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FIXED POINTS OF CONTRACTIVE DOMINATED MAPPINGS
IN AN ORDERED QUASI-PARTIAL METRIC SPACES

ABDULLAH SHOAIB - MUHAMMAD ARSHAD - ISMAT BEG

In this paper, we obtain some fixed point theorems for dominated
mappings satisfying locally contractive conditions on a closed set in a
left K-sequentially O-complete ordered quasi-partial metric space and in
a right K-sequentially O-complete ordered quasi-partial metric space, re-
spectively. Our results improve several well-known conventional results.

1. Introduction and Preliminaries

Fixed points results of mappings satisfying certain contractive conditions on the
entire domain has been at the centre of vigorous research activity and it has a
vide range of applications in different areas such as nonlinear and adoptive con-
trol systems, parameterize estimation problems, fractal image decoding, com-
puting magnetostatic fields in a nonlinear medium, and convergence of recurrent
networks, (see [16, 18, 27]).

Recently, many results appeared related to fixed point theorem in complete
metric spaces endowed with a partial ordering in literature. Ran and Reurings
[23] proved an analogue of Banach’s fixed point theorem in metric space en-
dowed with a partial order and gave applications to matrix equations. In this
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way, they weakened the usual contraction condition. Subsequently, Nieto et
al. [21] extended the result in [23] for nondecreasing mappings and applied it
to obtain a unique solution for a 1st order ordinary differential equation with
periodic boundary conditions. Thereafter, many work related to fixed point
problems have also been considered in partially ordered metric spaces (see
[2,9, 19, 21, 23]).

On the other hand, the notion of a partial metric space was introduced by G.
S. Matthews in [17]. In partial metric spaces, the distance of a point from itself
may not be zero. Partial metric spaces have applications in theoretical computer
science (see [10]). Altun et al. [3], Aydi [4] and Paesano et al. [22] used the idea
of partial metric space and partial order and gave some fixed point theorems for
contractive condition on ordered partial metric spaces. Recently, Karapinar et
al. [12] introduced the concept of quasi-partial metric space. Romaguera [25]
has given the idea of O-complete partial metric space. Nashine et al. [20] used
this concept and proved some classical results.

From the application point of view the situation is not yet completely sat-
isfactory because there are many situations in which the mappings are not con-
tractive on the whole space but instead they are contractive on its subsets. How-
ever, by imposing a subtle restriction, one can establish the existence of a fixed
point of such mappings. Shoaib et al. [26] proved significant results concerning
the existence of fixed points of the dominated self-mappings satisfying some
contractive conditions on closed ball in a O-complete quasi-partial metric space.
Other results on closed ball can be seen in [5-8, 14]. In this paper, we have ob-
tained fixed point theorems to generalize, extend improve some classical fixed
point results in [26]. We have used weaker contractive condition and weaker re-
strictions to obtain unique fixed point. Our results do not exist yet even in metric
spaces. An example shows how this result can be used when the corresponding
results cannot.

Consistent with [1, 12, 13, 26], the following definitions and results will be
needed in the sequel.

Definition 1.1 ([12, 13]). A quasi-partial metric is a function g : X x X — R"
satisfying

(i) if 0 < g(x,x) = g(x,y) = q(1,y), then x =y (equality),

(ii) g(x,x) < g(y,x) (small self-distances),

(iii) g(x,x) < g(x,y) (small self-distances),

(iv) g(x,2) +q(y,y) < q(x,y) +q(y,z) (triangle inequality), for all x,y,z € X.
The pair (X, q) is called a quasi-partial metric space.

Note that, if g(x,y) = g(y,x) for all x,y € X, then (X,q) becomes a partial
metric space (X, p). Moreover if g(x,x) = 0 for all x € X, then (X, ¢q) and (X, p)
become a quasi metric space and a metric space respectively. Also p,(x,y) =
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= 3lq(x,y) + q(»,x)], x,y € X is a partial metric on X. The function dp, 1 X x
X — R" defined by d, (x,y) = q(x,y) + q(y,x) — g(x,x) — q(y,y) is a (usual)
metric on X. The ball B(x,€), where B(x,€) ={y € X : g(x,y) < €+q(x,x)},
is an open ball in quasi-partial metric space, for some x € X and € > 0. Clearly
B(x,e) ={y € X :q(x,y) < €+g(x,x)} is a closed subset of X.

Definition 1.2 ([26]). Let (X, q) be a quasi-partial metric space.
(a) A sequence {x,} in (X,q) is called 0-Cauchy if lim g(x,,x,) =0

n,m—soo

or lim g(xp,x,)=0.
n,m—co

(b) A sequence {x,} in (X, q) converges to a point x if lim g(x,,x) = lim g(x,x,)
n—oo n—oo

— g(x,x) = 0.

