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DIFFERENTIAL SANDWICH THEOREMS FOR
HIGHER-ORDER DERIVATIVES OF p-VALENT FUNCTIONS
INVOLVING A GENERALIZED DIFFERENTIAL OPERATOR

M. K. AOUF - R. M. EL-ASHWAH - A. M. ABD-ELTAWAB

In the present article, we obtain some applications of first order dif-
ferential subordination, superordination and sandwich results for higher-
order derivatives of p-valent functions involving a generalized differential
operator. Some of our results improve and generalize previously known
results.

1. Introduction

Let H (U) be the class of analytic functions in the open unit disk U = {z € C:
|z| < 1} and let H]a, p] be the subclass of H (U) consisting of functions of the
form:

f@)=a+tay?? +a,z’™ ... (@a€C; peN={1,2,...}).
For simplicity H[a] = H|[a, 1]. Also, let A (p) be the subclass of H (U) consist-

ing of functions of the form:

flz)=2"+ i aZ (peN), (1)
k=p+1
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which are p—valent in U. We write A (1) = A.

If f, g € H(U), we say that f is subordinate to g or g is superordinate to f,
written f (z) < g(z) if there exists a Schwarz function w, which (by definition)
is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) =
g(w(z)), z € U. Furthermore, if the function g is univalent in U, then we have
the following equivalence, (cf., e.g.,[12], [21] and [22]):

f(z) < ¢(z) & f(0) = g(0) and f(U) C g(U).

Let ¢ : C?> x U — C and / be univalent function in U. If 8 is analytic function
in U and satisfies the first order differential subordination:

6 (B2).B ()5z) <h(2). @

then B is a solution of the differential subordination (2). The univalent function
q is called a dominant of the solutions of the differential subordination (2) if
B (z) < gq(z) for all B satisfying (2). A univalent dominant g that satisfies § < ¢
for all dominants of (2) is called the best dominant. If § and ¢ are univalent
functions in U and if satisfies first order differential superordination:

h(:) <0 (B ()28 (2):2). ©

then f is a solution of the differential superordination (3). An analytic function
q is called a subordinant of the solutions of the differential superordination (3)
if ¢(z) < B (z) for all B satisfying (3). A univalent subordinant g that satisfies
q(z) < G (z) for all subordinants of (3) is called the best subordinant.

Using the results of Miller and Mocanu [22], Bulboaca [11] considered cer-
tain classes of first order differential superordinations as well as superordina-
tion-preserving integral operators [12]. Ali et al. [1], have used the results of
Bulboaca [11] to obtain sufficient conditions for normalized analytic functions
f € Ato satisfy:
zf'(2)

f(z)

where g and ¢, are given univalent functions in U with ¢ (0) = ¢2(0) = 1. Also,
Tuneski [30] obtained a sufficient condition for starlikeness of f € A in terms

q1(z) < < q2(2),

1/
of the quantity M Recently, Shanmugam et al. [28] obtained sufficient
f/ z 2
conditions for the normalized analytic function f € A to satisfy
flz
CREASSRPNE
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and

21@
a1(2) < e 42(2)-

For functions f € A(p) given by (1) and g € A(p) given by
gx)=2+ Y b (peN), )
k=p+1
the Hadamard product (or convolution) of f and g is given by
(fx8) (@) =2"+ Y abid=(g+f)(2). )
k=p+1

Upon differentiating both sides of (5) j—times with respect to z, we have

(f+9V @) =8+ Y 8(kij)axbid, ©6)
k=p+1
where |
o(p;j)= = peN;jeNy=NU{0}). 7
(s ) =) (p>jip €N;j €N {0}) )

For functlons f ,8 € A(p), Aoufetal. [6] (see also [7]) define the linear operator
n (Fx9)V A(p) = A(p) by

o (Fxg) (2)

. > —jH+A(k— " ;
=0(p;j)e 7+ Z (p s (. p)) S (ks j) agbyz* ™7
k=p+1 pP—J

(A>0;p>jipeN; jneNyzeU). (8)

