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A NEW CLASS OF GENERALIZED POLYNOMIALS
ASSOCIATED WITH HERMITE AND BERNOULLI
POLYNOMIALS

MAHMOOD A. PATHAN - WASEEM A. KHAN

In this paper, we introduce a new class of generalized polynomials as-
sociated with the modified Milne-Thomson’s polynomials CIDS,OC)(x, v) of
degree n and order & introduced by Derre and Simsek. The concepts of
Bernoulli numbers B, Bernoulli polynomials B,(x), Bernoulli numbers
By (a,b), generalized Bernoulli polynomials B,(x;a,b,c) of Luo et al.,

Hermite-Bernoulli polynomials g B, (x,y) of Dattoli et al. and 4B (x,y)

of Pathan are generalized to the one HB,§“> (x,y,a,b,c) which is called the
generalized polynomials depending on three positive real parameters. Nu-
merous properties of these polynomials and some relationships between
By, By(x), By(a,b), B,(x;a,b,c) and 4B (x,y;a,b,c) are established.
Some implicit summation formulae and general symmetry identities are
derived by using different analytical means and applying generating func-
tions. These results extend some known summations and identities of
generalized Bernoulli numbers and polynomials.

1. Introduction

Derre and Simsek [7] modified the Milne-Thomson’s polynomials q)E,OC) (x) (see
for detail [12]) as dD,(,a) (x,v) of degree n and order a by the means of the fol-
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lowing generating function:

g1 (t,xa,v) = f(t, ) ) Z(I)n x,V)— (1)
n=
where f(z, @) is a function of 7 and integer a.
Observe that &% (x,0) = &L (x) (cf. [12]).
Setting f(t,a) = (5 ) in (1), we obtain the following polynomials given

el—1
by the generating function
¢ o =
. — t+h(t,v)
&(t,xa,v) = (e’—l) &~ ; (2)
Observe that the polynomials B (x, V) are related to not only Bernoulli poly-

nomials but also the Hermite polynomials. For example, if 4(z,0) = 0 in (2), we
have
B (x,0) = B, (x)

where B,S"”(x, v) denotes the Bernoulli polynomials of higher order which is
defined by means of the following generating function

t o oo tn
Fy(t,x;0) = (et_ 1) el = ZBSJ’”(x);- 3)
n=0 :

One can easily see that
B¥(0,0) = B\

that is

Fi(r:t) = (ef_1> =Y B @

n=0
(@)

where B, ’ are generalized Bernoulli numbers. For more information about
Bernoulli numbers and Bernoulli polynomials, we refer to [6, 14, 16]. If we take
h(t,v) = h(t,y) = yt* in (1), we get generalized Hermite-Bernoulli polynomials
of two variables HBE,O‘> (x,y) introduced by Pathan [14] in the form

! xt+t2
<e,_l> y ZB 5)

which is essentially a generalization of Bernoulli numbers, Bernoulli polynomi-
als, Hermite polynomials and Hermite-Bernoulli polynomials HB,(JX)(

duced by Dattoli et al. ([5], p.386 (1.6)) in the form

(555) e = L ututan ©

x,y) intro-
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n
For each integer k > 0, Si(n) = ¥, i* is called sum of integer powers or simply
i=0
power sum. The exponential generating function for Sy (n) is
£k

oo (n+1)r _ 1
Y Si(n)~=1+e +e +-+e" =
k=0

k! et—1

In [9, 16] Qi and Guo generalized the concept of Bernoulli numbers as follows.
Let a,b and a # b. The generalized Bernoulli numbers B, (a,b) for nonnegative
integer n are defined by

t > n

t
T ZBn(a,b);, |t|< 27 (7
n=0 :

D(t;a,b) =

In [11] Luo et al. gave the following definition of the generalized Bernoulli
polynomials which generalize the concepts stated above. Let a,b > 0 and a # b.
The generalized Bernoulli polynomials B, (x;a,b,c) for nonnegative integer n
are defined by

tcv > "

a —b! = ZBn(x;a,b,c);, |t]<2m.
n=0 .

