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MILD SOLUTIONS FOR NONLOCAL FRACTIONAL
SEMILINEAR FUNCTIONAL DIFFERENTIAL INCLUSIONS
INVOLVING CAPUTO DERIVATIVE

AHMED G. IBRAHIM - NORIAH ALMOULHIM

In this paper, we prove various existence results of a mild solution for
a fractional nonlocal functional semilinear differential inclusion involving
Caputo derivative in Banach spaces. We consider the case when the values
of the orient field are convex as well as nonconvex. Moreover, we study
the topological structure of solution sets. Our results extend or generalize
results proved in recent papers.

1. Introduction

During the past two decades, fractional differential equations and fractional dif-
ferential inclusions have gained considerable importance due to their applica-
tions in various fields, such as physics, mechanics and engineering. For some
of these applications, one can see [18, 19, 27, 30] and the references therein.

El Sayed and Ibrahim [22] initiated the study of fractional multivalued dif-
ferential inclusions. Recently, some basic theory for initial-value problems for
fractional differential equations and inclusions was discussed by [1, 3, 6, 14, 15,
17, 23, 26, 35, 37, 38].
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Moreover, a strong motivation for investigating the nonlocal Cauchy prob-
lems, which is a generalization for the classical Cauchy problems with initial
condition, comes from physical problems. For example, it used to determine
the unknown physical parameters in some inverse heat condition problems. The
nonlocal condition can be applied in physics with better effect than the classical
initial condition x(0) = xo. For example, g(x) may be given by

s =Y enly),
J =1

where ¢;(J =1,2,...n) are given constants and 0 <1} <1, < ........ <t, <b. For
the applications of nonlocal conditions problems, we refer the reader to [5, 24].
In the few past years, several papers have been devoted to study the existence of
solutions for nonlocal differential equations or differential inclusions of positive
integer order, for example [2, 7, 9, 10, 13, 28, 36].

Let ¢ €]0,1[, J = [0,b],b > 0,r > 0, E be a Banach space, C(/,E) be the
Banach space of continuous functions from J to E endowed with the uniform
norm || u ||= Sup{|| u(t) || : t € J}, Co = C([-r,0],E),® = C([—r,b],E) and
A be the infinitesimal generator of a Cp-semigroup {7'(r),r > 0} in E [34]. Let
F :JxCy—2F be a multifunction, g: ® — E and 1(¢) : ® — Cy defined by
T(t)u(s) = u(s+1t),vs € [—r,0] and u € O.

In this paper we are interested in the nonlocal semilinear functional differ-
ential inclusion of order g of the type

‘D x(t) € Ax(t) + F(t,t(t)x), a.e. on J,
(Pe { x(r) =(t) —g(x), Vi € [-,0],

where ¥ € C is given and “D 9x(t) is the Caputo derivative of order ¢ to the
function x at the point .

To study the theory of abstract differential equations or inclusions with frac-
tional order, the first step is how to define the mild solution. Zhou et al. [37, 38]
introduced a suitable definition of mild solution based on Laplace transforma-
tion and probability density functions for a fractional evolution equation of the
type

‘Dix(t) =A(t)x(t) + f(t,x()), t € J,
@{ o
=xp—g(x), x0 €E,

More recently, Wang et al. [35] proved the existence of a mild solution to
the following semilinear fractional differential equation with local condition

‘D 9x(t) € Ax(t) + G(t,x(t)), a.e. on J,
(S { x(0) =xp € E,
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where G : J x E — 2F is a multifunction. Among the previous research, little is
concerned with nonlocal fractional functional differential inclusions.

In this paper, motivated by the researches mentioned above, we establish
two criteria on existence of mild solutions of (Ry). In the first result (Theorem
3.1) we assume that the operator 7'(¢),¢ > 0, is compact and the values of F are
convex. In the second result (Theorem 3.3), neither the compactness of operator
T(t),t > 0, nor the convexity of the values of F is imposed. Moreover, we study
the topological structure of solution sets (Theorem 3.2). In this regard, AL-
Omair et al. [2] and Ibrahim et al. [21] studied (Py) when ¢ = 1 and Henderson
et al. [25] considered problem (Py) when A =0, ¥(0) =0, g = 0. We mention,
among others works [20] for the topological properties of solution sets. So, our
obtained results improve or generalize some results obtained in [2, 7, 9, 10, 13,
23, 28, 35, 36, 37, 38].

The present paper is organized as follows: in section 2 we collect some
background material and basic results of multivalued analysis and fractional
calculus to be used later. In section 3 we prove the main results. Our basic
tools are the methods and results for semilinear differential inclusions and Cgp-
semigroup theory and combined with suitable fixed point theorems techniques.

