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SALAGEAN-TYPE HARMONIC UNIVALENT FUNCTIONS
WITH FIXED FINITELY MANY COEFFICIENTS

SAURABH PORWAL - BASEM A. FRASIN - REKHA KUREEL

In the present paper, authors introduced and study a new class of
Salagean-type harmonic univalent functions that have fixed finitely many
coefficients. We obtain coefficient conditions, extreme points, convolu-
tion condition, convex combinations for the above class of harmonic uni-
valent functions.

1. Introduction

A continuous complex-valued function f = u+ iv defined in a simply connected
complex domain D is said to be harmonic in D if both u# and v are real harmonic
in D. In any simply connected domain we can write f = h+ g, where & and
g are analytic in D. We call & the analytic part and g the co-analytic part of
f- A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |’ (z)| > |¢/(z)|, z € D, (see Clunie and Sheil-Small [4]).
For more basic results on harmonic functions one may refer following standard
introductory text book by Duren [8], (see also Ahuja [1] and Ponnusamy and
Rasila [13, 14]).

Denote by Sy the class of functions f = h + g that are harmonic univalent
and sense-preserving in the open unit disc U = {z : |z| < 1} for which f(0) =
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f2(0) —1=0. Then for f = h+g € Sy, we may express the analytic functions
h and g as

hz)=z+Y ad, g(x)=Y b, |bi| <1 (1
k=2 k=1

Note that the family Sy reduces to the class S of normalized analytic univalent
functions whenever the co-analytic part of f = h+-3 is zero; i.e. g =0.

For f = h+g given by (1), Jahangiri et al. [10] defined the modified
Salagean operator of f as

D" f(z) =D"h(z)+ (—1)"D"g(z), 2

where D"h(z) =z+ Z k" ayz~,
k=2
D"g(z) = Y K"bi 2
k=1
and D™ stands for the differential operator introduced by Salagean [15].
ForO<a<1l,meN,n€Ny, m>nandzeU,letSy(m,n,a,L) denote
the family of harmonic functions f of the form (1) satisfying the condition

D" f(z)
ke i ) 7 ©

where D™ f is defined by (2).
Further, let the subclass Sy (m,n, o, 1) of Sg(m,n, &, 1) consisting of har-
monic functions f,, = h+g,, in Sy(m,n, o, A) so that h and g, are of the form

—Z—Zlaklz, gm(z) = (=1)"" 1Zlbklz 4)

These classes Sy (m,n,a,A) and Sy (m,n, &, L) were extensively studied by
Dixit and Porwal [6].

Now, we introduce a new subclass Sy (m,n, o, A,c;) of Sy (m,n, o, A) con-
sisting of functions of the form

fn(2) = 1(2) + 8m(2) (5)

where

! (1=
R s st my SR MY

k=I+1

gn(@)=(=1"""Y bl
k=1
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where 0 < ¢; <1and0 <Y/ ,¢; < 1.

Several authors such as ([2], [5], [7], [9], [11], [12] and [16]) studied the
analytic functions with fixed finitely many coefficients. Recently Ahuja and
Jahangiri [3] studied the analogues results on harmonic univalent functions with
fixed second coefficients. Motivated with these works, we have study the above
mentioned new class of harmonic univalent functions with fixed finitely many
coefficients.

In this paper, we prove several interesting and useful results for functions
belonging to the class Sy (m,n, a,, A, c;).

To prove our main results we shall require the following lemma due to Dixit
and Porwal [6].

Lemma 1.1. A function f,,(z) of the form (4) is in Sy (m,n, a, ), if and only if

= kM (1— oA 1—A)k"

Z (X) a( ) ’ak’

= KM —ald m=neo(1—A)k"

Z “) (1_();4 A=K <1, ©)

wherem e N, ne€ Ny, m>n, 0<a<land0 <A < 1.

2. Main Results

In our first theorem, we introduce a necessary and sufficient coefficient bound
for harmonic functions in Sy (m,n, a, A, c;).