®(x,t;a,b,c) =

It is easy to see that the above definition given by Luo et al. [11] is a natural
and essential generalization of the concepts of Bernoulli numbers B,,, Bernoulli
polynomials B, (x) and the generalized Bernoulli numbers B, (a,b).

Definition 1.1. Let ¢ > 0. The generalized 2-variable 1-parameter Hermite-
Kampé de Fériet polynomials H,(x,y,c) polynomials for nonnegative integer n
are defined by

, - t"
¢ = Y Hy(x,yc) . (8)
=0 n.

This is an extended 2-variable Hermite-Kampé de Fériet polynomials H,(x,y)
(see [3]) defined by
2 = t"
T — Z Hn(xhy);_
n=0 :
Note that
Hn(xa)77 e) = Hn(xay)'
In order to collect the powers of + we expand the left hand side of (8) to get

> xX'(Inc)"t" > v/ (Inc)/t¥ > n
(Z (ln')f> (Z W) :’;Hn(x%c);!.

il
n=0 =0 J:
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Thus we led to the representation

5] th n—j = ij]

)=y

In this note we first give definitions of the generalized Bernoulli polynomials
Bﬁa)(x,y;a,b.c) which generalize the concepts stated above and then research
their basic properties and relationships with Bernoulli numbers B,, Bernoulli
polynomials B, (x) and the generalized Bernoulli numbers B, (a,b) generalized
Bernoulli polynomials B,(x;a,b,c) of Luo et al Hermite-Bernoulli polynomi-
als yB,(x,y) of Dattoli et al. and yB\Y (x,y) of Pathan. The remainder of this
paper is organized as follows. We modify generating functions for the Milne-
Thomson’s polynomials [12] and derive some identities related to Hermite poly-
nomials, Bernoulli polynomials and power sums. Some implicit summation for-
mulae and general symmetry identities are derived by using different analytical
means and applying generating functions. These results extend some known
summations and identities of generalized Hermite-Bernoulli polynomials stud-
ied by Dattoli et al., Natalini et al., Zhang et al., Yang and Pathan.

2. Definitions and Properties of the Generalized Bernoulli polynomials
B, (x,y:a.b,c)

In the modified Milne Thomson’s polynomials due to Derre and Simsek [7, 12]
defined by (1) if we set f(t, &t) = (5 ) %  we obtain the following generalized

(05)(

polynomials B, (x, V;a,b,c)

Definition 2.1. Let a,b,c > 0 and a # b. The generalized Bernoulli polynomials
BlY (x,v;a,b,c) for nonnegative integer n are defined by

t o oo tn
Gi(t,x;at,a,b,v) = <a’ —bf> Hh(tv) y Bga)(x,v;a,b,c); 9)

|t|<2n/(|Ina—Inb|), x €R.
Setting h(t,v) = h(t,y) = yt? in (9), we get

Definition 2.2. Let a,b,c > 0 and a # b. The generalized Bernoulli polynomials
Bl (x,y;a,b,c) for nonnegative integer n are defined by

t t"
Gz(trxay;a)avbuc) = <M> xt+y12 ZB -x y;a,bﬂ); (10)

|t]<2m/( ylna—lnby),xeR.
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For o = 1, we obtain from (10) the generating function

t o t"

2
Ga(t,x,y;1,a,b,c) = P thXH-yt = E Bn(xay;aal%c)*‘
a — o n!

whereas for x = 0 gives

5]
2 n!

BY(0,y;a,b,¢) = )
k=

[ — kB(OC) k 1
Ok!(n—Zk)!(nc) n-a(@,D)y (11)

Another special case of (10) for x = 0,y = 0 leads to the extension of the gen-
eralized Bernoulli numbers B, (a,b) for nonnegative integer n defined by (7) in
the form

Definition 2.3. Leta,b,c > 0 and a # b. The generalized Bernoulli polynomials
leoc) (a,b) for nonnegative integer n are defined by

t \* & "
@(z;a,a,b):(at b’) :’;()Bﬁlo‘)(a,b)a, |t|<2m/(|Ina—1nb|),x € R.
(12)