(c) The space (X,q) is called O-complete if every 0-Cauchy sequence in X con-

verges to a point x € X such that g(x,x) = 0.

Itis easy to see that every 0-Cauchy sequence in (X, g) is Cauchy in (X,d,,)
and if (X,q) is complete, then it is O-complete but the converse assertions do
not hold. For example the space X = [0, +c) N Q with g(x,y) = |x —y| + || is
a 0-complete quasi-partial metric space but it is not complete (since d), (x,y) =
2|x—y| and (X,d,,) is not complete).

Lemma 1.3 ([20]). Every closed subset of a O-complete partial metric space is
0-complete.

Definition 1.4. Let X be a nonempty set. Then (X, <,q) is called an ordered
quasi-partial metric space if:
(1) q is a quasi-partial metric on X and (ii) < is a partial order on X.

Definition 1.5. Let (X, <) be a partially ordered set. Then x,y € X are called
comparable if x <y or y < x holds.

Definition 1.6 ([1]). Let (X, <) be a partially ordered set. A self mapping f on
X is called dominated if fx < x for each x in X.

Example 1.7 ([1]). Let X = [0, 1] be endowed with the usual ordering and f :
X — X be defined by fx = x" for some n € N. Since fx =x" <xforall x € X,
therefore f is a dominated map.

2. Fixed Points of Dominated Contractive Mapping

Reilly et al. ([24]) introduced the notion of left (right) K-Cauchy sequence
and left (right) K-sequentially complete spaces (see also [8, 11]). We use this
concept to introduce the following definition.
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Definition 2.1. Let (X,q) be a quasi-partial metric space.
(a) A sequence {x,} in (X,q) is called left (right) K-0-Cauchy if ¥V n > m,

lim g(xp,x,) =0 (respectively lim g(x,,x,) =0).
n,m—roo n,m—oo

(b) The space (X,q) is called left (right) K-sequentially 0-complete if every
left (right) K-0-Cauchy sequence in X converges to a point x € X such that
q(x,x) =0.

One can easily observe that every 0-complete quasi-partial metric space is
also left K-sequentially O-complete quasi-partial metric space but the converse
does not hold always. Also, every closed subset of a left K-sequentially O-
complete quasi-partial metric space is a left K-sequentially O-complete.

Theorem 2.2. Let (X,=,q) be a left K-sequentially 0-complete ordered quasi-
partial metric space, S : X — X be a dominated map and xy be an arbitrary
point in X. Suppose that there exists a,b € [0, 1) such that a+2b < 1 and

q(Sx,8y) < aq(x,y) +blg(x,Sx) +q(y,Sy)] ¢))

for all comparable elements x,y in B(xo,r).

and C](Xo,SX()) < (1 _k) [r—I—q(xo,xO)], (2)
a-+b

where k = 1-p If, for a nonincreasing sequence {x,} in B(xo,r), {x,} — u
implies that u < x,, then there exists a point x* in B(xo,r) such that x* = Sx*
and q(x*,x*) = 0. Also, x* is unique, if for any two points x,y in B(xo,r) there

exists a point 7 € B(xo,r) such that z < x and z < y and

q(x0,Sx0) +q(z,5z) < q(x0,2) + q(Sx0,Sz) for all z < Sxo. )

Proof. Consider a Picard sequence x,,+1 = Sx, with initial guess xg. As x,11 =
Sx, = x, for all n € {0} UN. We will prove that x,, € B(xo,r) for all n € N by
mathematical induction. By using inequality (2), we have,

q(xo,x1) < (1 —k)[r+g(x0,x0)]
< r+q(xo,xp)-

Therefore x; € B(xo, 7). Now letxs, - ,x; € B(xo,r) for some j € N. As X, =
Xn, S0 using inequality (1), we obtain

q(xj,xjy1) = q(Sxj_1,5x;)

<alq(xj_1,x;))] +blg(xj-1,x;) +q(xj,xj41)]
q(xj,xj1) < kq(xj_1,x;),
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which implies that,
q(xj,xj11) < Kqlxjoa,xj-1) < -+ < Kglxo,x). 4)
Now
< qlxo,x1) + - +q(xj,xj01) = [q(xr,x1) + -+ q(x,x))]
< g(xo )[4+ K], (by (4)

(1—ki*)
1—k

q(x0,%j+1)

q(x0,xj+1) < (1 —k)[r+g(x0,%0)] (by 2).