2. Preliminaries and Notations

We use the following notation:
E areal separable Banach space,

C (J,E) the space of E-valued continuous functions on J with the uniform
norm ||x|| = sup {|lx(1)||, £ € J},

L' (J,E) the space of E-valued Bochner integrable functions on J with
b
the norm [\ f{| .1y gy = Jo I F ()l at,

P,(E) = {B C E : B is nonempty and bounded},

P.;(E) ={B C E : Bis nonempty and closed},

P(E) = {B C E : B is nonempty and compact},

P v(E) = {B C E : B is nonempty, closed and convex },
P (E) = {B C E : B is nonempty, convex and compact},

conv(B) (respectively, conv (B)) be the convex hull (respectively, convex
closed hull in E) of a subset B.
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Definition 2.1. Let X and Y be two topological spaces. A multifunction G :
X — P(Y) is said to be upper semicontinuous (u.s. c. for short) if G™1(V) =
{x€X :G(x) CV} is an open subset of X for every open V C Y. G is called
closed if its graph I' = {(x,y) € X XY :y € G(x)} is closed subset of the topo-
logical space X x Y. G is said to be completely continuous if G(B) is relatively
compact for every bounded subset B of X. If the multifunction G is completely
continuous with non empty compact values, then G is u.s.c. if and only if G is
closed.

For more details about multifunctions we refer to [4, 12, 29, 31, 33].
Definition 2.2. A multivalued function F : E — P,;(E) is called

(i) y-Lipschitz if and only if there exists ¥ > 0, such that H(F(x),F(y)) <
yd(x,y), where H is the Hausdorff distance,

(ii) contraction if and only if it is y-Lipschitz with y < 1,
(iii) F has a fixed point if there exists x € E, such that x € F(x).

Definition 2.3 ([34]). A semigroup 7'(r), 0 <t < oo, of bounded linear opera-
tors on a Banach space X is said to be

(i) uniformly continuous if
lij})l || T(r)—1 |[=0, where/is the identity operator,
t

(i1) strongly continuous if
lif(gl T(t)x=x, foreveryxecX.
t

A strongly continuous semigroup of bounded linear operators on X will be
called a semigroup of class Cy or simply a Cy-semigroup. It is known that if
T(t), 0 <t <eoisaCy-semigroup, then there exist constants @ > 0and M > 1
such that

| T() [|[< Me®, for0 <t < oo.

A Cp-semigroup 7' (1), 0 <t < o is called compact if for every t > 0,7 (¢)
is compact. It is known that ([34], Theorem 3.2) every compact Cy-semigroup
is uniformly continuous.

Definition 2.4. Let 7'(r), 0 <t < oo, be a semigroup of bounded linear opera-
tors on a Banach space X. The linear operator A defined by
T(t)x— T(t)x—
DA)={xeX: limM exists} and Ax= lim ()x—x
110 t 110 t
is called the infinitesimal generator of the semigroup 7'(z), D(A) is the domain
of A.
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In all our paper we adopt the following definitions of fractional primitive
and fractional derivative.

Definition 2.5 ([11]). The Riemann-Liouville fractional integral of order g €
(0,1) for a function f € L' (J,E) is defined as

1 ! P
B ) 97 s

where I is the Euler gamma function defined by
[(q) = / t 97 e dr.
0

Definition 2.6 ([11]). The Riemann-Liouville fractional derivative of order g €
(0,1) for a function f € L' (J,E) is defined as

()=

_ L od S
Lqu(t)_F(l—q)dt/o sy ds,t > 0.

The following definition is more restrict than the Riemann-Liouville frac-
tional derivative, originally introduced by Caputo in the late sixties.

Definition 2.7 ([11]). The Caputo derivative of order ¢ € (0,1) of a continu-
ously differentiable function f is defined by

DI (1) = r(ll_)/t( t—s5)"0f W(s)ds =7 1797 ()

Note that “D 9J 9f(t) = f(t) for all + € J. For more informations about the
fractional calculus we refer to [30, 32].

Definition 2.8 ([35, 37, 38]). A function x € C(J,E) is said to be a mild solution
for (S) if there exists an integrable selection f for F(.,x(.)) such that

X0 = KiO @)+ [ (=9 Kalt=s)f ()ds, 1€ (D
where
/@1 T(190) d 6, q/ 0E,(0)T(170)d 6, (2)
£,(6) = 56 10 g(671) > 0,
1 - nl —n—lr(nq+l) . o
;,; 01 Tsm(mrq),ee(O, )

and/o £,(0)do =1.
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For more informations about mild solutions of nonlocal semilinear frac-
tional differential equation involving Caputo derivative we refer to [35, 37, 38].

According to the previous definition we can give the following definition for
a mild solution of (Py).

Definition 2.9. One says that a continuous function x : [—r,b] — E, is a mild
solution of problem (Py), if there exists f € Sp(. ¢(.)y) such that

x(t) _{ T(I)_g(x) [—I’,O],

1€ 3)
T Ki(8)(P(0) — g(x)) + fo(t —5)T Ky (t —5) f(s)ds, t €J,

where
Skt = {f €L (J,E): f(t) € F(t,7(t)x),a.e.t €J}.

Lemma 2.10 ([38 lemma 3.2, Lemma 3.3 and Lemma 3.5]). The operators K;
and K, have the following properties:

(i) Ki(t) and K(t) are linear bounded operators and if there is M > 0 such
that Sup || T(t) ||< M, then for any x € E and any t € J
teJ

M
[ Ki(0)x [| < M| x| and || Ka(e)x]] < =—[|x]]

I'(q)

(ii) If {T(t),t > 0} is strongly continuous, then {K;(t),t > O}and {K»(t),t >
0} are strongly continuous.