From (8), we can easily deduce that

/

(b, (797 @) =03} 7+9)7 @) (1= )Y, (=0

(A>0;p>jipeN;n,jeNyzeU). 9)
We observe that the linear operator DI}l,p (f = g)(j ) (z) reduces to several in-

teresting many other linear operators considered earlier for different choices of
Jj,n,A and the function g:
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(i) For j =0, D} , (f*g)(j) = Dﬁﬂp (f*g), where the operator Dﬁ‘p (f*g)
(A >0, pe N,n e Ny) was introduced and studied by Selvaraj et al. [26] (see
also [10]) and D% | (f*g)(z) = D (f *g) (z), where the operator D} (f*g)
was introduced by Aouf and Mostafa [9];
(ii) For
7P
8(x)=7—(peNizelU) (10)

-z
we have D} (Fxg) (2) = szf(j)(z), Dﬁmf(o)(z) = Dj ,f(z), where the
operator Dl}l,p is the p—valent Al-Oboudi operator which was introduced by
El-Ashwah and Aouf [17], D} ,f D (z) = DL f ()(z), where the operator DLf )
(p> j,p € N,n,j € Ny) was introduced and studied by Aouf [3,4] and D’l’?pf(o)
= D) f , where the operator D), is the p—valent Saldgean operator which was
introduced and studied by Kamali and Orhan [18] (see also [8]);
(iii) For

g(z) — P+ Z (al)kp::-(aq)kp Zk (Z e U), (11)

(for complex parameters o ,...,0, and Bi,...,Bs (B ¢ Zy ={0,—1,-2,...},
j=1,...,8);q<s+1;p €N, q, s € Ny) where (v); is the Pochhammer symbol
defined in terms to the Gamma function I', by

_I(v+k) [ 1 (k=0),
(V)"_r(v)_{ v(v+1)(v+2)...(v+k—1) (keN).

we have D (f+g)V) () = D} (Hp (o) f)"V (z) and DY (f+)" (z) =
H, ,s(0n)f(z), where the operator H,, , () is the Dziok-Srivastava operator
which was introduced and studied by Dziok and Srivastava [15,16] and which
contains in turn many interesting operators such as, Hj(a,1;¢) = L(a,c),
where the operator L(a,c) was introduced by Carlson and Shaffer [13];

(iv) For
- o (prltak—p)\" 4
g(z)—zp+k_zp“+l< Y ) z (12)

(x>0,1>0;, peN;meNy;zeU),

we have D (f+g)Y (2) = D}, (Ip(m,,)f)"7) (z) and DY (f+g)"" (z) =
I,(m,a,l)f(z), where the operator I,(m,a,l) was introduced and studied by
Citas [14] which contains in turn many interesting operators such as, 1,,(m, 1,1)
=1I,(m,l), where the operator /,(m,[) was investigated by Kumar et al. [19];



DIFFERENTIAL SANDWICH THEOREMS FOR HIGHER-ORDER DERIVATIVES 213

(v) For

Tlpta+B) « Tk+p) &

T(p+B) &, Tk+ath) .

g(z)=2"+

(x>0, peN; B>—1;z€U)

; ()
we have D} (f+g)) = D} (Qg’p f) and DY (f+8)*) = Qf f. where
the operator Qgp was introduced and studied by Liu and Owa [20];
(vi) For j =0 and g of the form (11) with p = 1, we have D’}l,l (f*xg)(z)=
D (a,...,04PB1,...,Bs)(z), where the operator D} (a1, ..., 04; B, ..., By) was
introduced and studied by Selvaraj and Karthikeyan [25];
(vii) For j =0, p=1 and

> [Tk+1)T2—m)]" 4
82) _Z+,§2 [ T(k+1—m) }
meNp0< m<l;zeU)
we have D) | (f*g)(z) = D™ f(z), where the operator D}"™ was introduced
and studied by Al-Oboudi and Al-Amoudi [2].
In this paper, we will derive several subordination, superordination and
sandwich results involving the operator Dl}l,p (f = g)(j ),

2. Definitions and preliminaries

In order to prove our subordinations and superordinations, we need the follow-
ing definition and lemmas.