Thus x;41 € B(xo,r) Hence x, € B(xg,r) for all n € N. Also x,41 = x, for all
n € N. It implies that,

q(xp,xn41) < k'q(x0,x1) foralln € N.
It follows that,
q(xnaxn-‘ri)

< Q(xnaxn-i-l) +--- +Q(xn+i—l 7xn+i) - Q(xn-i-] 7xn+]) — Q(xn+i—] s Xn+i—1 )7
q(xn,Xnti) < k"q(x0,x1)[1+--- + k2 —I—ki_l} —0asn— oo,
Notice that the sequence {x, } is a left K-0-Cauchy sequence in (B(xo,r),q). As

B(xo,r) is closed so it is left K-sequentially O-complete. Therefore there exists
a point x* € B(xg,r) with

g(x" x*) = lim g(x,2°) = lim g(x*,3,) = 0. 5)

Now,
q(X*aSX*) < q(X*7xn) +Q(an*175x*) - Q(xnaxn)'

On taking limit as n — oo and using the fact that x* < x,, < x,_1, when x,, — x*,
we have,

q(x*,8x") < lim [q(x",x,) + aq(xn—1,x") + b{q(xn—1,Sxa—1) + q(x",5x7) }]

n—soo
< lim [g(x*, x0) + aq(x,—1,5*) + b{K" " g(x0,x1) + g(x*, Sx*)}.

n—soo

Then by inequality (5), we have,
(I =>b)g(x*,Sx*) <0.

Similarly,
q(Sx*,x*) <0

and hence x™ = Sx*. O
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Uniqueness: Let y be another point in B(xo, r) such that y = Sy. Then,

q(y,y) = q(Sy,Sy) < aq(y,y) +b{q(y,Sy) +q(y,Sy)}
(I—a—2b)q(y,y) <0.

and hence
q(»,y) =0. (6)
Now if x* <y, then,

q(x*,y) = q(8x",Sy)
<aq(x*,y) +blq(x",5x") +q(y,Sy)]
(1—a)q(x",y) <0 (by (5) and (6)).

Similarly g(y,x*) < 0. This shows that x* = y. Now if x* and y are not compara-
ble then there exists a point z € X which is lower bound of both x* and y that is
z 2 x* and z < y. Now, we will prove that §"z € B(xo,r), by using mathematical
induction to apply inequality (1). By assumptions z < x* < x,--- < x9 and hence

q(Sx0,5z) < aq(x0,z) + blg(xo,x1) +q(z,5z)]
< aq(xo,z) +blg(x0,2) +q(x1,5z)], by (2.3)
q(x1,8z) < kq(x0,2) (7)

Now,

q(x0,8z) < q(x0,x1) +q(x1,5z) — q(x1,x1)
< q(x0,x1) +kq(x0,2), by (7)
<(1-

q(x0,52) k)[r + q(x0,%0)] + k[r + g (x0,0)] =

It follows that Sz € B(xo,r). Let $%z,...,8z € B(xo,r) for some j € N. As
Sz 287z < 222X 2o <, then,

q(x1,8112) = aq(xo,57z) + blg(xo,x1) + q(§7z,512)]
< aq(xo,8'z) + blg(x0,8'z) +q(x1,57*'2)], (by 3)
which implies that,
q(x1,8112) < kq(xo,87z) < klr+q(x0.x0)], (as S’z€ B(xo,r))  (8)
Now,

q(x0,82) < q(x0,x1) +q(x1,82)
(1-

<
< (1 =k)[r+q(xo,x0)] +k[r+g(xo,x0)] =
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It follows that S/+1z € B(xo, r) and hence $"z € B(xo, 7). As S"z < S" 1z <. <
z and so

q(8"2,8"'2) < aq($"'z,8"z) +blq(S" 'z,8"2) + q(S"z, 5" '2)]
which implies that,
q(8"z,8" 7)) < kq($"'z,8"z)

<Kq(S"%z,8"17) < - <K'q(z,57) — Oasn— oo, (9)

Now,
q(x",y) = q(Sx,Sy)
< g(Sx*,S™12) + g (5" 2, Sy) — q(S™Hz, 871 7)
As §" 1z < x* and §" 17 < y for all n € N, which further implies S§nlz < §ny*
and §" 'z < §"y forall n € N as §"x* = x* and "y = y for all n € N. Then,
q(x".y) < ag(x*,8"2) +b{q(x", Sx") +q(8"2,5"'2)}
+aq(8"z,y) +b{q(8"2,5""'2) +q(y.5y)}

On taking limit as n — o and by using inequalities (6) and (9), we have,

q(x",y) < lim [ag(x", $"z) +aq(S"z,y)]

< lgn [aq(x*, 8" 12) +a®q(S" 'z,y)]
n—yoo

< lim[d"q(x",Sz) +a"q(Sz,y)] — 0

n—oo
Similarly ¢g(y,x*) < 0. Hence x* = y.

