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UNIFICATION OF ALMOST STRONGLY
t1,~-CONTINUOUS FUNCTIONS

BISHWAMBHAR ROY

We introduce a new type of functions called almost strongly ft,-con-
tinuous functions which unifies some weak forms of almost strongly 6-
continuous functions and investigate their properties.

1. Introduction

In topology weak forms of open sets play an important role in the generalization
of different forms of continuity. Using different forms of open sets many authors
have introduced and studied various types of continuity. In this paper a unified
version of some types of continuity from a generalized topological space to a
topological space has been introduced where a generalized topology was first
introduced by A. Csdszér (see [5-9]).

We recall some notions defined in [5]. Let X be a non-empty set, expX
denotes the power set of X. We call a class u € expX a generalized topology
[5], (briefly, GT) if @ € u and union of elements of u belongs to u. A set X,
with a GT u on it is said to be a generalized topological space (briefly, GTS)
and is denoted by (X, u).
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For a GTS (X, i), the elements of u are called p-open sets and the comple-
ment of p-open sets are called p-closed sets. For A € X, we denote by c, (A)
the intersection of all y-closed sets containing A, i.e., the smallest u-closed set
containing A; and by i, (A) the union of all u-open sets contained in A, i.e., the
largest p-open set contained in A (see [3, 6]).

It is easy to observe that i, and ¢, are idempotent and monotonic, where
y:expX — expX is said to be idempotent iff A € B C X implies y(y(A)) = y(A)
and monotonic iff y(A) € y(B). It is also well known from [6, 7] that if u is a
GTonX and AS X, x€ X, thenx € c,(A)iff xe M e u = MNA# @ and
c,(X\A)=X\i,(A).

The p(0)-closure [7] (resp. w(6)-interior [7]) of a subset A in a GTS (X, 1)
is denoted by ¢, , (A) (resp. i, (A)) and is defined to be the set {x € X : ¢, (U) N
A # @ for each U € u(x)} (resp. {x € X : there exists U € u(x) such that
c,(U) S A}), where u(x) = {U € p:x € U}. Tt is well known from [13] that
ina GTS (X, 1), X\ ¢, (A) =i, (X \A) and X \i,, (A) =c,, (X \A). A set
Ais called p1(6)-closed if ¢, , (A) = A. The complement of a 1(6)-closed set
is called p(6)-open. For any p-open set U in a GTS (X, 1), ¢, (U) = ¢, (U)
(see [17]).

Let (X,7) be a topological space. The O-closure [21] of a subset A of a
topological space (X, 7) is denoted by ¢/, (A) and is defined by {x e X :ANU #
& for all regular open sets U containing x}, where a subset A is called regular
open if A = int(cl(A)). A is called §-closed if cl/;(A) = A. The complement
of a §-closed set is called §-open. It is known from [21] that the family of all
d-open sets forms a topology on X which is smaller than the original topology.
A subset A of X is called semi-open [11] (resp. preopen [12], B-open [1]) if
A C cl(int(A)) (resp. A S int(cl(A)), A € cl(int(cl(A)))). The complement of a
semi-open (resp. preopen, f3-open) set is called a semi-closed (resp. preclosed,
B-closed) set. The semi-closure of a set A is denoted by sc/(A) and defined by
the smallest semi-closed set containing A [4].

Hereafter, throughout the paper we shall use (X, i) to mean a generalized
topological space and (Y, o) to be a topological space unless otherwise stated.

2. Almost strongly L1, -continuous functions

Definition 2.1. A function f : (X,u) — (Y,0) is said to be almost strongly
U,-continuous (resp. strongly (-0-continuous [17]) at x € X if for each open
set V of Y containing f(x), there exists U € p(x) such that f(c, (U)) S scl(V)
(resp. f(cu(U)) C V). If fis almost strongly u,-continuous (resp. strongly -
0-continuous) at each point of X then f is called almost strongly u,-continuous
(resp. strongly p-6-continuous) on X.
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It follows from Definition 2.1 that strong 6-p-continuity = almost strong
U, -continuity. The implication is not reversible as shown by the next example.