Definition 2.1 ([22]). Denote by Q, the set of all functions f that are analytic
and injective on U\E(f), where

E(f) = {CeaU;;LI%f(Z):w}’

and are such that f ({) # 0 for { € JU\E (f).

Lemma 2.2 ([22]). Let g be univalent in U and 0 and ¢ be analytic in a domain
D containing q(U) with ¢ (w) # 0 when w € q(U). Set

v(z) =24 (1)@ (q(z)) and h(z)=0(q(2)+ V(). (14)

Suppose that
(i) v (2) is starlike univalent in U,
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(if) R { e } >0forzeU.
If B is analytic with B(0) = ¢(0), B(U) C D and

0(B(2)+2B (9B () <0(9(2) +2q ()9 (q(2), (15)
then B (z) < q(z) and q is the best dominant.

Lemma 2.3 ([11]). Let g be convex univalent in U and 6 and ¢ be analytic in
a domain D containing q(U). Suppose that (i) R { o l4@) } > 0 forz e U, (ii)

$(q(z))
W (z) =zq (2) ¢ (q(2)) is starlike univalent in U. If B(z) € H[g(0),1]NQ, with
B(U)C D, and 6 (

B(2)) +Z/3l (2) 9 (B (2)) is univalent in U and

0(q(2)+29 (2)9(q(2) < 0(B(2)+2p ()¢ (B(2)), (16)
then q(z) < B (z) and q is the best subordinant.

Lemma 2.4 ([24]). The function q(z) = (1 —2z)"** (a,b € C*(C\ {0})) is uni-
valent in U if and only if [2ab—1|<1or |2ab+1| < 1.

3. Main Results

Unless otherwise mentioned, we assume throughout this paper that n, 5% € C
(i=1,23), 75, ueC,A>0,6(p;j)isgivenby (7), p> j, pEN,n,j €Ny
and the powers are understood as the principle values.

Theorem 3.1. Let ¢(z) be univalent in U with q(0) = 1, q(z) # 1 and let ZZ(g)

be starlike in U. Let f € A(p) and assume that f and q satisfy the following
conditions:

Dy (fxe)?(2)]"
O (psj)zP=/

) n
. #0, (17)
Dy (frg)Y <z>]

{ 5 (p:j)a)

and

» 23 2 24 (2) g (2)
9{{1+74 (z2)+ Z[q(z)} e + e }>0 (zeU). (18)
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If

Dy (fre)?(2)]"
O (psj)zP=/

n+r

§(psj)z’’ !
D (F+82)Y (2)

Dy, (f+e)" (2) * 8 (p;j)zP o
D (f+82)Y (2)
) )
)

0 (psj)zb=/

=

A

o DL (f« ()
+ 1 (p ’) 1D U gz))_ @

2q (2)
q(z)’

<1 +1q@)+nlaE] +n (19)

then
Dy (fre)?(2)]"
O (psj)zP=/

{ §(p:j)zr

n
. 20
D; (f+g2) (Z)] =4 e

and q(z) is the best dominant.

Proof. Define a function p by

Dy (Fxe) ()"
6 (psj)zr—i

p(z)=

[ 8(psj)a

n
- U). 21
D’i,p(f*gz)(”(Z)] et

Then the function p is analytic in U and p(0) = 1. Therefore, differentiating
(21) logarithmically with respect to z and using the identity (9) in the resulting

equation, we have
‘ n
6 (p;j)z"
D (fx22)" (2)

2n
S (psj)al
: +
{Dﬁ,p (f g2)" <z>]

Dy (Fre)(@)]"

MR T s (e

: 2
Dy (fxe)¥ ()]"
5(psj)ar

+7
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—1

N [ (reanY (@)
—H’4H (pk‘]) 171’ : ()
Dy (Fxe)Y (2)

N[, o e @
twn <p/1]) — 2(1)
Dy, (&) 2)

zp (2)
p(z)’

=n+rp@+nlp@ +n
that is,

N+pe@)+nl@F+n Zg (S) <1+ pa@+BlaEP +n ZZ (g) .