It is easy to prove that

B¥*P(ap) =Y (Z) B (a,5)BP) (a,b)

m=0

Further setting ¢ = e in (10), we get

Definition 2.4. Let a,b,c > 0 and a # b. The generalized Hermite-Bernoulli
(05)(

polynomials g By, ’ (x,y;a,b,e) for nonnegative integer n are defined by

n

Gy(t,x,y;a,a,b,e) = <attbz) D’ = Z B® xy;a,b,e)% (13)
|t]<2n/(]Ina—Inb ]),xeR
The generalized Bernoulli polynomials B,(,a) (x,y;a,b,c) defined by (10) have
the following properties which are stated as theorems below.
Theorem 2.5. Let a,b,c >0and a#b. Forx e Randn > 0:
B,(,“) (x,y,e,1,e) = Hf(a)(x,y),B,(la) (0,0,a,b,1) = Bﬁ,a) (a,b),
B\ (0,0,a,b,1) = B ,B\") (x,y,a,b,1) = B") (a, b) (14)

B,(qa+ﬁ)(x+y,z+u;a,b,c) = Z (Z)Bﬁf)(z,u;a,b,c)BE,a%(x,y;a,b,c) (15)
m=0
Bf,a)(x+z7y;a,b,c) = Z <’:) ,(Z“) (x;a,b,¢)Hy(z,y;¢) (16)

n=0
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Proof. The formulas in (14) are obvious. Applying Definition 2.2, we have

n

> t
235“+ﬁ)(x+y72+u;a,b76);

n=0
:iB()xyabc ZB Zu‘abc)ﬁ
= n ) g ety m'
[=5) n n—m
B, . (@) (.. !
- B s 7b7 7B ' Vo 7b7 N
,;),,,Z::o m (Z,M a C) ' n— m(x y;a C) (n—m)!

Now equating the coefficients of the like powers of ¢ in the above equation, we
get the result (15). Again by Definition 2.2 of generalized Bernoulli polynomi-
als, we have

n

a
t t
(at ! bt) (v _ Z B (x+zyiab.¢) (17)

which can be written as

! acxt ah? _ O p(@) ) " "
o ¢ :,;)Bn (x,y,a,b,c)mr;Hn(z,y,c)a (18)

Replacing n by n —m in (18), comparing with (17) and equating their coef-
ficients of ¢" leads to formula (16). ]

3. Implicit Summation formulae involving generalized Bernoulli and gen-
eralized Hermite-Bernoulli polynomials

For the derivation of implicit formulae involving generalized Bernoulli polyno-
mials BY (x,y;a,b,c) and generalized Hermite-Bernoulli polynomials

HB,(ZO‘) (x,y;a,b,e) the same considerations as developed for the ordinary Her-
mite and related polynomials in Khan et al. [10] and Hermite-Bernoulli polyno-
mials in Pathan [14] holds as well. First we prove the following results involving
generalized Bernoulli polynomials B (x,y;a,b,c).

Theorem 3.1. Let a,b,c > 0 and a # b. Then for x,y € R and n > 0, the follow-
ing implicit summation formulae for generalized Bernoulli polynomials
BE,“) (x,y;a,b,c) holds true:

kI
’ I\ (k
B (zyiabie) = ¥ ( )(n><z—x>"+’”H,§+3 mBYiabe)  (19)

n,m=0 m
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Proof. We replace t by ¢ 4+ u and rewrite the generating function (10) as

k.l

t_{_iu acy(f+u)2_ x(t+u) Z B x a, b C)t u (20)
altu — pttu - i k+l e kL

Replacing x by z in the above equation and equating the resulting equation to
the above equation, we get

kol kol
u
o0 (t+u) ZBkay,abc)El—'— ZBksz,abc)k'l' (21)
k=0
On expanding exponential function (21) gives
o [a—x) (@ +u))" & i ul
Z T Z Bk-H x,y,a, b C)EF_ Z Bk+l z,y:4, b C)k' I

N=0 k,1=0

which on using formula [17, p. 52 (2)]

Zf x”) = Y S

m
n!'m!
in the left hand side becomes

0 lk ul

(z—x)"P &

Now replacing k by k —n, [ by [ — p and using the lemma [17, p. 100 (1)] in the
left hand side of (22), we get

- __ (x,y;a,b,c
peoimo nipt T o )(k—n)!(l—p)!
tk l
- Y B Gyiab S (23)

k,1=0

Finally on equating the coefficients of the like powers of # and u in the above
equation, we get the required result. O

Remark 3.2. By taking / = 0 in equation (19), we immediately deduce the
following result.