(iii) For everyt >0, Ki(t) and K>(t) are compact operators if T(t ), t > 0 is
compact.

(iv) Forye[0,1], 57 07E, (0)d 6 = fils.

Lemma 2.11 ([35, Lemma 2.11]). For d € (0,1] and 0 < a < b we have | ad —
b |< (b—a)d.

Definition 2.12. A sequence {f,:n € N} C L' (J,E) is said to be semicompact
if

(i) It is integrably bounded, i.e. there is B € L' (J,R ) such that || f,(¢) ||<
B(t), fora.e.t € J and for every n € N.

(i) The set {f,(¢) : n € N} is relatively compact in E fora.e. r € J.

We recall one fundamental result which follows from Dunford-Petties theo-
rem.
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Lemma 2.13 ([29, Prop. 4.2.1]). Every semicompact sequence in L' (J,E) is
weakly compact in L' (J,E).

Lemma 2.14 ([4, Theorem 8.2.8]). Let (Q,A, 1) be a complete G-finite measure
space, X a complete separable metric space and let F : Q — 2X be a measurable
multivalued function with non empty closed images. Consider a multivalued
function G from : Q x X to P(Y), Y is a complete separable metric space such
that for every x € X the multivalued function w — G(w,x) is measurable and
for every w € Q the multivalued function x — G(w,x) is continuous. Then the
multivalued function w — G(w,F (w)) is measurable. In particular for every
measurable single-valued function z : Q — X, the multivalued function w —
G(w,z(w)) is measurable and for every Carathéodory single-valued function
¢ : Qx X =Y, the multivalued function w — @(w, F(w)) is measurable.

The following theorems are crucial in the proof of our main result .

Theorem 2.15 ([8]). Let W be a nonempty subset of a Banach space E, which
is bounded, closed and convex. Suppose R : W — 2F is u.s.c. with closed,
convex values, and such that R(W) C W and R(W) is compact. Then R has a
fixed point.

Theorem 2.16 ([29, Prop. 3.5.1]). Let W be a closed subset of a Banach space
E and R :W — P (E) be a closed multifunction which is )-condensing on every
bounded subset of W, where X is a monotone measure of noncompactness. If
the set of fixed points for R is a bounded subset of E then it is compact.

The following auxiliary theorem due to Covitz and Nadler [16].

Theorem 2.17. Let (X,d) be a complete metric space. If R : X — Py (X) is
contraction, then R has a fixed point.

3. Main Results

In this section, we prove two existence results for (Py) and describe the com-
pactness of the solutions sets.

3.1. Convex Case

In the following we give our first main result for problem (Py) when the values
F are convex.

Theorem 3.1. Assume the following hypotheses:
[HA|] A is the infinitesimal generator of a strongly continuous semigroup
{T(t):t >0} and T(t),t > 0 is compact.
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[HF ] F : J x Cy — Py(E) is a multifunction such that, for every x € Cy,t —
F(t,x) is measurable, for almostt € J,x — F(t,x) is upper semicontinuous and
for each x € ©, the set Sp(. o)y = {f € L'(J,E) : f(t) € F(t,7(t)x,a.e.} is
nonempty. 1

[HF| There is a function y € Ls (J,R,), 0 € (0,q) such that for every ¢ €
Co

sup{[|z [l:z€ F (1,9)} < y(t)(1+ || (0) ||), fora.ere . 4)

[Hg] g: ® = C([—n,b],E) — E is compact function and there exist positive
g) [[e<cllx| +d,Vxe®.

Then the problem (Py) has at least one mild solution on ® provided that,

q—0

M
M+1)c+ =

b
() (R P pice <L (5)

where 1 = 4= and M = Sup || T (1) || .
reJ

Proof. Transform the problem (Py) into a fixed point problem. Since for each
x € O the set Sp(. 7(.)y) 1S nonempty, we can define a multivalued map Ny : ©
— 29— {9} as: y € Ny(x) if and only if

_J W) —glx), t € [-n0]
Y= { Ki(0)(¥(0) — g(x) + [t — )7 Kalt —s) f(s)ds, t € 4. ©

where f € Sg(. ¢(.)x)- Clearly every fixed point for Ny is a mild solution for (Py).
So, our goal is to apply Theorem 2.15. We divide the proof into five steps.

Step (1). The values of Ny are convex and closed subset in ©.

(i) Ny(x) is convex for each x € ®. Let y; ,y» € Ny(x) and A € (0,1). Then,
forr € [—r,0]

(1= M)y (1) + Ay () = (1= A) [(1) — g(x)] + A [¥(r) — g (x)]
— (1) — g(x).