Theorem 2.1. Let the function f,,(z) be defined by (5) belonging to the class
Su(m,n, o0, A, c;), if and only if

= KM(1—od) —oa(l—A)K"
Z -«

|ax|
k=I+1

k(1 — ad D" "a (1 — A)k" !
Z o) (l—oc A=K <1 e ™
=2

!
wher60§a<l,O§/1<1,mEN,nENO,m>n,0§ci§1and0§2c,~§1.
i=2
The result is sharp.

Proof. Putting

(i=2,3,...1), 8)
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in Lemma 1.1, we have

= k(1—ad) —a(l— L)k

!
ZCiJr Z -«

i=2 k=I+1
= kM (1—ad)—(=1)""a(l —A)k"
+y et (I_Zx U= <1, o)

|ax|

which clearly implies (7).
Further by taking the function f(z) of the form

L ci(l—a) i

S -« .
_k:;ﬂ km(l_al)_a(l—l)kﬂ ’xk|Z (10)

-«
m—1 &
k; km(1—ad)— (=1 a(l—2)k ez’

where Z e | + Z vl =1— ch’
k=1+1
we can easily Verlfy that the result (7) is sharp. O

In the following theorem, we examine the extreme points of the closed con-
vex hull of Sy (m,n, &, A, c;) which is denoted by clco Sy (m,n, o, A, ¢;).

Theorem 2.2. f,, € clco Sy(m,n, o, A,c;), if and only if

=Y xehi(2)+ Y yigm (2) (11)
k=l k=1
where
Zl: ci(l-a) i
Sim(l—ah)—a(l—A)ir"’
Zl: ci(l—a) i
lzzlma—a,l) a(l—A)in®

(1-Yi,c)(1—
_km(l—al)— a1 —A)k”’

(k=1+1,1+2,...),

(2) = _i ci(l—a) i
EmS) =T L (T~ od) —a(1—A)in”

i=2
()" (1-Y,c)(l—a) _
T o) AR

(k=1,2,3,...),
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x>0, yr > 0 and Zxk—i— Zyk: 1.
k=l k=1

In particular, the extreme points of Sy (m,n, o, A,c;) are {hy} and {gm, }-

Proof. Suppose f,,(z) is expressed by (11). Then

= Zxkhk(z) =+ Z Yi&my, (Z)
k=1 k=1

_ Y ci(l—a) ~Yisc)(l-a)
T Al —ad) —a(l— )i Z ke ( 1— A)— (1—/1)knx"zk
i=2 k=I+1
i (I_Z —2Ci) —k

D T —oh) = (=D = A
Therefore, f,, € clco Sy (m,n,a,A,c;), since

L& Fl-ad)—a(l-)K" [ (1-Yi,c)(1—-a) .
Zrc”rk:;l I—a [k (=)= (1)L)k"] k

"(1—ad)—(=1)""a(l - A)k" (1—a)(1—Yioci)
o (T — o) — (—Dmne(1— Akn |

iy -
k=1
i l oo !
Y i+ Z A=Y e+ Y (1=Y e
i— i=2 k=1 i=2
i
3

—|—(1—Zc,~)(1—x1)

I
=l-x(1-Ye) <1
i=

Conversely, assume that f,,(z) = h(z) +8,,(z) € clco Sy (m,n,a,A,c;), where
h(z) and g,,(z) are given by

. ! C,'(l—Ol)
h(Z)_Z_i:ZZim(l—OCl>—Ot<l —k;]]ak\z
and _
gm(2) = (1" Y |bxl7".
k=1
Since l
(1—;@-)(1—(1)
lar| < k’”(l—oci)—oc(l—l)k" (k=1+1,...),
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1
(1_Zc,~)(1—a
‘bk’ s km( (x)L) ( )m "a(l—ﬂt)k” (k:1,2,..-)7
we may set
_lad R mar) mall =2
(1_§c,~)(1—a
_ I k(L —ad) - ()" AKY

)
(1—;ci)(1—a

anddefinex; =1— ) x— ) W
k=l+1 k=1
Then the proof is complete by noting that

i e(] —
= Zm(l ll () Z—Zlak|Z+Z|bklz

l

i=2 k=I+1
z)+ Z )Xk + Z 8k(2) — hu(z))yk
k=1+ k=1
= xihy(z) + Z xihi(z) + Z Vi8k(2)
k=I+1 k=1