Example 2.2. Let X =Y = {a,b,c}, u = {@,{a},{a,b},{b,c},X} and 0 =
{@,{a},{c},{a,c},{b,c},X}. Then u is a GT on X and o is a topology on
X. It can be easily verified that the identity function f : (X,u) — (¥, o) is not
strongly @-(i-continuous but almost strongly t,-continuous.

Theorem 2.3. For a function f: (X, ) — (Y, 0) the followings are equivalent:
(i) f is almost strongly |,-continuous;

(ii) f~1(V) is w(6)-open for each regular open setV of Y;

(iii) f~1(K) is u(0)-closed for each regular closed set K of Y;

(iv) For each x € X and each regular open set V of Y containing f(x), there
exists U € p(x) such that f(c,(U)) EV;

(v) f~1(V) is u(8)-open for each 5-open setV of Y;

(vi) f~Y(F) is u(8)-closed for each 8-closed set F of Y ;

(vii) f(c, 6 (A )) Cel (f( )) for each subset A of X;

(viii) ¢, ) ( Y(B)) € f~!(cl5(B)) for each subset B of Y;
(ix) £~ (inty (B )) Ci ﬂ 0 (f_l(B))for each subset B of Y ;
(x) f~H(V) S o0~ (scl(V))) for each open set V of Y.

Proof. (i) = (ii) Let V be a regular open setin Y and x € f~! (V). Then by (i)
there exists a p-open set U containing x such that f(c,(U)) S scl(V) =V (as
V is regular open). Thusx e U S ¢, (U) € f~'(V). Thus x € Lye) (f~'(V)) and
hence f~1(V) C Lo, (f~Y(V)). Thus f~1(V) = Lo, (f~1(v)) showing f~1(V)
to be 1 (6)-open.

(ii) = (iii) Let K be a regular closed set of Y. Then by (ii), X \ f~1(K) =

~1(Y \K) is 1(6)-open showing f~!(K) to be p(8)-closed.

(iii) = (iv) Let x € X and V be a regular open set in Y with f(x) € V. Then
X\fWV)=FHY\V) = e, (FTHYAV)) (by (i) =X\ i, (f (V). Thus
i) = i) (f~'(V)). So there exists a -open set U containing x such that
c,(U) € f~1(V). Hence f(c,(U)) S V.

(iv) = (v) Let V be a 8-open set in ¥ and x € f~!(V). So there exists a
regular open set G in Y such that f(x) € G £ V. Thus by (iv), there exists a u-
open set U containing x such that f(c,(U)) EG. Soxe U S¢,(U) S f~1(V).
Thus x € i, (f~'(V)). Hence f~'(V) S (f71(V)). Thus f~1(V) is u(6)-
open.

(v) = (vi) Let F be a -closed set of Y. Then by (v), f~'(F) =X\ f1(¥Y\

F)=X\i,, ("~ Y(Y\F)) = Cuio) (f~'(F)). Thus f~'(F) is u(8)-closed.

(vi) = (vii) Let A be a subset of X. Then cl,(f(A)) is 0-closed in Y. Thus

by (4. £ el (F(4))) = €, (F(el, (F(A))))- Letx & £ (cl, (F(A))). Thus
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there exists a ft-open set U containing x such that ¢, (U) N £~ (cl, (f(A))) =
Hence ¢, (U)NA = @. Hence x Z ¢, , (A). Thus f( Cu0(A)) E cls(f(A)).

(vii) = (viii) Let B be a subset of Y. Then by (vii), f(c,, (f'(B))) &
cl,(B). Hence ¢, , (f~'(B)) S f~'(cls(B)).

(viii) = (ix) Let B be a subset of Y and x € f~!(int;(B)). Then f(x) €
int;(B). So f(x) & cl,(Y \ B). Hence x & f~!(cl,(Y \ B)). Thus by (viii), x ¢
Cuo) (f (Y \B)) =X \i, (f7'(B)). Hencex €, (f~'(B)).