Thus, (1 —A)y1(t) +Ay2(t) € Ng(x). Lett € J and fi, fo € Sp(. ¢(.)x) Such
that

0 = K0 [¥0) - () |+ [ (1=9)7 1 Kalt—5)i(5)ds.i = 1.2
Then,
(1= A (0) + Axa(0)
= K0 1(0) - 600 1+ [ (=5 Kalt=9)[(1- A (5)+ AL(5)] ds
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Since the values of F are convex then (1 —A)f; +Af2 € Sp(.7()x). There-
fore,

(I =A)y1 +Ays € Ny(x).
(ii) Ng(x) € P¢(®) for each x € ®. Let (y,), >1 € Ng(x), such that y, —y in ©.
From (6), for any n > 1, there exists f, € Sp(.7(.)x) such that

wlt) = { F()~ gl £ € [7r0),
n Ki(1)(P(0) — g(x)) + i (t — )97 Ko (t — ) fu(s)ds, t € J.

From (4), for every n > 1 and fora.e.s € J

< y(s) (14 [ 7(s)x (0) [1)
< y(s) (1 [ x(s) [1)
<y(s)(1+ || x ||),for a.e.s € J.

I fa(s) |

This shows that the set{f, :n > 1} is integrably bounded. Using the fact that
F has compact values, the set { f, (¢) : n > 1} is relativity compact in E and for
a.e.r € J. Therefore, the set {f, :n > 1} is semicompact and then, by Lemma
2.13, it is weakly compact in L!(J,E). So, we may pass to a subsequence if
necessary to get that f, converges weakly to a function f € L'(J,E). From
Mazur’s theorem, there is a sequence (g,),n > 1 such that {g,(¢) :n > 1} C
Comv{f, (t) :n>1};t € J and g, converges strongly to f. Since the val-
ues of F' are convex, g, € Sp(_(.)) and hence, by the compactness of F(.,x(.),
f € Sp(.x())- Moreover, for every t € J, s € (0,t] and for every n > 1,

| (=) Kl —s)fals) | < [e—sl o

I'(q)

Therefore, by means of the Lebesgue dominated convergence theorem we
get

y(t) (1+ | x |e) € L'((0,7],RT).

(1) = { ¥(t) —g(x), t € [-r0],
Ki(1)(¥(0) — g(x)) + [o(r — )1 Ka(t —5) f(s)ds, 1 € J.

This means that y € Ng(x).
Step (2). There is a positive real number & satisfying Ny maps Bg(x*) =
{x€@: || x—x*||< 8} into itself, where
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If this is not true, then for any 8 > 0, there exists a function x® € Bg(x*)
and y € Ng(x%) such that ||y —x* ||> 8. According to (6) there is f° €
SF(~.,‘L'(-))C5) such that

(1) = { ¥(t) _g(xé)’ t € [-n,0],
K (1)(2(0) ~ §(2)) + Jo(t — )4 Kalt — )2 (s)ds, 1 € .

Thus,
6 <[[y—x"[= sup [y(t)—x"() |
te[—rb]
< sup || y(t) —x.(2) || +sup || y(1) —x.(2) ||
te[—r0] reJ

<1 s%) 11+ 1 (0 | +sup [ Ka () [ [1°(0) 1+ [ g(x) I
sup [ (1)1 || Kalt — 5)£(5) | d.
teJ JO

Using Lemma 2.10 (i), [Hg] and Holder’s inequality we get
8 < (M+1)[1%(0) ||+ |2 | +]
M t
+—/ t— )" y(s)(1+ || ©(5)x°(0) || )ds
Q) (=) ) I+ [ 2(s)x(0) )
< (M+1) [I12O0) || +¢ || 52 =, || ¢ | 2, | +d]
M

g b OO O s
<

M+ D[I¥O) [ +cd+c | V] +d]

M(1+ Hx6 ”) [([—S)q71Y(S)dS.

I'(q) 0
< (M+1)[|'B(0) ||+ +¢ || ¥ | +d]
M(1+5+ ¥ ) o
TR W g [ =)
= (M+1)[| () || +¢ -+ | ¥ | +4]
MA+S+|W]), o B

I(g) LhuR) e

Dividing both sides of the a above inequality by J and taking the limit as
0 — oo, we get

bi=°

M
L<M+Det sVl gz, e
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But this contradicts with condition (5). Thus, for some § > 0, Ng(Bg(x*)) C
35 (x*) .

Step (3). Ng(Bg(x*)) is equicontinuous set of ®. Let x € Bs(x*), y €
Ny (x). Then there exists f € Sp(.¢(.y) such that,

Y1) = { ¥(t) —g(x), t € [-n0],
K1 (1) (B(0) — g(x)) + [t — )9 Ka(t —5)f(s)ds, t € J.

We consider the following cases:
Case(i). Let ¢t € [-r,0), and & > O such that —r <t < t+h < 0. We have

[yt +h) = y(0) =W +h) =¥ (@) ||
Since W is continuous on [—r,0] , we get

lim [ y(t +h) —y(t) [|=0,
—0

independently of x.