By setting
O(w)=mn +Y2w+]/3w2 and @ (w) = %7
it can be easily observed that 0 is analytic function in C, ¢ is analytic function

in C* and @ (w) # 0. Also we see that

v(@) =2 @04k =n Zg (S)
and
M@=6MQD+w@=ﬂ+wﬂ@+%W@F+meX

it is clear that y(z) is starlike univalent in U and

M)\ » 25 0 24 () 24 (2)
m{w@}_m%+mﬂd+mw@] wa+4@}>0

Therefore, Theorem 3.1 now follows by applying Lemma 2.2. O

C)k—1

Taking p=A=1,n=j=0,g1=z+ ), EZ;Z::Z/‘, g=z+ Y% 7(a(+)l)k’lzk,
k=2 k=2

and ¢ ¢ Z,, in Theorem 3.1, we obtain the following corollary which improves
the result of Shanmugam et al. [27, Theorem 3.1].

Corollary 3.2. . Let q(z) be univalent in U with q(0) = 1, q(z) # 1 and ZZ(—S) is
starlike in U. Let f € A(p) such that

) ool

#0, (22)
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and suppose q satisfies (18). If

n+r

[L(a,C)f(Z)]“[ z ]"
z L(a+1,c)f(2)
[“m”“”T“L<+f>ﬂ>T"
Z a ,C Z

La+1,0)f(z) 1] (@t 1) [1 _L{a+2,c)f(2)

L(a,c) f(2) L(a+1,c) f(z)
24 (2)
q(z)’

+7

+ Yala [

<n+re@)+Bla@  +n

then

L(a,c) f(z)1* Z K
] rararm) <o
and q(z) is the best dominant.

Putting ¢(z) = %i‘gi (=1 <B<A<1)in Corollary 3.2, we obtain the fol-
lowing corollary which improves the result of Shanmugam et al. [27, Corollary
3.2].

Corollary 3.3. Let —1 < B < A <1 and assume that

» 1+Az} 275 [H—Azr 1 —ABZ?
R = >0 celU),
{}/4 |:1+BZ 1+ Bz (14+Az) (1+Bz) (zeU)

holds. If f € A such that (22) holds and satisfy the following subordination
condition:

Y4

N+

L(a,c) f(z)1" z K

[ z j [L(a—l—l,c)f(z)ln
a,c "

+%[M’2ﬂ@] L@+i@ﬂ@]

oy [l—i—Az} oy [1+Az]2+ %u(A—B)z
YUz TP |1+Bz] T (1442 (1+B)

+ Yala [

then

[L(ajcz)f@]u [L(a+1z,c)f(z)]n = 1122

and the function ii‘gi is the best dominant.
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Putting ¢(z) = (}—fi)ﬂ (0 < ¥ < 1) in Corollary 3.2, we obtain the follow-
ing corollary which improves the result of Shanmugam et al. [27, Corollary
3.3].

Corollary 3.4. Assume that

1+2\7 2y (142" 1-32

qdP2(1Tz LB tz + Z2 >0 (zeU),
Ya\1—-2 Yo \1—z 1—-z

holds. If f € A such that (22) holds and satisfy the following subordination

condition:

ntn [““’Z”(ZT o) n
L(a,c) f(z) 1 z 2
{ z } [L(a—i—l,c)f(z)}

L(a+1,c)f(z) 4 B
twyal| AL

1+2\° 1+2\*  2p0z
<Y1+?’2(1_Z) +}’3<1_Z> +(1y_z)2,

[““’?f@r L<a+f,c>f<zﬂ" ) (ii)ﬂ

. v . .
and the function ( %J_ré) is the best dominant.

+%

+W[ L<+2>f<>}

L(a+1,c) f(2)

then

Putting ¢(z) = e*4% (JuA| < ) in Corollary 3.2, we obtain the following
corollary which improves the result of Shanmugam et al. [27, Corollary 3.4].

Corollary 3.5. Assume that
2
9{{1 + B uaz %eMZ} >0 (zeU),
Ya Ya

holds. If f € A such that (22) holds and satisfy the following subordination
condition:

nh+p

e u paserel n
2 2
o | )] # pEsere] n

L(a+1,c)f(z) . B
Lia.0) /(2 1} twnlatl) [1

<71+ et et LAz,

L(a+2,c)f(z)

+ha [ L(a+1,c)f(z)
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then

[ua,(;)f(z)]“ [L(H 1z7 c)f(z)]" oz

and the function e*A? is the best dominant.

