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NEW GENERALIZATIONS OF SOME INEQUALITIES
FOR k-SPECIAL AND ¢, k-SPECIAL FUNCTIONS

SABRINA TAF - BOCHRA NEFZI - LATIFA RIAHI

In this work, we establish some new inequalities involving some k-
special and g, k-special functions, by using the technique of A. McD.
Mercer [11].

1. Introduction

Let L be a positive linear functional defined on a subspace C*(I) C C(I), where
I is the interval (0,a) with a > 0 or (0, +o0).
Let f and g be two functions continuous on / which are strictly increasing and
strictly positive on /.
In [11], A. Mcd. Mercer, posed the following result:
Supposing that f,g € C*(I) such that f(x) — 0, g(x) — 0 as x — 0" and g is
strictly increasing, we define the function ¢ by
0= gw,

L(g)
and let F be a function defined on the ranges of f and g such that the composi-
tions F(f) and F(g) each belong to C*(I).
a) If F' is convex then

LIF(f)] = LIF(9)]. (1
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b) If F is concave then
LIF(f)] < L[F(9)]. 2)

The objective of this paper is to use the technique of A. McD. Mercer [11]
to develop some new inequalities for k-Gamma, k-Beta and k-Zeta functions
then ¢g,k-Gamma and ¢,k-Beta functions which are a generalization of some
inequalities studied in [11, 13].

Note that for o € R, the function

is convex if & < O or ¢ > 1 and concave if 0 < o < 1.

Then, for f and g satisfying the conditions (1) and (2), we have:
L(f%) >L(¢%) if o <Ooro>1land L(f*) <L(¢%)if0< a < 1.
Substituting for ¢ this reads:

if « <0ora>1(resp. 0 < o < 1). In particular, if we take f(x) = x# and
g(x) = x% with B > & > 0, we obtain the following useful inequality:

L) [LEP)

L(xo‘s) < L(xaﬁ)’ (3)

where 2 correspond to the case (o« < 0or @ > 1) and (0 < a < 1) respectively.

In recent years, many authors have studied Gamma and Beta functions. For
more information see [1], [2], [3], [5], [6], [10], [13].

2. Basic Results

Throughout this paper, we will fix g € (0, 1). For the convenience of the reader,
we provide in this section a summary of the mathematical notions and defini-
tions used in this paper (see [7], [9] , [12]). We write for a € C,

a

[a]g = 1—q

The g-Jackson integrals from 0 to a and from 0 to o are defined by (see[8])

oo

| #0dpx= (1=q)a ¥ ad')er,

n=0
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| f@dp=0-) ¥ 1@

n=—oo

provided the sums converge absolutely.
For k > 0, the I'; function is defined by (see[4], [10])

\ 1 z—1
Iy(x) = lim KR

,xeC\kZ",
n—soo (x)mk \

where (X),x = x(x+k)(x+2k)...(x+ (n—1)k).
The above definition is a generalization of the definition of I"(x) function.
For x € C with R(x) > 0, the function I';(x) is given by the integral (see [4])

Ii(x) = / e xdr,
0
and satisfies the following properties: (see [5], [10])

1. Ti(x+k) =al%(x)

I (x4 nk)
2. =—
(x)mk Fk(x)
3. Tu(k)=1
Definition 2.1. Let x,y,s,7 € R and n € N, we note by
n—1
Lo ()= [TE+4"y)
=0
2. (1+x)7 =[]0 +4")
=0
(I+x)7%
3.0 (T+x) o=
q.k (1 _|_th)qu

We have (1 —|—x)f]j;’ = (14x)5 (1 —|—qksx);,k.
We recall the two ¢, k-analogues of the exponential functions (see [5])

kn(n—1) xn

Ey = 26] 2 , :(1+(1—‘1k)x)2k
=0 [I’l]qk.

and

X
e, = = .
ak ,,gb [yt (1= (1=4)x)7,

These g, k-exponential functions satisfy the following relations:
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k
X X X _ p49* X x
Dqke%k =€y Dquq,k = Eq}k and qke;k e E =1.
The g, k-Gamma function is defined by [5]

(1 _qk)zk
(1—g)p(1—q)i™ "

When k = 1 it reduces to the known g-Gamma function I';.
It satisfies the following functional equation:

Fya(x+h) = glgr(x),  Tyulk) =1

and it has the following integral representation (see[S5])

x>0.