Case(ii). Lett =0and h > O such that —r < —h <t =0 < h < b. By arguing
as in (i) we obtain }lling) | y(=h) —y(0) ||= 0, independently of x. Also
—

[I'y(h) = y(0) |

h
<[l Ki (k) — K (0) || [ #(0) —g(x) | +/O (h=s5)""" || Ka(h—s5)f(s)ds |
<|| Ki(h) — Ky (0) [ [ (0) —g(x) |

h
+/ (h =) || K2 (h—s)y(s)(1+ || 7(s)x(0) [|)ds
0

M(14+0+ || ¥]) hi=°
70,0, 22
F(q) ( ’ +) TI

<|| Ki(h) = K (0) [ [ (0) —g(x) || +

Since T'(h) is compact, K (h) is too (Lemma 2.10 (iii)), and hence, K (h) is
uniformly continuous on J (see [34]). Therefore, the last inequality tends to
zero as h — 0, independently of x.
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Case (iii). Letz € (0,b] and A > O such that 0 <t <7+ h < b. We have
[ y(t+h)=y(@) |<I] (Ki(t+h) = Ki (1)) (#(0) — g(x)) ||
+ || /OHh(t+h—s)q‘le(t+h—s)f(s)ds—/ot(t—s)q‘ll{z(t—s)f(s)ds||
<|| (Ki(t+h) —Ki(t)) (P( @) |
+H/ (t+h—s)1" lI(z(tﬁth—s) (s)ds—/ot(t-i—h—s)q1K2(t—s)f(s)ds||

[ =) Kol =) 0)s— [ =9 Kot =5)7(5)ds |

t+h °
+ ”/t (t+h— )7 Kot +h—5) f(s)ds | 7
We put
I = [Ki (1 +h) — K (1)] [#(0) — g (x)],

IZ:/()t(t+h—s)q1[Kz(t—i—h—s)—Kg(t—s)]f(s)ds,
I = /Ot [+ h—s)" — (0 — )7 Kalt — 5)f(s)ds

t+h
I :/z (t+h—s)T Ky (t +h—s)f(s)ds. (8)

Now, we only need to check || ; [|[— 0, as h — 0,i = 1,2,3,4. At first we note
that, as we mention above the operators K; (), K»(t), t > 0 are uniformly con-
tinuous on J. So, }lirr(l) | I, ||=0.

_>

For I, using [HF,] and Holder’s inequality, one obtain

L< Sl[lop] | Ka(t+h—s)=Ka(t—s) | (1+6+ W) ([ 7,2
s€[0,t

" o1 1-o
X [/ (t—l—h—s)lads]
0

< sup || Ka(t+h—s)—Ka(t =) [[[| T+ S+ ) [V,

LGJR)

s€[0] LE(UR,)
o N +h)? — W'
nl (e}
In view of Lemma 2.11, we get
L < sup [[Kat+h—s)=Ko(t=s) | (148D 17l 4,5

5€(0,1]
BERORK n(1-o)
nl o
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PRICET)
= sup [ Kot +h—s) =Kot =s) [ (1 +6+[F D) [ ],

s€[0,¢] LS (/R+) 771“’

n(1-o)

<A+ I, sup || Kx(t+h—s)—Kp(t—s) |

LG (/.R+) 77“" s€(0,1]

By the uniform continuity of K»(¢), (r > 0), we conclude that }lirr(l) | I |=0.
%

For I3, we have

I [+ = 9 | Kol )09 I ds
B e = =5y oas
Ao D71,

Lo (JR,) "

We note that % € (—1,0), then (r — s) >(t+h— s)I s. By applying
lemma 2.11 and taking into account that 1 — (0, 1) we get

g l1-o g-171-0 g-1 1-o
|[(z—s>1ﬂ [(z+h—s)m] | < {(r—s)fa—(ﬂrh—s)fa} .
Thus,
gL g-171-0
(t =)' —(t+h—s)1""| < [(t—s) T —(t+h—s) U] ,
So,
=) h—s) e < (e —(rh-9)=]. O
Therefore by (4), Holder’s inequality, and (9) one obtain

) M
lim |[ 13 |< 7S (T84 [ ) [ 7]l 4
—0

I'(q) LS (JIRy)
t g-1
x}lligg)[/o (=5 —(+n—5)F5 ] as]
M = ((t+ W =R
= S 2D 7],y fim e ~0
(10)

independently of x.
For 14, we have



138 AHMED G. IBRAHIM - NORIAH ALMOULHIM

MA+6+ (I IY],
I'(q)

Arguing as above, we get

L t+h
A LY (IR) [/, (t+h—s)Eeds]' % ds.

M4+ Y1y 10

L(g)n'—°

As aresult from (7) — (11) we immediately obtain that

lim || £ |< lim =0 (11
h—0 h—

lim [ y(r+h) —y(1) [|=0,
independently of x, which means that Ny (Bg(x")) is equicontinuous set of ©.
Step (4). Forany 1 € [—r,b], the set Q (1) = {y(¢) : y € Ny (x),x € Bs(x*)} is
relatively compact in E.
At first, let r € [—r,0]. Because Bg(x*) is a bounded subset in ® and g is
compact, then the set Q (r) = {¥(r) —g(x) : x € Bs(x*)} is relatively compact

in E. Now, let t € (0,b] be fixed and x € Bg(x*). Let y € Ny(x). Then there is
S SF(»,T(-)x) such that

) = K (O(¥0) ~ g(0) + [ (1 =5)" Kot =) 5, 1 €.