Corollary 3.3. The following implicit summation formula for Bernoulli polyno-

(0‘)(

mials By, (z,y;a,b,c) holds true:

B0 by (K ng(®)
k (Zuy’aab7c)_z n (Z—]C) Bk_n(xvyaa)bvc)

n=0
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Remark 3.4. On replacing z by z+x and setting y = 0 in Theorem 3.1, we get
the following result involving generalized Bernoulli polynomials of one variable

k,l
: I\ [k
B\% (z+x;a,b,c) = Z <m> <n) (z)”+mB]((+)l mn(X:a,b,c)

k+1
n,m=0
whereas by setting z = 0 in Theorem 3.1, we get another result involving gener-

alized Bernoulli polynomials of one and two variables

k,l
Z’ l k n+m
Bl(c(j-)l(y) - (m) <7’l)( ) " B](<+)l m— n(x,y;a,b,c)

n,m=0

Remark 3.5. Along with the above results we will exploit extended forms of
generalized Bernoulli polynomials B,E?l (z;a,b,c) by setting y = 0 in the Theo-

rem 3.1 to get

k,l
) ) k
B(a) (z;a,b,C) = Z <m> <I’l> (Z )n+mBl(c+)l m— n(X;a’b’C)

k+1
n,m=0

Remark 3.6. A straightforward expression of the By ;(z,y;a,b,c) is suggested
by a special case of the Theorem 3.1 for & = 1 in the following form

k.l

d k\ (1

Bk+l (Zay;av b7 C) = (Z - x)n+mBk+l—m—n (x,y; a, b7 C)
n m

n,m=0

where By (z,y;a,b,c) denotes the generalized Bernoulli polynomials [18] de-

fined by Luo et al. [11].

Theorem 3.7. Leta,b,c >0and a# b. Thenforx e Randn >0 :
ab

B ot = ¥ ()80 b8 2 )

m=0

Proof. We start with the definition
oo tn
Y B (x+ Lia,bc)—
n=0 n!
£\ A +1)e
and the result of Luo et al. [11, p. 3771 (2.12)] to get

- () o—1) av ﬁ
;)Bn xabc ZB (a,b ZB (x; cn!
Now replacing n by n — m and equating the coefficients of " leads to formula

O

(11).
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Theorem 3.8. Let a,b,c >0 and a # b. Then for x,y € Randn >0 :

(5]
,(1)(x+ay,abc Z

J:oJ‘ n— J

[STE

ab
(Inc) B\, (x; o) (29)

Proof. Since

n a o
(00) : ro_ ! xra)ty? _ ! xt i
B, (x+ a,y,a,b,c)n—! = (a’—bf> o)y ((a)t_(b)t MM

c Cc

(geetor) (5]

Now replacing n by n — 2j and comparing the coefficients of ", we get the
result (25). O

Remark 3.9. For a = 1, the above theorem reduces to

(5] nl
(+1y,abc :ZW

. . a b
y (lnc)/Bn_zj(x;z,E,c)

whereas for y = 0, it reduces to the known result of Luo et al. [11, p. 3771

(2.12)]

ab
By(x+1,y;a,b,c) = By(x;—,—,c¢)
c’c

It is possible to find the explicit form of the generalized Bernoulli polyno-
mials in terms of generalized Hermite polynomials which is a generalization of
the result of Betti and Ricci [4].