Fya(x) =

[Kgq 1 ik

(GoE5)*
Fq,k(x):/o (1= e 'E, qut x> 0.

The k-Beta function is defined by (see [4])

Bk(t,s):/ XN (1425 dx, t,s>0.
0
By using the following change of variable x** = u and u = IL’ we obtain
-y
1 s
By (t,s) = %/ wk (1 —u) i du, s,t,k>0.
0

It is well-known that
L (s)Tk(t)
I': (S +1 ) '

The g, k-Beta function is defined by (see [5])

Bk(s,t) =

By (t,s) _7/ xt [ » );;]dqx, s>0,t>0.

By using the following change of variable u = i,, the last equation becomes

[Klg
1 .
Byxl(t,s) :/0 W1 —qkuk);kldqu, 5> 0,¢>0.

It verifies the relation

Ly i (1)Tqk(s)

B, (t,s) =
q7k( 7S) 1—‘q,k(tﬂ)

,  8,t>0.
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The function B, ; satisfies the following formulas for s,z > 0

1. Bq7k(t,°°) = (1 _Q)irq,k(t)

2. Bq7k(t+k7s) = %Bq,k(taS‘Fk)

[s]q

3' Bq:k(t7s+k) = Bq,k(tas) _quq,k(t +k,S)

4. Byi(t,s+k) = [s[i]?]quk(l,S)

5. Byx(t:k) = g

Definition 2.2. We define the function ; as (see [10])

1 foe} Z,S—k
= —dt k.
G(s) Fk(s)/o i, 5>

Note that when k = 1 we obtain the known Riemann Zeta function {(s).

3. Main results

We start with the following theorem:
Theorem 3.1. Let f be the function defined by

T (k4 )

f(x) = 1_‘](<2n) (k+ Otx)

then for all o0 > 1 (resp.0 < o0 < 1) f is decreasing (resp. increasing) on (0,o0).

Proof. The k-Gamma function is infinitely differentiable on (0,) and we have
') = [ ¢ 'ogre far, e
0

We consider the subspace C*(I) obtained from C(I) by requiring its members to
satisfy:

(i) o(x) = O(x?) (for any 8 > —k) as x — 0,

(i) o(x) = O(x?) (for any finite @) as x — +oo.

Then, for w € C*(I) we define

L(w) = /0 " o) (log(1))e F dr.
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The operator L is well-defined on C*(I) and it is a positive linear functional on
c(I).
Using the inequality (3), we obtain for § > 8 >0

T e+ 8))% _ [0 (k+B))

n < n :
I (k+as) ~ T@(k+ap)

Theorem 3.1 is thus proved. O
Corollary 3.2. For all x € [0,k], we have:

T i) (k)

(2n) a—1
< <[0T (k)1 a>1,
I (k+oak) ~ T (k+ax)
and (2n) (2n)
L (k o« I (2k)]¢
2 (k+ax) ~ T2 (k+ ak)
Corollary 3.3. For all x € [0,k], we have
o o
k < [Ty (k+x)] <1, a1,
Fk(ak+k) Fk(k+ OC)C)
and Iy (k @ k¢
1< Delk 01" 0<a<l.

~ Tilk+ax) — Ti(ok+k)’
Theorem 3.4. Let f be the function defined by

T2 (k)

1’*(2")

=)= )k + k)

then for all o > 1 (resp. 0 < o < 1) f is decreasing (resp. increasing) on (0,00).

Proof. Since that I'j; is an infinitely differentiable function on (0,+e0), we
have

[klg

(e _ _
i (X) = / 1= e (log(1))"E, k[k]q dgt, x>0, neN.
k) 0 b

Ak

—
=

We consider 7 = (0, ( (1@% )%) and the subspace C* (1) obtained from C(I) by
requiring its members to satisfy:

() o(x) = O(x%) (for any 8 > —k) as x — 0,
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(i) 0(x) = O(1) as x > (7241

Then we have,

()k gt
L(w) = /0 T () (log(1)E, " dt.