Forany h € (0,¢) and any A € (0,1) we define &, ; (¢ {yh/l 1y € Ny(x)},
where

yialt / ¢,(6)T (146) [¥(0) ~ g(x)]d O+
g / 5! A 6L,(6)T((t —5)78) f;(s) dOds.
Since the operator T'(¢), > 0 is compact and g is compact on O, the sets

{,,(t): y € Ny(x)} are relatively compact in E. Moreover, by using [HF]
and [Hg] we get

150 —30) <] [ ()T (90)[(0) g0 6 |
wqll [ [0 =51 GO -5)70)5,5)d 0ds
_/Ot_h/;O(t—s)q_ICq(O)T((t—s)"@)fy(s) dods ||
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A

<M(||'P0) || + || g(x) ||)/0 §,(8)d 6
[ [ 06— 60T ((r~5)76)3(5)d 0ds
+/t/ke(t—s)qlg (0)T (1 — 5)76) £,(s)d0ds

0 Jo q y

t—h poo
—/0 A 0(1 — )11 ,(0)T((1 — 5)76) £, (s)d6ds |

A

<M([|'P(0) || +c || x| +d)/0 ,(0)de

gl [ [T 0u—97 15 (0)T (i1~ 90, (s)d0ds |

't A
+qH/O/O 8(1 — )1 £,(0)T((t —5)70) ,(s)dOds
A
<M %0) [ +e8-+e x| +4) [ ¢(6)d8
Mg [ [T 009 401+ | x])d0ds
t l9 —5)171,(0)y(s)(1+ || x || )d Ods
+uag [ [0 -s71¢,0)7
A
<M([|'¥(0) | +ey+c [ x| +d)/0 Cy(0)d 6
+Mg(1+8+1 %)) [06,(0)a0 [ (-5 s
5 lpu)/leg (6)d G/I(t—s)ql (s)ds
+Mq (1+6+ || A g A Y .
Using Holder’s inequality to get
A
[ y(#) = yna () [<M(][¥(0) || +c 6 +c || x| +d)/0 §y(0)d 6

hq—o' oo
M+ 1170 ) pie A 04,(6)d 0
+Mq (1+8+ %) [ 7],

bi=° A
L5 (JRy) nl—c/o 084(6)d 6.

Obviously, by Lemma 2.10 (iv), the right hand side of the previous inequal-
ity tend to zero as A, h — 0. Hence, there exists a relatively compact set that can
be arbitrary close to the set Q(z), ¢ € (0,b]. Hence, this set is relatively compact
inE.
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A consequence of Steps (3) and (4) with Arzela-Ascoli theorem we conclude
that N (Bg(x*)) is relatively compact.

Step (5). Ny has a closed graph on Bg(x").

Let x, € Bs(x*),x, = x in © and y, € Ny(x,),Vn > 1 with y, — y in
Bgs(x*). We will show that y € Nyg(x). By recalling the definition of Ny, for any
n > 1 there exists f, € Sp(. 7()x,) such that

0 :{ W(t) —g(xa), 1 € [-1,0],
n K1 (1) (P(0) — g(x, ) + Ji(t — )T Ko (t — 5) fru(s)ds, t € J.

Since g is continuous function, so g(x,) — g(x). We must prove that there
exists f € Sg(. ¢()x) such that

(12)

1) = Ki()(#(0) —g(0) + [ (1=9)" Kot =) (s)ds 1 € 1.

Let us show that the sequence (f;),>1 is semicompact. From the uniform
convergence of x,, towards x, for any t € J
lim || 7(¢)x, — ©(¢)x ||c,=O.
n—yoo
Moreover F(t,.) is upper semicontinuous with compact values, then for ev-
ery € > 0, there exists a natural number ng(€) such that for every n > ng

fn(t) € F(t,7(t)x,) C F(t,7(t)x)+€B(0,1),a.e.t €J, (13)

where B(0,1) = {z € E :|| z|| < 1}. Then, the compactness of F(¢,7(t)x) im-
plies that the set {f,(¢) : n > 1} is relatively compact for a.e. In addition, as-
sumption [HF,] implies

[ fu(e) I < 7(2) | 1+ 7(#)xa(0) ||
<y 1+ [ 2 [])
<yt

O)(1+6+ || ¥ ||), a.et €J.

Then, by Lemma 2.13, {f,,n > 1} is semicompact, hence weakly compact.
Arguing as in Stepl from Mazur’s theorem, there is a sequence (g,), n > 1 such
that

{gn(t) :n>1} CCom{f, (t):n>1}t€ J

and g, converges strongly to f € L' (J,E). Since the values of F are convex, the
relation (13) implies g, € Sg(_¢(.)x,) and hence, f € Sp(_7()x). By passing to the
limit in (12), we obtain

(1) = { ¥(t) - g(x), t € [-r,0],
Ki(t)(P(0) —g(x)) + fo(t =) 'Ka(t —5) f(s)ds, t € J.
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This implies that y € Ny(x).

