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SUFFICIENCY CRITERIA FOR A CLASS OF p-VALENT
ANALYTIC FUNCTIONS OF COMPLEX ORDER

SOM P. GOYAL - ONKAR SINGH - PARESH VYAS

In this paper we obtain extensions of sufficient conditions for analytic
functions f(z) in the open unit disk &/ to be starlike and convex of com-
plex order. Our results unify and extend some starlikeness and convexity
conditions for analytic functions discussed by Mocanu [4], Uyanik et al.
[6], Goyal et al. [2] and others.

1. Introduction

Let A,(n) be the class of functions of the form

fR) =2+ Y a4 (pneN:={1,23,.}) (D
k=p+n
which are analytic in the open unit disk

U={z:z€Cand |z| < 1}

In particular A, (n) = A(n) and A;(1) = A
A function f(z) € A,(n) is said to be starlike of complex order b in ¢/ if and
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only if it satisfies the condition

Re [1 +% (Z;(S) —pﬂ S0 (peN.beC\{0}) @)

we denote by S, (n;b), the subclass of A, (n) consisting of all functions f(z)
which are starlike of complex order b in ¢/ and in particular
Si (1;6) = S* (D) is the subclass of starlike functions of complex order b in A
and S} (n; 1) = S* is the subclass of starlike functions.

A function f(z) € A,(n) is said to be convex of complex order b in ¢/ if and
only if it satisfies the condition

Re [1+;<Zﬁ,(iz))—p+1>] >0 3)

we denote by C, (n;b), the subclass of A, (n) consisting of all functions f(z)
which are convex of complex order b in U and in particular
C1 (1;0) = C (b) is the subclass of convex functions of complex order b in A;
Ci (n;1) = C is the subclass of convex functions.

2. Conditions for starlikeness of complex order b

In order to consider the starlikeness of complex order b for f(z) € A,(n). We
need the following lemmas.

Lemma 2.1 (see [5]). If f(z) € A(n) satisfies the condition

zeU,neN “4)

n+1’

then
f(z) e S*(n;1)

Lemma 2.2 ([3]). If f(z) € A(n) satisfies the condition
|arg f(2)] < g6n (zel)
where 0, is the unique root of the equation
2tan~"' [n(1—-6,)]+7(1-28,) =0 (5)

then
f(z) e S*(n;1)
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3. Main Results
Theorem 3.1. If f(z) € A,(n) satisfies

(52)! (2 19-v)

for some b € C\{0}, then f(z) € S; (n;b).

Proof. Let us define a function A(z) by

h(z) = (f(Z)>b BN AR (©)

Pt b

for f(z) € Ap(n). Then h(z) € A(n).
Differentiating (6) logarithmically, we find that

Wdzl{ﬂd_@w} o
h(z) b f(2) z
which gives
M| LRV (e @) e
o=t 2= (52) (TR ) @
Thus using the condition given with the theorem, we get
/ h(z)
h(Z)—T <n+1 (ZEZ/{). )

Hence using the Lemma 2.1, we have h(z) € S*(n;1). From (7), we infer that

H(z) 1 (2
h&)_1+b<f&) p) (10

Since

h(z) € S* (n;1) = Re <ZZ;S)) >0

therefore from (10), we get

Re {1+; <ZJ{;S) —pﬂ >0 (beC\{0}, zel)

Thus f(z) € S;, (n;b) which completes the proof of the theorem. O
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Theorem 3.2. Let a function h(z) be defined by

o= (45) "becyonzen)
for £(2) € Ap(n). IFh(z) satisfies
\M%@\giffl(be(x{ohzelﬁ
then f(z) € S5 (n;b).

Proof. From (6), we have h(z) € A(n). Also

Z
1
= f/th"(t)dt
<
0
2|

<1/‘ 0.1 (re'?) )|dr
2|

W (z) — ==

Iz|

2n
< 7/rdr
(n+1)|7 /

- n
n+1

This shows that 4(z) satisfies the condition of Lemma 2.1, thus A(z) € $* (n;1)
which implies that f(z) € S;, (n;b) . O

Theorem 3.3. If f(z) € A,(n) satisfies

() sali (51

T
< 55,1 11)

where 6, is unique root of (5), then f(z) € S, (n;b) .

Proof. Let us define the function A(z) by

zP~b b

h@=<ﬂ”yw_-%““m+m
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for f(z) € Ap(n). Then h(z) € A(n) and

argh'(z) = arg [(fz(j)) % % (Zﬁg) _p—i-b)

() el (7509

In view of Lemma 2.2, we see that if

() o (7509

then /(z) € S* (n; 1). This implies that f(z) € S (n;b).