The operator L is a positive linear functional on C*(7).
By applying the inequality (3), we obtain for f > & > 0

q:k q

Mo (k+8))* _ [T (k+p)”

2n < 2n :
I (k+ad) — T (k+ap)
Theorem 3.4 is thus proved. O

In particular, we have the following results

Corollary 3.5. For all x € [0,k], we have:

2n 2n
LR | Sl ()
(2n) < (2n) = [Fch (k)] ’ oa>1,
Ly (k+ok) T 57 (k+ o)
and o o
Lo (k+x)]* [0 (26)]°
[rf,?)(k)]“*ls[ é’ﬁ)( L [({f{)k( i 0<a<l.
’ L (k+ax) T (k+ ak)
Corollary 3.6. For all x € [0,k|, we have
(04 o
Ll et
FqJ{((xk + k) Fq7k(k + Otx)
and _— . ,
1 < Laalkt %k 0O<a<l.

T Tyxlk+ax) — Tyu(ak+k)’

Remark 3.7. Applying Theorem 3.1 and Theorem 3.4 for k = 1, we obtain the
Theorem 2.1 and Theorem 3.2 in [13].

Theorem 3.8. For s > 0, let f be the function defined by

_ [Bi(k(x+1),5)]
e N TTISIN

then for all a > 1 (resp. 0 < a < 1) f is decreasing (resp. increasing) on (0,0).
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Proof. The k-Beta function is defined by

| s
Bk(t’s):;/o Xk N1 —x)

We consider the interval / = (0, 1) and the subspace C*(I) obtained from C(I)
by requiring its members to satisfy:

(i) o(x) = 0(x%) (for 8 > —1)asx — 0

(i) o(x) = O(1) as x — 1.

For w € C*(I) , we define

1 :
L(w) = / o(x)(1—x)i1dx,
0
L is a positive linear functional on C*(1).

Applying the inequality (3), we obtain for B > 6 >0

[Bi(k(6+1),5)]* _ [Be(k(B+1),5)]*
Bi(k(ad+1),s) = Bek(afp+1),s) "

Theorem 3.8 is thus proved. O
Corollary 3.9. For x € [0,k] and s > 0, we have

120D (k2 4 5) [By (K2, 5)]® - [Bi(k(x+1),5)]*

A+ Blaks) S Bulklaxt1),s) = Bko*T ezl

Theorem 3.10. For s > 0, let f be the function defined by

By i(k+x,s)]*

flx) = B i(k+ ax,s)

then for all o > 1 (resp. 0 < o < 1) f is decreasing (resp. increasing) on (0,o0).

Proof. The g, k-Beta function is defined by

Bq,k(t>s)=/0 X l(l_quk);,k dyx.

We consider the interval I = (0, 1) and the subspace C*(I) obtained from C(I)
by requiring its members to satisfy:

() o(x) = 0(x%) (for any 6 > —k) as x — 0

(i) o(x) =0(1)asx — 1

Then we put,

1 .
L(w) = /O O (1= g )! dx.
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L is defined on C*(7) and it is a positive linear functional on C*([).
Applying the inequality (3), we obtain for f > & > 0

[Byk(k+8,5)]“ _ [Byi(k+B,s)]”
Byi(k+ad,s) = Byi(k+ap,s)

Theorem 3.10 is thus proved. O

Corollary 3.11. For x € [0,k] and s > 0, we have

[kKIg Lok +slg Byik:s) _ [Byx(k+x,s)*

= < [Bya(k,s)]* a>1.
[k_}—s]g[ak]qu,k(ak,S) - Bq7k(k+ax7s) —[ ‘Lk( ,S)] =

Theorem 3.12. Let f be the function defined by

Py = [Ce(x+k+ DT (x+k+1)]*
Y o+ k+ Dg(ax+k+1)

then forall a > 1 (resp. 0 < a < 1) f is decreasing (resp. increasing) on (0,o0).

Proof. From the definition of Zeta function, we can write

Cu(s)Ta(s) = / Te g s> k.
0 X —1

We consider the subspace C*(I) obtained from C(I) by requiring its members to
satisfy:

(i) o(x) = O(x%) (forany @ > —1) as x — 0

(i) o(x) = O(x?) (for any finite @) as x — +oo.

Then we have,
X

. ldx.

Liw) = /O " o)

The linear functional L is well-defined on C*(I) and it is positive.
Applying the inequality (3), we obtain § > 6 >0

[Ge(8+k+ DTR(8+k+1)]* _ [G(B+k+ DTu(B+k+1)]
G(ad+k+D(ad+k+1) < G(af+k+ DT (af +k+1)

Theorem 3.12 is thus proved. O

Remark 3.13. Applying Theorem 3.12 for £k = 1, we obtain the inequality for
¢ function proved in [11].
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