Now, since the values of Ny are compact, then by Step (5) Ny isu.s.c. Asa
consequence of Steps 1 to 5, Ny is compact multivalued map, u.s.c. with closed
convex values. By applying Theorem 2.15, we can deduce that Ny has a fixed
point x which is a mild solution of problem (Py). O

Now, for each ¥ € C let 5[,,717] (W) be the set of mild solutions of (Ry) and
consider the multivalued function 5[,%] : Cop — 29. In the following theorem,
we give some topological properties of § [—rb]-

Theorem 3.2. Ifthe hypotheses of Theorem 3.1 hold then we have the following:
(i) for every ¥ € Cy, the set S (—r.p)(¥) is nonempty and compact in ©.
(ii) The multivalued function S )t Co— Py(®) is upper semicontinuous.

Proof. Let ¥ € Cy. From Theorem 3.1, the set §[,,7b] (¥) is nonempty.In order
to prove S'[,nb] (¥) is compact, we consider the multivalued function Ny : ©
— 29 —{¢} defined in Theorem 3.1 as: for any x € © we have y € Ny(x) if and
only if

y(t) = { ¥(t) —g(x), t € [-r,0],
Ki(6)(®(0—g(x) )+ Ji(t — )17 K (t — 5) f(s)ds, t € .

Clearly 5[,,,1,] (¥) = Fix(Ny). As a consequence of Theorem 3.1, Ny is
completely continuous with closed and compact values. Consequently, it is
x —condensing where ¥ is the Hausdorff measure of noncompactness. From
Theorem 2.16, we need only to show that the set of fixed points for Ny is
bounded. So, let x € Fix(Ny).Then x € Ny (x), therefore there is f € Sk (. z(.)x)
such that

x(t) = { (1) —g(x), t € [-r0],
K1) ((0) = g(x) + fy(a =) Kol =)/ (s)ds, 1 € J.

If t € [—r,0] then

sup || x(2) [|<[[ (@) [| + [ ¢(x) ]

t€[-r0]

<[l +ellx] +d. (14)
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If r €J, then
M ¢ q—]
sup | 1) 1| <M (1 %(0) 1+ 1 806) )+ prs [ =517 7(6) (1 |1 s
te] I'(g) Jo
M(1+ || x g _
<M (2O x]+0)+ ML oo o
ML+ ) i
<M (||¥| +cl|| x| +d)+ ———= —.
1+l +a)+ PUELED oy 207
15)
From (14) and (15) one obtains for every ¢t € J
M(L+ | x]lo) oo

[xlle <M +1)(IW]+e [[x[le+d)+

Ingl

I'(q))

Thus, by condition (5), the previous inequality can be written as

vrurn M0

M o
M+ (|| +d)+ —— bil>
(M +1) (1Y + )*‘r(q)|’VHLéUR+>n‘

[ xlo<

M -
1—[c(M +1)+—=— bz
[C ( ) F(C]) ” Y ||L%(J,1R+) n! ]

This means that Fix(Ny) is bounded. By applying Theorem 2.16, we conclude
that the set § (—rp) (') is compact.

(i1) Arguing again as in Theorem 3.1, we can show that the multivalued
function S|_,;; is closed. Since its values are compact, then itis u.s.c. O

3.2. Nonconvex Case.

In this section, we are concerned with an existence result for (Py) with non-
convex valued right-hand side. Let £ = R" and H be the Hausdorff distance
on P, (E). We make the following conditions:

[HAz] A : D(A) — A is the infinitesimal generator of a Cp-semigroup of
bounded linear operator 7'(¢) in E such that

|7 ()] z(rey <M for some M >0

[HF3] The multivalued function F : J x Co — P, (E) has the property that
for every x € Cy,t — F(t,x) is measurable.

[HF4| There exists @ € Le (J,R1),0 € (0,q) such that for every @, y € C

H(F (t,9),F (t,y)) <o) | ¢ — v |, ae for t €J, (16)
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and
d (0,F (t,0)) < 0(t) for a.e,t €J. (17)

[HZ,] g :0® — E is afunction such that there is a positive constant ¢ with

I 'g(z)—gw) [ <¢ [[z—w [le forall z,we®. (18)

Theorem 3.3. Let assumptions[HA), [HF3), [HF4] and [Hy) be satisfied. Then,
the problem (Py) has at least one mild solution on |—r,b| provided that,
X

L%(J«RH bi1°

L(q) ni-°

Proof. At first from Lemma 2.14, [HF3] and [HF4] we conclude that for every
x € ® the multivalued function t — F (¢, 7(¢)x) is measurable with closed values,
hence from (17) the set Sg(. 7(.)) is nonempty. In order to transform the problem
(Py) into a fixed point problem, we shall show that the mulivalued function Ny,
defined in (6), satisfies the assumptions of Theorem 2.17. We divide the proof
into two steps.

First step. The values of Ny are nonempty and closed.

The values of Ny are nonempty since for each x € ©, the set Sg (. 7()y) 1s
nonempty. Now let{y,},.ry € Ng(x) such that y, — y in ©.Then for any n > 1
there exists f, € Sp(.z(.)x) such that

)<1 (19)

() = { ()~ gl 1€ [7r0)
n K1 (£)(P(0—g(x)) + fo(t — )T ' Ka(t —5) fu(s)ds, t € J.