Takingyy =p=A=1,p=p=n=j=1n=0,g :z+k):2zk, q(z) =
m (a,beC*),u=aand pu = al—b in Theorem 3.1, then combining this to
gather with Lemma 2.4 we obtain the following corollary obtained by Obradovic
et al. [23, Theorem 1].

Corollary 3.6. Let a,b € C* such that |2ab— 1| <1 or|2ab+ 1| < 1. Let f€ A
and suppose that @ #0(zeU). If

1(2f'(2) 1+z
”b(f(z) 1><1—z’

F@)\° 1
= 2ab
< (1-2)
;M, is the best dominant.

(1-2)

Remark 3.7. For a = 1, Corollary 3.6 reduces to the recent result obtained by
Srivastava and Lashin [29, Theorem 3].

then

and the function

Taking yy =p =24 =1, YzZ%ZHZJ':TI:O,gl=Z+kZZZk’Q(Z)=

iT iT
e

(a,b e CH |1l < %), p=aand y = % in Theorem 3.1,
then combining this to gather with Lemma 2.4 we obtain the following corollary
obtained by Aouf et al. [5, Theorem 1].

( 1— Z) —2abcos e~

Corollary 3.8. Let a,b € C*,|t| < T and suppose that }2abcos Te T — 1} <1
or |2abcos te™ " + 1! < 1. Let f € A and suppose that @ #0(zeU). If

e’ (zf’(z) 1> - 1+z

beost \ f(2) 1-7
then ;
<f(ZZ)) ~ (1 _ Z)72abcos i

) —2abcos Te T

and the function (1 —z is the best dominant.
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Theorem 3.9. Let g be convex univalent in U with g(0) = 1 and Zq(()) is starlike
in U. Further assume that

% ((mzm(z» ‘I(Z)yj(z)) >0 @3)
Let f € A(p) such that

Dy (f+s) (2)]"
8(psj)er

0#

n
8(psj)z'~ o o
|:Dﬁ7p(f*g2)(1)(z)] €H[q(0),1]nQ. (24

If

Dy (fxg)"(@)]"
O (psj)zp=)

n+y

s |
D (F+82)" (2)

. 2
o [PhaU e ) (i) '
§(pii)ar r (Fre)(2)
pj 'D’i*;u*gl) @
o (7) | 2 -1
TN Dy, @
' D"“(f*gz) ()]
pP—J
+}’n< > 1— (25)
T 1,8 () |
is univalent in U and satisfies the following superordination condition
1+ pg@+ Bl + 5L
q(z)
<N+ L e @] 5PJZ”’ !
Nn-+r 6(p]z1’1 f*gz @
2
ooy [P0 @) [ ) X !
3
5(p,1)z”f D (Fxg)Y (2)
)

Dn+l 7)
+V4u<P}LJ>{ (f gl)) (z
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. Dn+1 ()
e (PJ) P (f*g2)" (2) 7 26)

A Dy (fx2)Y (2)
holds, then
Dy (Fxe)V @) | 8(psj)er
q(2) < | =5 (s j) 2P~ DL (f )7 (2) (27)

and q is the best subordinant.
Proof. By setting

O(w)=n +}’2w+73w2 and @ (w) = %’

it can be easily observed that 6 is analytic function in C, ¢ is analytic function
in C* and @ (w) # 0. From the assumption of Theorem 3.9, we see that

ER{(Z)(Z(Z))} :93((}’2+273q(2))q(2)}z(z)> >0forze U,

Therefore, Theorem 3.9 now follows by applying Lemma 2.3. O

- _ _ i _ v @ koo v (@t k
Takmgp—it—l,n_]—O,gl—z—f—kgz(?)’k‘i'z,gz—z+k§2%&

1

and ¢ ¢ Z in Theorem 3.9, we obtain the following corollary which improves
the result of Shanmugam et al. [27, Theorem 3.11].
' (2)

Corollary 3.10. Let g be convex univalent in U with q(0) = 1 and ol is

starlike in U. Further assume that (23) holds. Let f € A(p) such that

] [rriaral

0 +# €Hlg(0),1]NQ.