Thus ! (int;(B)) C i, (/' (B)).

(ix) = (x) Let V be an open set of Y. Then V C int(cl(V)) € intg(scl(V))
and hence by (ix), ' (V) € f~! (ints(scl(V))) S i (f ' (s¢1(V))).

(x) = (i) Let V be an open set in ¥ containing f(x). Then x € f~1(V) €
10 ( f~Y(scl(V))). Thus there exists a p-open set U containing x such that
x€U Cec,(U) S f'(scl(V)). This shows that f(e,(U)) € scl(V), showing
that f is almost strongly t,-continuous. 0

Theorem 2.4. For a function f : (X, ) — (Y, 0) the followings are equivalent:
(a) f is almost strongly U,-continuous;

(b) ¢, (f~Ycl(int(F)))) € f~Y(F) for each closed subset F of Y,

(c) c#(e (f~Y(cl(int(cl(B))))) € f~'(cl(B)) for each subset B of Y ;

(d) f~(int(B)) S o) (f~(int(cl(int(B))))) for each B subset of Y.

Proof. (a) = (b) Let F be a closed subset of Y. Then X \ f~'(F) = f~1(Y \ F)
C iy (el \)))) =y (06 (el () =
X\ ¢y (f~cl(int(F)))). Therefore, Coio (f ™ Yel(int(F)))) € f~1(F).

(b) = (c) Follows from (b), by taking F' = cl(B).

(c) = (d) Let B be a subset of Y. Then f~!(int(B)) =X\ f~'(cl(Y \B)) €
X\ ¢ (f (cl(int(cl(Y \B))))) = i,y (f " (int(cl(int(B)))))-
Thus f~!(int(B)) C i (e)(f* (int(cl(int(B))))).

(d) = (a) Let V be any regular open set of Y. Then by (d) v )

iu(e) (f—l(V)) and hence f~ ( ) = z”(e> (f_ (V)). Therefore, f~ ( )is u(6
open. Hence by Theorem 2.3, f is almost strongly u,-continuous.

[:J‘-/Ilﬂ

Theorem 2.5. For a function f: (X, 1) — (Y,0) the followings are equivalent:
(a) f is almost strongly W,-continuous;

(b) ¢, (f~YV)) S £ 1(cl(V)) for each B-open setV of Y;

(¢) €, (f~1(V)) S £~ Ycl(V)) for each semi-open set V of Y;

(d) f~1(v)C Iye) (f~Y(int(cl(V)))) for each preopen setV of Y.

Proof. (a) = (b) Let V be a B-open set of Y. Then by (a) and Theorem 2.4,
Cuo (f 1 (V)) S ) (f(cl(imt (cl(V))))) S f1 (el (V). Thus ¢, (f~(V))
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€ 1 (cl(V)).

(b) = (c) This follows from the fact that every semi open set is 3-open.

(c) = (d) Let V be a pre-open set of Y. Then Y \ V is preclosed in ¥ and
hence cl(int(Y \V)) S Y\ V. Since cl(int(Y \ V)) is regular closed, it is semi-
open in Y. Thus by (iii), ¢, (f ' (cl(int(Y \V)))) S f~(cl(int(Y \V))) €
SHY\V). Therefore, f~'(V) S X\ ¢, (f(cl(int(Y\V)))) =X \ ¢, (X \
SN it (el (V)))) = iy (f ' (in (el (V).

(d) = (a) Let V be aregular open set of Y. Then V is pre-open and f~!(V) €
i) (f~int(cl(V)))) = Lo, (f~Y(V)). Thus f~'(V) is u(6)-open. Hence by
Theorem 2.3, f is almost strongly (1, -continuous. O

Definition 2.6. A function f: (X,u) — (Y, 0) is said to be (i, o)-continuous at
x € X if for each open set V of Y containing f(x), there exists U € y containing
x such that f(U) S V.

It can be checked that a function f: (X,u) — (Y, 0) is (i, o)-continuous if
and only if the primage of each open set in Y is t-open in X.

