . If every generator of I is a
b.p.g. and precisely I = {xu1 − xv1, xu2 − xv2, ..., xuh − xvh } and if given
a matrix A of AI with ρ(A) = s we have ĨA = I then I is a Toric Ideal.
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Proof. The proof is trivial, see Section 4. �

Example 5.11. Consider the

I = (x3 − x2
1 , x4 − x3

3)

in k[x1, x2, x3, x4]. Since it has the Krull dimension of the residue ring
k[x]/I equal to 2 this implies s = 2. The Toric-System associated to I is

�
C3 = 2C1

C4 = 3C3.

From this we immediately deduce that AI is the set of matrices A with
four rows and four columns of type

A = (C1, C2, 2C1, 6C1),

This means that

AI = {A ∈ Z
d,4 | C3 − 2C1 = C4 − 6C1 = 0}.

If we consider d-components for the column-vectors then we can

consider as independent vectors C1 =








1
0
0
..

0








and C2 =








0
1
0
..

0








and we

have

A = {(1, 0, 0, ..., 0), (0, 1, 0, ..., 0), (2, 0, ..., 0), (6, 0, ..., 0)}.

Then we construct as elimination ideal the Toric Ideal of A, by using
CoCoA the Toric Ideal of A is I . Thus I is a Toric Ideal.

Proposition 5.12. Let I be a binomial ideal in k[x] having the Krull
dimension of the residue ring dimk[x]/I = s with every generator b.p.g.

and precisely

I = {xu1 − xv1, xu2 − xv2, ..., xuh − xvh }

and let A be a matrix of A I with ρ(A) = s. If ĨA ⊃ I then I is not a Toric
Ideal.

Proof. Suppose that ĨA ⊃ I and I is a Toric Ideal. Thus there exists a subset
Ã of Z

d with dimension equal to s (See lemma 4.2 Sturmfels [11]).
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Moreover, it is well known that a Toric Ideal I ˜A
is a ideal of type

I ˜A
=< xu+

− xu−

: u ∈ Ker(π) > .

Note that every vector u of Z
d can be written uniquely as

u = u+ − u−

where u+ and u− are non-negative and have disjoint support. (More pre-
cisely, the i − th coordinate of u+ equals ui if ui > 0 and it equals 0
otherwise). It follows that Ker(π) for the sublattice of Z

d consists of all
vectors u such that

π(u+) = π(u−).

It means that the vectors ai of the subset Ã of Z
d are a solution of the

Toric-System associated to I . Then all subsets A of Z
d giving a Toric Ideal

have as elements a solution of the Toric-System associated to I .

It suffices to show that all matrices A ∈ AI with rank equal to s have
the same Toric Ideal of A associated to I and A.

We choose two matrices A�, A�� ∈ AI with rank equal to s. Thus the
binomial sets A

� and A
�� have

ρ(A�) = ρ(A��) = s.

In this case there exist two Toric Ideals and precisely a Toric Ideal of
A

�associated to I and A �, and a Toric Ideal of A
�� associated to I and A �� of

type

ĨA� =< xu+

− xu−

: u ∈ Ker(π) >,

ĨA�� =< xu+

− xu−

: u ∈ Ker(π) > .

with u ∈ Z
d , u = u+ − u−. This implies that the two Toric Ideals are

generated by binomials which do not depend on the choice of the vectors ai

of A� or A�� of Z
d . Indeed the fundamental fact is that the Krull dimension

of the residue ring k[x]/ ĨA is equals to s and that u ∈ Ker(π), i.e. the sets
A

� and A
�� are two solutions of the Toric-System associated to I .

Then

ĨA� = ĨA�� = I.

This is not possible since we supposed that

ĨA ⊃ I.

This implies that I is not a Toric Ideal. �
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Example 5.13. Given

I = (x2
1 − x4, x2

1 − x2
3)

in k[x1, x2, x3, x4], it has the Krull dimension equal to 2. The Toric-System
associated to I is

�
C1=C3

2C1=C4

Thus AI is the set of matrices A with four rows and four columns of
type

A = (C1, C2, C1, 2C1),

This means that AI = {A ∈ Z
d,4 | C3 − C1 = C4 − 2C1 = 0}.

If we choose two linearly independent vectors

C1 =








1
0
0
..

0








, C2 =








0
1
0
..

0








,

then the binomial set is

A = {(1, 0, ..., 0), (0, 1, ..., 0), (1, 0, ..., 0), (2, 0, ..., 0)}.