If

[L(a,c)f(z)]“ [ z ]”
b4 . L(a—l—l,c)f(z)zn
“E e are)
et
a,c) f(z

L(a+2,0)f(2)

—1]+}’4T}(“+1) {I_L(aJrl,c)f(z)
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is univalent in U and satisfies the following superordination condition

2q ()
q(z)

N+1a@)+nla@] +n

<1tnr {L(a’?f@r [L(a%—lz,c)f(z)]n
T [L(a,z)f(z)ru [L((H_lz,c)f(z)rn
holds, then

9(2) < {L(a’cz)f@r [L(a—i—lzvc)f(z)]n

and q is the best subordinant.

Combining Theorems 3.1 and 3.9, we get the following sandwich theorem
for the linear operator D}  (f*g) ),

Theorem 3.11. Let q; be convex univalent in U with ¢;(0) = 1 and let ZZ_((ZZ))

(i =1,2) be starlike in U. Suppose that q, satisfies (23) and q satisfies (18).
Let f € A(p) such that

Dy (e (2)
07 [ TER

M N _p—j !
e R
Ap *82

If

Dy (rxg)"(@)]"
O (psj)zp=/

n+y

8(p:j)zr !
D; (f*g2)" (2)

U
0 (p;j)zp‘_’
D (F+82)V (2)
-

p- j> Dyt (fegn)V (2

Dy (fa) ()]
O (psj)zP=/

D (fra)V (2)

| D;t(fxg

D; (f*g

)
)

() (2)

(29)
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is univalent in U and

qu()

Nn+na @) +nla @)+

(f*gl
5(19 J)zr=i

<nt+n

2u

2 (e (@)
5(p,1)zp /

p—j Dn-H( *g) )(Z
+V4N< A ) /I,P(f*gl) (z)

+%

p:
~— A/\
\_/

/—\

AP

+ (p ]> | D el
A Dr)zhp (f*gz)(J) (2)

24, (2)
q2(z)

<Y +Pr0@)+Ble @] +n (30)

holds, then

n

Dy, (Fx)V @]" <p@ G
2

O(pij)zp—/

8(p:j)zr
D (fx2)" (2)

q1(z) <

and q1 and q; are, respectively, the best subordinant and the best dominant.
Takingp:lzl,n:j:O,glzerZigcf)k_' —Z+Z aH"'Zk
k=2 ‘)k—l (-1

and ¢ ¢ Z, in Theorem 3.11, we obtain the following corollary Wthh improves
the result of Shanmugam et al. [27, Theorem 3.12].

Corollary 3.12. Let g; be convex univalent in U with ¢;(0) = 1 and Z;[’(( )) be
starlike in U fori=1,2. Suppose that q; satisfies (23) and g, satisfies (18). Let
f € A(p) such that

°¢[M%?ﬂdqum+ioﬂmr

€H[q(0),1]NO.
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If

N+p [L(awz)f(Z)r[ z

n
L(a+1,6)f(2)}
L(a,c) f(z) 1 z 2
”3{ : }[L(er,c}f(zj
L(a+1,¢)f(2)
L(a,c) f(z)

is univalent in U and

L(a+2,¢)f(z)

+Ypa [ La+1,0)f(z)

—1}+mn@+&)b—

ntra @+l (Z)]2+74qull((zz))

[““’Z“(Z)]” T lz,c)f(Z)]n

<n+7r

L(a,c) f(z) 1 z 21
”3{ : } [L(aJrl,C)f(Z)}

L(a+1,¢) f(2) L(a+2,c)f(z)
*W[ L{a0) /() ‘1}”“"@“) [I_L(aJrl,C)f(Z)}

24, (2)
70 ()’

<1+ @ +nleE) +n

holds, then

0@ <[] u o) a0

and q| and q; are, respectively, the best subordinant and the best dominant.
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