Theorem 2.7. Let (Y,0) be a regular space. Then for a function f: (X, 1) —
(Y, 0) the followings are equivalent:

(a) f is (U, 0)-continuous;

(b) f is strongly u-0-continuous;

(c) f is almost strongly W,-continuous.

Proof. (a) = (b) Let x € X and V be an open set of Y containing f(x). Since
Y is regular, there exists an open set G such that f(x) € G < ¢/(G) £ V. Since
f is (1, 0)-continuous, there exists U € u containing x such that f(U) € G.
We shall show that f(c,(U)) & cl(G). Lety & cl(G). Then there exists an
open set H containing y such that GNH = @. Since f is (4, o)-continuous,
fYH)=i,(f"(H)) and f~'(H)NU = @. We shall now show that f~'(H)N
c,(U)=@. If fT1(H)Nc,(U) # @ then i, (f'(H))Nc,(U) # 2. Let z €
i,(f"(H))Nc,(U)# @. Then z €i,(f'(H)) and z € c,(U). Then there
exists V € p containing z such that V C f~!(H). AlsoVNU # @ (asz€ ¢, (U))
implies that /' (H) NU # @ - a contradiction. Thus HN f(c, (U)) = @. Hence
y¢& f(c,(U))sothat f(c,(U)) S cl(G) S V. Thus f is strongly u-6-continuous.

(b) = (c) This is trivial.

(c) = (a) Letx € X and V be an open set of Y containing f(x). Since (¥,0)
is regular, there exists an open set G in Y such that x € G € ¢l(G) £ V. Since
f is almost strongly u,-continuous, there exists U € u containing x such that
fle,(U)) S cl(G) S V;hence f(U) S V. Thus f is (i, 6)-continuous. O
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Definition 2.8. A topological space (X, 7) is said to be almost regular [20] if
for any regular closed set F and any point x € X \ F, there exist disjoint open
sets U and V such that x e U and F S V.

Definition 2.9. A function f: (X,u) — (¥, 0) is called u-6-continuous at x € X
if for each open set V of Y containing f(x), there exists U € u containing x such
that f(c,(U)) S cl(V).

Theorem 2.10. If a function f: (X,u) — (Y,0) is p-0-continuous and (Y, o)
is almost regular, then f is almost strongly U,-continuous.

Proof. Let x € X and V be an open set of Y containing f(x). Since (¥,0) is
almost regular, there exists a regular open set G of Y, such that f(x) € G €
cl(G) S int(cl(V)) (see [20]). Since f is u-6-continuous, there exists U €

 containing x such that f(c,(U)) & cl(G) S int(cl(V)) = scl(V). Thus f is
almost strongly p,-continuous. O

Definition 2.11. Let (X,u) be a GTS. A subset A of X said to be weakly u-
compact relative to X [18] if every cover of A by p-open subsets of X has a
finite subfamily, the union of the u-closures of whose members covers A. If
A =X, then we say X is weakly p-compact.

A topological space (X, 7) is called quasi H-closed [2] if every open cover
of X has a finite subfamily whose closures cover X.

Theorem 2.12. If a function f : (X,u) — (Y,0) is u-0-continuous from a
weakly p-compact space (X,U) to a Uryshon space (Y,0), then f is almost
strongly W, -continuous.

Proof. We shall first show that (Y, o) is quasi H-closed. Let {V, : o € A} be an
open cover of X. Then for each x € X there exists a(x) € A such that f(x) €V, .
Since f is u-8-continuous, there exists a p-open set U_ containing x such that
f(c,(U,)) Ecl(V,,). Then the family {U, : x € X} is a cover of X by u-open
sets of X. Since (X, i) is weakly p-compact, there exist finite number of points,
say X,, X,, ..., X, in X such that X = U{c, (U, ) :i=1,2,...,n}. Thus we have
Y =f(X)=U{f(c,(U,)):i=1,2,...,n} SU{cl(V,) :i=1,2,...,n}. Since
every quasi H-closed Urysohn space is almost regular [16], by Theorem 2.10, f
is almost strongly (,-continuous. O

3. Properties of almost strong L1, -continuity

Definition 3.1. A GTS (X, u) is said to be p-Urysohn if for any two distinct
points x and y in X, there exist U and V in u containing x and y respectively
such that ¢, (U) N, (V) = @.
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Theorem 3.2. If f: (X,u) — (Y, 0) is an almost strongly W,-continuous injec-
tion and (Y, o) is Hausdorff, then (X, 1) is w-Urysohn.