Theorem 3.10. Let a,b,c > 0 and a # b. Then for x,y € Randn >0
" /n
B yiantnc) = 3 () B @b 1.0 26)
m=0

Proof. By the definition of generalized Bernoulli polynomials and the definition
(1), we have

¢ o
cxt-i—yt2
a — b

:iBr(z xy,abc (ZB l:) (iHm(x,y;c);:>
B W !

Now replacing n by n —m and comparing the coefficients of ", we get the
result (26). O
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Remark 3.11. For c = e, (26) yields

" n

B i) = 3, (1) B la.0)Hn (5
m=0

Theorem 3.12. Let a,b,c > 0 and a # b. Then for x,y e Randn >0 :

—2j 7 n!
Sl)xyabc ; ; (In¢)" %= ’B )(a,b)k‘ n—2j— k)] (27)

Proof. Applying the definition 2.2 to the term (ﬁ)a and expanding the ex-

ponential function ¢ att = 0 yields

<atibt>acxt+yz2_ (ZBM a,b) H) (Zx” (Inc)" ) (Zy (Inc)’ )

3 n ) 2
Z (z_: < > (Inc)y™*B® >(a,b)x"—'<> % (;) i(ne)! ’J!])

Replacing n by n —2j, we have

o [n=2j [5] n—2i n
J n—k—j (o) k—2j !
= Inc ’B a,b)x" 7+ — (28)
n-O(k—Oj—O( k >( ) ( ) )(”_2])11!

Combining (28) and (10) and equating their coefficients of " produce the
formula (27). ]

For y = 0, the above theorem reduces to the following result of Luo et al.
[11, p. 3770 (2.3)].

Corollary 3.13. Let a,b,c > 0 and a # b. Then for x,y e Randn >0 :

(@), v n—k p(0) kN
B, (x’aabac)_kzzo(lnc) Bk (a,b)x m

On the other hand if we set x =0, the above theorem reduces to the result (11).
Theorem 3.14. Let a,b,c > 0 and a # b. Then for x,y e Randn > 0 :
(5] n—2j

lea) (x+1,y;a,b,¢) = Z Z (n B 2J> 1nc)"*k*-"B,((a) (x;a,b,c¢) (29)

j=0 k=0
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Proof. By the definition of generalized Bernoulli polynomials, we have

o n
<atibt> (et ity _ ZB (x+ l,y;a,b,C)% (30)
oo o 2
- (ZB,Q )(x,a,b,c)k') (Zx"(lnc)") (ny(mc)ft)
k=0 n=0 J=0
_yy (" k(@) . "N eyt
= Z Z (Inc)" "B, (x,a,b,c)—‘ Zy (Inc) - (31)
n=0i=0 \K e\ j=0 J:
eI} <) (ne)" B (x:a,b.0) -
n=0 j=0i=0 \K ntj!

0 n

t
ZB}(’La)(x+17y;aab)c)7'
n.

- i[)i f (” 21) (Ine)"*~IB (x;a,b,¢) ————  (32)
=0 j=0 k=0 T n=2j)1)!

Combining (31) (conjectured reference) and (10) and equating their coeffi-
cients of #"* leads to formula (29). O

Theorem 3.15. Let a,b,c > 0 and a # b. Then for x,y € Randn >0 :

nBy (x,y:a,b,¢) = Y <m>
n

n=0

B\, (a,b)uBY) (x,y;a,b,¢)  (33)

Proof. By the definition of generalized Hermite-Bernoulli polynomials,
we have (sono vere queste uguaglianze?)

! ! aext+yt2: t iHB(O!)(x yia b e)ﬁ
a —b \da—b a—b = A )
n

a (e}
! 2 _ L (@), t
(o) = oty Lo ana
b tn e m
= ) Buab
n=0

Z HBm x,v;a,b e)
Now replacing n by n —m and equating the coefficients of #" leads to formula
(33). O
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Theorem 3.16. For arbitrary real or complex parameter «, the following im-
plicit summation formula involving generalized Bernoulli polynomials
BE,“) (x,y;a,b,c) holds true:

n—1

BY (x+1,y;a,b,¢) — B (x,y;a,b,¢) = ¥ <Z) (Inc)" *B\" (x;a,b,c) (34)
k=0

Proof. By the definition of generalized Bernoulli polynomials, we have

s n

() : AR S I !
ZBn (X‘f'l?y,%bvc)*_ZBn (x7y’aabuc)7
= n!l = n!