T
< 56,1

Setting n = p = 1 in Theorem 3.1, we get the following

Corollary 3.4. If f(z) € A satisfies

1

fRN @) ]| 1l
'( 2) <5
then f(z) € S*(b).
Setting b = 1 in above Corollary, we get
Corollary 3.5. If f(z) € A satisfies
oy S@]_1
Fe=""<3

then f(z) € §*.

4. Conditions for Convexity of Complex Order b

Theorem 4.1. If f(z) € A,(n) satisfies

b b
{M} 2f"(2) + (1= p) f'(2)]

n

<n—|—1

0]

pzp1

then f(z) € C, (n;b).

289
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Proof. Let us define a function &(z) by

o[-

Further, let
1
! b +
g(z) =z (z) =z (IJ,;IEZ—)I > =2z (1 + %a,ﬂrnz” +.. )

- (p+n)apind"! n
(n+1)pb

Obviously A(z) € A(n) and g(z) € A(n). Now

g@>=z<;;?);

Differentiating logarithmically, we find after some computation that

o 1—b\ b
g@=<“ﬁ”> L@+ p ) )]

pzP~1

we see that

/ 1-b %
_ <<f'@9>> {;{sz<z>+-<1—-p)f%z>}}

pzP~1

< nnﬁ (zeU,be C\{0})

Thus application of Lemma 2.1 gives
8(z) =2h'(z) € 8" (n:1) = h(z) € C (m:1)

Since

h'(z) _ 1 [Zf”(Z)

o) b f@)“”]

therefore

Re <1+Zh”(z)> = Re [1+[1? <Zf”(z) —(p— 1)>] >0 (ash(z) €C(n;1))

h(z) f'(z)

it follows that f(z) € C, (n;b). This completes the proof of the theorem.

O]
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Theorem 4.2. If f(z) € A,(n) satisfies

f,/(z)((f’(Z))l_bY_(p—l)<f’(2)>'1’ <y

pzP! z pzP~1 n+1

then f(z) € C, (n;b).

Proof. Let

o= [ (£9) o
0

)=z ( ') ) : .

pzP~1

then

Further, suppose that g(z) = z/'(z). Then we obtain

(p+n)apnz!

g(z)=z+ 2 +---€ A(n)
and
/ 1-b 5 o / 3
/)59 oo - Z[f,,(z)<<fp<§3>l > ) (£0) }
Sn—?—l‘zy<n—7-1'

Thus using the Lemma 2.1, we obtain g(z) € S* (n; 1), that is z#'(z) € S* (n;1)
which means that 4(z) € C (n;1). Thus we conclude that f(z) € C, (n;0). [

Theorem 4.3. If f(z) € A,(n) satisfies

s (2) o750

then f(z) € C, (n;b).

T
=8,
2

<

Proof. If we define the function /(z) by

Z / % n+1
h(Z)—/(ip(Z) dt =z+ (pjznnialp;;; +...
0
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and the function g(z) by g(z) = z//(z), then we have

-3 () e

Thus by applying Lemma 2.2, we obtain

(3 () J (55 o)

which shows that g(z) € S*(n;1). This gives us that h(z) € C(n;1), that is
£2) € Cp (). .

< =0y

SR

larg¢'(2)| =

Setting p = b = 1, the Theorem (4.2) reduces to
Corollary 4.4. If f(z) € A(n) satisfies

1f"(z)] <

n
n+1

then f(z) € C(n;1)
Setting p =n = 1 in Theorem 4.1, we get the following corollary
Corollary 4.5. If f(z) € A satisfies

1-b
b

_ul

Q@) | <3

then f(z) € C(1;b)

5. An application of generalized Alexander integral operator

For f(z) € Ap(n), define

g(2) = / (ft(;)>hdt =z+ m‘:{%ﬂ)z"“ +... (12)
0

Here note that g(z) € A(n) and for p =1 and b = 1 we obtain the well known
Alexander integral operator [1].
Considering the above generalized Alexander integral operator, we derive

Theorem 5.1. If f(z) € A,(n) satisfies

() () <m o

then f(z) € S, (n;b)
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Proof. From (12), we get

1
f2)\?
/ — PN
g(z)= ( g7 ) (14)
Now differentiating (14) logarithmically and multiplying by z, we get
7 1 !
2 (z) 1 [Zf (z) ] . (15)
gk bl fi)

Therefore

n
—_— Uu).
<n+1(ze )

k() (75 )
bz \ z¢ f2) P
Since g(z) € A(n), therefore by Corollary 4.4, we get g(z) € C (n;1)
From (15), we obtain

Re <1+Zgg((;))> :Re{H—ll? <ZJJ:(S) —p)} S0 (asg(z)€C(m1))

which proves that f(z) € Sy (n;b). O

g"(z)| =
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