Proof. Let x, and x, be any two distinct points of X. Then f(x,) # f(x,). Thus
there exist two open sets V, and V, containing f(x,) and f(x,) respectively such
that V, NV, = @. Hence scl(V,) Nscl(V,) = @. Since f is almost strongly 1, -
continuous, there exist U, € u containing x, such that f(c,(U,)) & scl(V,) for
i=1,2. Thus ¢, (U;)Nc,(U,) = @. Hence (X, i) is u-Urysohn. O

Theorem 3.3. Let (X, 1) be a GTS. If for any two distinct points there exists a
function f from (X, 1) onto a Hausdorff space (Y, ©) such that (i) f(x,) # f(x,)
(ii) f is W-O-continuous at x, and (iii) f is almost strongly W,-continuous at x,
then (X, ) is u-Urysohn.

Proof. Let x, and x, be any two distinct points of X. Then by hypothesis there
exists a function f: (X,u) — (Y,0) satisfying the given conditions, where
(Y,o0) is Hausdorff. Let y, = f(x,), for i = 1,2. Then y, # y,. Thus there
exist two disjoint open sets V, and V, containing y, and y, respectively such
that V, NV, = @. Thus cl(V,)Nscl(V,) = @. Since f is u-6-continuous at
x,, there exists U; € u containing x, such that f(c,(U,)) € cl(V,). Since f
is almost strongly u,-continuous at x,, there exists U, € i containing x, such
that f(c,(U,)) & scl(V,). Thus ¢, (U,)N¢,(U,) = @ showing (X, u) to be u-
Urysohn. OJ

Theorem 3.4. Let i and A be two GT’s on a non-empty set X such that U € 1
andV € A implies that U NV € u and (Y, 0) be a Hausdorff space. If a function
f:(X,u) = (Y,0) is almost strongly ,-continuous and a function g : (X, A) —
(Y,0) is A-0-continuous, then A = {x € X : f(x) = g(x)} is u(0)-closed.

Proof. Let x € X \ A, then f(x) # g(x). Since (Y, o) is Hausdorff, there exist
V, and V, containing f(x) and g(x) respectively such that V, NV, = &, hence
scl(V,)Ncl(V,) = @. Since f is almost strongly 1,-continuous at x, there exists
U, € u containing x such that f(c, (U,)) S scl(V,). Since g is A-0-continuous at
x, there exists U, € u containing x such that g(c, (U,)) E cl(V,). Let U =U, N
U,,thenx € U € pand f(c,(U,)) Ng(c, (U,)) = 3. Therefore, c,(U)NA = @.
Thus x ¢ ¢, , (A). Thus A is p(6)-closed. O

Definition 3.5. A function f: (X,u) — (Y, 0) is said to have an almost strongly
U,-closed graph if for each (x,y) € X x Y \ G(f), there exist a p-open set U in
X containing x and an open set V in Y containing y such that (c, (U) x scl/(V))N

G(f)=2.
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Lemma 3.6. A function f: (X,u) — (Y,0) has an almost strongly W,-closed
graph if and only if for each (x,y) € X XY\ G(f), there exist a pL-open set U in X
containing x and an open setV inY containing y such that f(c,(U))Nscl(V) =
<.

Theorem 3.7. If a function f: (X,u) — (Y,0) is almost u,-continuous and
(Y, o) is Hausdorff, then G(f) is almost strongly u,-closed.