Obviously, y(t) = ¥(t) — g(x); t € [—r,0]. Moreover, since F(z,0) is closed, for
any t € J, there is v(r) € F(z,0) such that || v(¢) ||= d ( 0,F(¢,0)). Then from
(16) and (17) we conclude that for any n > 1 and for a.e.t € J

4@ [T <l v(@) [ + 11 v(e) = fule) |
d (0,F(#,0))+ [ v(t) = fu(®) |
(1) +H(F(1,7(t)x), F(2,0))
o(r)+ o) || (t)x ||
o(r)(1+ || x [])-
This show that the set {f, :n > 1} is integrably bounded, hence the set

{fu(t) : n > 1} is relativity compact in R" for a.e.t € J. Then, there exists a
subsequence still denoted { f,} which converges to a function f. Using the fact

<
<
<
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that the values of F(z,7(¢)x) are closed to obtain f(¢) € F(t,7(f)x),a.e., hence
J €SF (. z()x)- Then the Lebesgue dominated convergence theorem implies that,
asn — oo, foreachr € J

y(6) = limy, (1) =k () [2(0) — ¢(a) |+ [ (1 =5)7" Kalr —5)F(5)ds.

n—yod

So,y € Ny (x) .
Second step. Ny is contraction, that is there exists 1 > p > 0, such that

H (Ng(x1),Np(x2)) < p ||x1 —xa|, ¥x1,x0 € ©.

Let x1,x2 € ® and y; € Ny (x1).Then there exists fi € Sp(. ¢(.)x,) such that,

i (t) :{ () —g(x1), t € [-1,0],
1 Ki(t)(P(0—g(x1))+ fo(t =) ' K (t — ) fi(s)ds, t €.

Condition [HF;] tells us that
H(F(t,7(t)x1),F(t,(t(t)x)) < 0(t) [|[T(t)x1 — t(t)x2) |, ;a-et €J.
Hence there is u, € F(t,(7(¢)x2) such that
[1/1(0) —w || < @) |2(t)x —T(0)xallg, .2 € J.
Then consider the multifunction U : J — 2F defined by
Ut)={p € E:||Ai(1)—pl] <0@)|[t(t)x—1(1)xallc }.1 € J.

Since fi,®,7(.)x;,7(.)x; are measurable, Theorem IIL.41 [12] tells us that
the closed set U(z) is measurable. Finally the set A(z) = U(¢t) NF(t,7(t)xz) is
nonempty since it contains u,. Therefore the multivalued map t — A(¢) is mea-
surable with nonempty closed values (see[12]). Hence,there exists a function
/2, which is measurable selection for A. Thus f>(¢) € F(t,7(f)x;) and

/1) = 20| < 0@) [[7(t)x1 —T(0)x2ll, 2 €. (20)

Let us define

(t) = { W(t) —g(x2), 1 € [-1,0),
Ki(t)(W(0) — g(x2)) + fo (t — )7 ' Ka(t — 5) fa(s)ds, t € J.

For t € [-r,0], by [Hy]

[y () =320 <[l g(x1) —g(x2) IS [[x1 —x2 [le @D
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For ¢t € J, we have from (20)

326 —3200) |
<M | glw1) =) |+ [ (=) i) = o) | s
<Mg|xi-xe +F1Zz) /Ot(z ) 0(s) 1)1 — ()0 ds
<Mg|xi—x2le +F]Z])/Ot(t—s)qla)(s) | x1—x2 ||o ds
SH X1 — X2 ”@ M(g—l— r,(lq)/ot(l—s)qlw(s)ds
| @ HL% O
<Ixi—xle M(c+ F(q)« - nH;)- (22)

By analogous relation, obtained by interchanging the roles of yjand y,, it
follows from (21) and (22) that

(,R4) b °

H(Ng(x1), Ny(x2)) <M (g + nl,g)HM—MH'

—~| =~
| a-
=

~

This proves that Ny is contraction, and thus, by Theorem 2.17, Ny has a
fixed point which is a mild solution of problem (Py). O

Corollary 3.4. In addition of assumptions of Theorem 3.3 if the values of F are
nonempty and compact, then S [=rb] (W) is nonempty and compact.

Proof. From Theorem 3.3 we conclude that the set of solutions for (Py) is
nonempty. By arguing as in Theorem 3.3 (i), one can show that the set of fixed
points for Ny is bounded. Since the contraction multifunctions with compact
values in normed vector space is condensing, hence by Theorem 2.16 we con-
clude that the set S’Fr’b] (W) is compact in ©. O

Remark 3.5. Theorem 3.3 still holds for infinite dimensional separable Banach
spaces if we suppose that the values of F are in Py (E). Indeed, as in the proof
of Theorem 3.3, one can show that My is contraction with nonempty values.
Moreover, by following the same arguments used in Step 1 (ii) in the proof of
Theorem 3.1, we can show that the values of Ny are closed. Thus, by Theorem
2.17, Ny has a fixed point which is a mild solution of problem (Ry).
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Conclusion

In this paper, existence results of fractional-order semilinear functional differen-
tial inclusions with nonlocal conditions have been obtained in convex as well as
nonconvex case. Conditions are strictly weaker than some of the existing ones.
In addition, the topological structure of the solution set is studied.
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