Thus dimA = D(I ) = 2. Then we construct as elimination ideal the
Toric Ideal of A, by using CoCoA, obtaining

ĨA = (x1 − x3, x4 − x2
3) ⊃ I.

Thus I is not a Toric Ideal.

Proposition 5.12 can be rephrased as follows.

Corollary 5.14. Let I be a binomial ideal in k[x] having the Krull dimen-
sion of the residue ring k[x]/I equal to s. If every generator of I is a b.p.g.

and precisely

I = {xu1 − xv1, xu2 − xv2, ..., xuh − xvh }

and if A ∈ AI has rank less than s, then ĨA ⊃ I .

We observe that a Toric Ideal is not uniquely determined by the rank of
matrix that generates it.
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Example 5.15. Given two different ideals having both Krull dimension of
the residue ring k[x]/I equal to two,

I1 = (x2
1 − x3, x3

3 − x4)

I2 = (x2
1 − x4, x2

1 − x2
3)

we consider the two Toric-Systems associated to two ideals

first system:
�
C3=2C1

C4=3C3

second system:
�
C1 = C3

2C1 = C4

If we choose d = 3 and a matrix

A� =

�
1 0 2 6
0 1 0 0
0 0 0 0

�

of A�
I of the first system, then

A
� = {(1, 0, 0), (0, 1, 0), (2, 0, 0), (6, 0, 0)}

and let

A�� =

�
1 0 1 2
0 1 0 0
0 0 0 0

�

be a matrix of A��
I of the second system, then the binomial set is

A
�� = {(1, 0, 0), (0, 1, 0), (1, 0, 0), (2, 0, 0)}.

The matrices A�, A�� have the same rank where ρ(A) = ρ(A�) =
D(I ) = D(I �) = 2 but

ĨA� �= ĨA�� .

Proposition 5.16 Let I be a binomial prime ideal in k[x] having the Krull
dimension of the residue ring k[x]/I equal to s. If every generator of I is
a b.p.g. then I is a Toric Ideal.

Proof. Applying Proposition 5.12 to our proposition, we see that our thesis
is equivalent to the condition that I is equal to ĨA.

Then we suppose that ĨA ⊃ I , but it is impossible because these are
two prime ideals with the same Krull dimension of the residue ring equal to
s. Thus ĨA = I . �
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Example 5.17. Let I = (2x − y) a binomial ideal in k[x, y], see Example
5.3, where AI = {A | C1 = C2}. We choose a matrix A of AI , i.e fix A. By
using CoCoA, the Toric Ideal of A associated to I is generated by (x − y)

thus I is not Toric Ideal.

If �
x = α1X
y = α2Y

then our ideal is I = (2α1X − α2Y ).

Suppose that 2α1 = α2 �= 0 and we choose α1 = 1, α2 = 2. Thus
I = (2(X − Y )) and now it is a Toric Ideal because it is generated by a
b.p.g..

Proposition 5.18. Every principal ideal in k[x] generated by a irreducible
binomial is a Toric Ideal.

Proof. Let I be a binomial ideal of type

I = (a1x
u − b1x

v),

where there exists k ∈ N such that u = (u1, ..., uk, 0, ..., 0) and v =
(0, .., 0, vk+1, ..., vn) with the following condition:

G.C.D.(u1, ..., uk, vk+1, ..., vn) = 1.

Moreover let 




x1 = α1X1

x2 = α2X2

...

xn = αn Xn

be our change of coordinates.

Then the binomial ideal I becomes

(a1α
u1
1 α

u2
2 ...α

uk
k X

u1
1 X

u2
2 ...X

uk
k − b1α

vk+1

k+1 ...αvn
n X

vk+1

k+1 ...X vn
n )

Thus

a1α
u1
1 α

u2
2 ...α

uk
k = b1α

vk+1
k+1 ...αvn

n

This is an equation, which has always infinite solutions. Suppose that
there exists at least a solution ᾱ having ᾱi �= 0, ∀i = 1, ..., n. We choose
as solution ᾱ and call

β = a1ᾱ
u1

1
ᾱ

u2

2
...ᾱ

uk

k = b1ᾱ
vk+1

k+1
...ᾱ

vn
n .
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Then I can be written as

I = (β(Xu1
1 Xu2

2 ...X
uk
k − X

vk+1

k+1 ...X vn
n ))

From Proposition 5.8 it follows that I is a Toric Ideal.
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