Proof. Suppose that (x,y) € X XY\ G(f). Theny # f(x). Since (Y, o) is Haus-
dorff, there exist disjoint open sets V and H in Y containing y and f(x) respec-
tively, hence scl(V) Nscl(H) = @. Since f is almost u,-continuous at x there
exists a p-open set U containing x such that f(c,(U)) & scl(H). So this im-
plies that f(c,(U)) Nscl(V) = @. Thus by Lemma 3.6, G(f) is almost strongly
U,-closed. 0

Definition 3.8. A subset A of a topological space (Y, o) is said to be N-closed
relative to Y [3] if for any cover {V,, : & € A} of A by open sets of (Y, o), there
exists a finite subset A, of A suchthat A € U{scl(V,):a € A,}. IfY is N-closed
relative to (Y, o), then (Y, o) is said to be nearly compact [19].

Theorem 3.9. If f : (X,u) — (Y,0) is an almost strongly W,-continuous func-
tion and A is weakly p-compact relative to (X, 1), then f(A) is N-closed relative
to (Y,0).

Proof. Let A be weakly pu-closed relative to (X,u). Let {V, : o € A} be any
cover of f(A) by open sets of (Y,5). Then for each x € A, there exists at(x) € A
such that f(x) € V- Since f is an almost strongly i, -continuous function,
there exists a p-open set U, containing x such that f(c, (U,)) & scl(V,, ). Thus
the family {U_ : x € A} is a cover of A by p-open sets of X. Thus there exists a
finite number of points, say, x,,x,,...,x, in A such that A S U{c, (Uy,) : x; €A,i =
1,2,...,n}. Therefore, we have f(A) € U{f(c,(Uy)) :xi €A,i=1,2,...n}
U{scl(Vy,) :xi €A,i=1,2,....,n}. Thus f(A) is N-closed relative to (Y,c). O

Corollary 3.10. If f: (X, 1) — (Y, 0) is an almost strongly [, -continuous sur-
Jjection and X is weakly \-compact, then Y is nearly compact.

Definition 3.11. A GTS (X, ) is said to be u-hyperconnected [10] if ¢, (U) =
X for each p-open set U of X. If (X, T) be a topological space and u = 7, then
a -hyperconnected space reduces to a hyperconnected space i.e., a topological
space (X, 7) is said to be hyperconnected [15] if every open set is dense in X.

Theorem 3.12. If f : (X,u) — (Y, 0) is an almost strongly [,-continuous sur-
Jjection and (X, 1) is U-hyperconnected, then (Y, o) is hyperconnected.
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Proof. LetV be a non-empty open subset of Y. Since f is surjective, there exist
x € f71(V) and U € p containing x such that f(c,(U)) € scl(V) i.e., f(X) S
scl(V) (as X is p-hyperconnected). Thus by surjectiveness of f, Y € scl(V) &
cl(V'). This shows that Y is hyperconnected. O

Definition 3.13. For any subset A of a GTS (X,u), the u, -frontier of A is
denoted by Fry, (A) and defined by Fry, (A) = c,, (A)Nc,q (X \A).

CMG

Theorem 3.14. The set of all points x € X at which a function f: (X,u) —
(Y,0) is not almost strongly |L,-continuous is identical with the union of Mo
frontiers of the inverse images of regular open sets containing f(x).

Proof. Suppose that f is not almost strongly p,-continuous at x € X. Then
there exists a regular open set V of ¥ containing f(x) such that f(c,(U)) is not
contained in V for every p-open set U containing x. Then ¢, (U)NX\ f~1(V) #
@ for every p-open set U containing x and hence x € ¢, , (X \ f~HY(V)). Also
xe fHV) S e, (f1(V)) and hence x € Fry, (f~1(V)).

Conversely, suppose that f is almost strongly (,-continuous at x € X and
let V be any regular open set of ¥ containing f(x). Then by Theorem 2.3,
x€ FNV) Sy (F 7 (56U(V))) =iy (f~ (V). Therefore x & Fry, (/7(V))
for every regular open set V containing f(x). This completes the proof. O
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