t ¢ 2
— <a;_bz> ext+yt (Ct—l)

3 tt S ntn .- t"
= </§)B,ﬂa)(x,y;a,b,C)ld> (Z‘a(lnc) n‘) _ Z‘Z)Bl(ﬁ)(x’y;a’b’c)a

© 7 l‘k 0 "

=Y ) (lnc)”_kt”_kB,((a) (x,y:a,0,¢) = — Y B\ (x,y:a,b,¢)—
n=0k=0 (k) . n=0 n.

Finally, equating the coefficients of the like powers of t", we get (34).
O

Remark 3.17. The generalization of some of the classical Bernoulli polynomi-
als have ramifications of interest. Perhaps the most important property of the
Bernoulli polynomials is that

B(x+1)—By(x) = nx""!, n>1

which happens to be a special case of (34). Some more examples which are
special case of (34) are

n—1 n
Z < >Bnm(x) =nx", nx>1
m=0 \I"

Remark 3.18. To obtain the generalization of the result [2, p. 96] involving
Bernoulli numbers B,

tn

and
By(x+1)=(—=1)"B,(x)

we obtain the following theorem.
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Theorem 3.19. For arbitrary real or complex parameter «, the following im-
plicit summation formula involving generalized Bernoulli polynomials
B,(fx) (x,y;a,b,c) holds true:

n

)} <Z> (Inab)"(c)" B, (—x,y5a,b,¢) = (~1)'B, (x,za.b,c)  (35)
m=0

B\ (x,y;a,b,¢) = (—1)"B\") (= x,y;a, b, ¢) (36)

Proof. We replace ¢ by —¢ in (10) and then subtract the result from (10) itself
finding

a oo n
t t
o [(a’—bf> (¢ = (ab)¥c™) ] Y - na)(x yia,b c)— (37)
n=0
which is equivalent to
oo tn
ZBSZ (x,y;a,b c)
=) =) a n e tn
Z )" (Inab)™ ZB —x,y;a,b,c) —' Z (x y;a,b,c)—'
m=0 n=0 = n:
oo n lJ’Z tm
)"(Inab) Bl% (—x,y;a,b,c) ———— —
(r;)mzo > nem (n—m)! m!
oo t}’l
Z n )(xay;aab)c)a

and thus by equating coefficients of like powers of ", we get (35). In order to
get (36), we write (37) in the form

@) e (i) @)

[ tn
= Z[l —(—1)"]32 )(x yia,b,c)—
n=0
which is equivalent to
" R0 SR S e\
Bl’l IRg) 7b7 D Bn T A Ty Ty -
ngb (x,y;a C)n! ng'o (a xybac)n!
[ tn
= Z[l_(_l)n}BEla)(xay;(vac); (38)

Now comparing the coefficients of ¢ in (38) and (36).
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Remark 3.20. The formula

y (”)(a)mHB,i ) (Cey) = (1) 5B (xy)

m=0 m
follows if in (35) weseta=c=ceand b= 1.

Remark 3.21. For a = ¢ = e and b = 1, (36) reduces to the following result
involving generalized Hermite-Bernoulli polynomials

uBY (a0 —x,y) = (=1)"gB\), (x,)

4. General Symmetry Identities

In this section, we give general symmetry identities for the generalized Bernoulli
polynomials Bl (x,y;a,b,c) and B\ (a,b) by applying the generating function
(6) and (8). The results extend some known identities of Zhang and Yang [20],
Yang [19, Egs. (9)] and Pathan [14]. Throughout this section o will be taken as
an arbitrary real or complex parameter.