— ixkhk(z) + i yk8k(z)
k=1 k=1

O]

For our next theorem, we need to define the convolution of two harmonic
functions. For the harmonic functions of the form

—z—Z|ak|Z + (=)™ 1Z|bk|2

and

F( _Z—Z‘Akk + m IZ‘BHZ

we define their convolution

(ot En) @) = () * Fn() = 2= ¥ larl? + (— 1" Y (el (12)
k=2 k=1
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Theorem 2.3. The family Sgz(m,n, o, A,c;) is closed under convolution.

Proof. For fu,F, € Sy(m,n,a,A,c;)), we may write

: (1 -a)
(fm*Fm)(Z):Z_Z{im(l—Ocl) a(l1—2 )ln}ZZ

i=2

- ) |akAk|Zk+(—1)m_]Z|bk3k|5k
i=

k=I+1
where
L ci(l-a) i _k

fm(z) =2— . — aglz"+ (=1)"" bz

( ) i;{zm(l—al)—a(l A)ln} k;H| k‘ Z| k|
and
Fu(z)=2z— : - Arl"+ (=)™ B|7".

( ) ;{Zm(l—al)—a(l—l)ln} k;H| k| Z‘ k|

Since F,,(z) € Sy(m,n, o, A, c;), we note that |Ay| < 1, (k=1+1,1+2,...)
and [By| <1,(k=1,2,...).

Lo7im(1—ad) —o(1—A)i" c(1—a)?
1—Zé< l-a ) ({im(l—al)—a(l—/l)i"}2>
= k(1 —ad) —a(l— )k}

+k:zz+1 - |arAr|
+;{k’"(1—al) (1 1()1 a1 —k)k”}‘kak‘
Z{zm 1—a/1) 06)0(2 k;ﬂ = 1_06/11)—_5(1_/1)](”}'“”
+§ {k’"(l—al)—l(_—a)m ”a(l—l)}wk‘
SiciJr i {km(1—a/11)_—3(1—/1)k"}‘ak‘

= {K"M(1—od)— (=) "a(l1—1)
1—a

k=1

since f, € Sy(m,n, 00, A, ¢;). Thus f % E, € Sy (m,n,a, A, c;). O]
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Next, we discuss the convex combination of the class Sy (m,n, o, A, c;).
Theorem 2.4. The family Sy (m,n, o, A, ¢;) is closed under convex combination.
Proof. For j=1,2,3,...,let f;, (z) € Sy(m,n,a,A;c;), where f;, is given by

: ci(l—a) v k
i (2)=z2—) - ailz -1 bilZ".
f/m() izzlm(l_a)t)_ ( k;_l‘ Jk| ) k;l| ]k|

Then by Theorem 2.1, we have
= KM(1—od) —oa(l—A)K"

) |ag; |
k=111 l-a !
> km(1—od)— (=) "a(l — A)k" !
( ) (106 1=4) b, | <1=Y i (13)
k=1 =2

For Z tj=1,0<1t; <1, the convex combination of f; may be written as
j=1

! Ci(l — OC)Zi

t'fvm l)=2— . — — t:la: Zk
ng 1D Zim(l—-al)—a(l—A)i" k:[Z‘il (jg ilajil )
n"ty (ij\bjk\zk)
k=1 \j=1

Using the condition (7), we obtain

. Ak &
ZCt+k;1 ) th )
+

k(1 — ad) — (— 1)mn( k”°°

i l—a th |bjk|
—ch+zt]< L km(l_a;?__o?( _l)kn\ajk!

1 k=I[+1
. ik (1—ad)— (1_(): na(1—x)kn‘bﬂ(‘>
k=1
l / 1 oo
; —i—Zt]( g) Zc, ( i_Zéq)j_Z‘ltj:l.

This is the condition required by Theorem 2.1 and so

Zt,fjm ) € Su(m,n, 0, A, c;). O
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