Theorem 4.1. Let a,b,c > 0 and a # b. For x,y € R and n > 0. Then the
following identity holds true:

Z( ) a"b" B\, (bx,by:a,b,¢)B{ (a,b)
=) (Z> bra"*B\Y), (ax,a?y:b,a,c)B") (b,a) (39)
k=0
Proof. Start with

2 o
(l) _ abt Cabxt+a2b2yt2
s\) = (aat _ b‘”)(bbt _ bbt)

Then the expression for g(¢) is symmetric in @ and b and we can expand g(r)
into series in two ways to obtain

1) = Z,Bﬁla)(bx,bzy;@b,C)(n!) ZBI(CQ)(a,b)u

g a n—k o b k n
:r;)kgz)B (bx,b%y;a,b,c) ((n) k)!Bl(c )(a,b)()(t)'
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On the similar lines we can show that

)= 387 @ xvaa) O L B0 00) )

2., B)* (B ()"
_nzbkz:B ,(ax,b y,b,a,c)(nik)!Bk (b,a)ﬁ T
By comparing the coefficients of " on the right hand sides of the last two equa-
tions we arrive the desired result. OJ

Remark 4.2. For a = 1, the above result reduces to a known result of Pathan
[14].
n kpn—k
2. ab
k;)Bn—k(bx,b yﬂﬁ&)&(%@m
n bkanfk
=Y Bui(ax,a’y;b,a,¢)By(b,a) ——
,;0 " (n—k)'k!
Further by taking ¢ = e in Theorem 4.1, we immediately deduce the follow-
ing result involving generalized Hermite-Bernoulli polynomials

" B,(f‘) (x,y;a,b,e) for nonnegative integer n
akbn—k

- () 2. (o) -z
k;oHBn—k(bx’ by;a,b, e)Bk (a,b) (n—k)k!
n bkan—k
= Y. by lavayba. B b.a)
k=0
Remark 4.3. By setting » = 1 in Theorem 4.1, we immediately get the follow-

ing result

n k

I;) Kxyia 1,08 (a, o
" n—k
a) 2. (a a
= Y B ey La B (Lo s —mm

Theorem 4.4. Let a,b,c >0 and a # b. For x,y € R and n > 0. Then the
following identity holds true:

a=1b-1
b
<) " kbkz ZBn k<bx+ t+],b2zABe>Bk(ayABe)

™=

k=0 i=0 j=0
n b—la—1

:Z<>b”kaZB i (@r+ it j.a’sA,B.e) B (byiA,B.e) (40)
k=0 i=0 j=0
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Proof. Let

abt? o ( edbt 1)2 b y)i+ab?a’
)=
8(1) ((Aat_Bat)(Abt_Bbt)> (e —1)(eP" —1)

(Z) _ at ’ eabxt+a2b2z12 eabt —1 bt ’ eabyl eabt —1
s\t) = (Aat _ Bat et —1 Abt _Bbt e — 1
a a—1
_ at bxt+a*brz? bti bt byt '
_<(Am_Bat> ptbxi+ahz Z(,)e l(Abt 5 by Zeuj (41)
1=
_ at aeabxtJrazbzztzailebti bt ¢ ab)t Z eat}
— \ Aar _ Bat ot Abt _ gbt
1=
_ ar a’b?zt? bx+ citj)a - (bt)k
_<A‘”—Ba’> ,Z;')JZ'e Z (ay;A,B,e) 0
o a—1b—1 00 k
b )" bt
:ZZ B\ )<bx+ H—],bZZABe) (ar) ZB,‘?‘(ay;A,B,e)( )
n=0i=0 j=0 n! = (k)!
o n n ‘ ka 1b—1 (@)
:ZZ a" b ZZBn <bx—|—l+j,bzAB ) B{ (ay;A,B,e)t"
n=0k=0 i=0 j=0
(42)
On the other hand
g(t)
o n n ok k —la—1
:ZZ b ZZB (ax+fz—|—]azABe>Bk(by,ABe)
n=0k=0 i=0 j=0
(43)

By comparing the coefficients of #* on the right hand sides of the last two
equations,we arrive at the desired result. O

Remark 4.5. For o« = 1, A = e and B = 1 the above result reduces to a known
result of Pathan [14, Egs. (43)].
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