Example 2.3. Let X = [0, +) N Q be endowed with order, x <y if g(x,x) <
q(y,y) and let ¢ : X x X — R" be the left K-sequentially 0-complete ordered
quasi-partial metric on X defined by ¢(x,y) = max{y —x,0} 4+ x. Define

1

—x if 1

o 10)(1 xe0,1]NnQ
x—§ifx6 (L,eo)NQ

7 1 1
Clearly, S is dominated mapping. Take, a = E’b =3 X0 = 5 r = —, then
—_— 1 b
B(xo,r) = [0,1]NQ, we have g(xo,x0) = > k= ClH_b = — with
4.1 1 5
1—k =(l-2)|z+=z]==
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and
1 1 1 1 1 5

4(0,5%) = 4(3,5(3)) =a(5:30) = 3 < 5
Also if x,y € (1,0) N Q, then,

4 4 4 4
q(Sx,8y) =max{y— - —x+ —,0} +x— - =max{y —x,0} +x— -
9 9 9 9
Now if x =y, then,
4 S 5
X—=>—x
9—09
Now if x > y, then,
16 i 1
TTg= 4TS
Now if x < y, then,
16 i 1
—— > —y+—=x
Y79=45775
So the contractive condition does not hold on X in each case.
Now if x,y € B(xo,r) N Q, then,
1 1 1 1 7
q(Sx,Sy) = max{ {5y — 75,0} + 753 = 759(0¥) < z4(%.y)

< aq(x,y) +blq (x, Sx) + q(y, Sy)]

Also,
q(x0,8x%0) +q(z,8z) < q(x0,2) + q(Sxo,Sz) for all z < Sxo.

Therefore, all the conditions of Theorem 2.2 are satisfied. Moreover, O is the
fixed point of S and ¢(0,0) = 0.

In Theorem 2 2, the condition “for a nonincreasing sequence {x,} — u im-
plies that u =< x,”, the existence of lower bound and the condition (3) are im-
posed to restrict the condition (1) only for comparable elements. However, the
following result relax these restrictions but impose the condition (1) for all ele-
ments in B(xg, r).

Theorem 2.4. Let (X,q) be a left K-sequentially O-complete quasi-partial met-
ric space, S : X — X be a self map and xy be an arbitrary point in X. Suppose
there exists a and b such that, a +2b < 1 with

q(Sx,Sy) < aq(x,y) +blq(x,Sx) +q(y,Sy)],

for all elements x,y in B(xo,r) and q(xo,Sx0) < (1 —k)[r+q(x0,x0))], then there
exists a unique fixed point x* in B(xo,r) such that x* = Sx* and q(x*,x*) = 0.
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In Theorem 2.2, the condition (2) and (3) are imposed to restrict the con-
dition (1) only for x,y in B(xo,r) and Example 2.3 explains the utility of these
restrictions. However, the following result relax the condition (2) and (3) but
impose the condition (1) for all comparable elements in the whole space X.

Theorem 2.5. Let (X, =<, q) be a left K-sequentially O-complete ordered quasi-
partial metric space, S : X — X be a dominated map and xy be an arbitrary
point in X. Suppose there exists a and b such that, a+2b < 1 with

q(Sx,8y) < aq(x,y) +blg(x,Sx) +q(y,5y)],

for all comparable elements x,y in X.

If, for a nonincreasing sequence {x,}in X, {x,} — u implies that u < x,, then
there exists a point x* in X such that x* = Sx* and q(x*,x*) = 0. Moreover, x* is
unique, if for every pair of elements x,y in X there exists a point z € X such that
z=xandz=Xy.

In Theorem 2.2, the conditions (3) is imposed to obtain unique fixed point of
a contractive mapping satisfying conditions (1). However, the following result
relax restriction (3) but impose the condition (1) for » = 0. Also we can replace
left K-sequentially O-complete ordered quasi-partial metric space by 0-complete
ordered quasi-partial metric space to obtain Theorem 10 of [26] as a corollary
of Theorem 2.2.

Corollary 2.6 ([26]). Let (X, =,q) be a 0-complete ordered quasi-partial metric
space, S : X — X be a dominated map and xy be an arbitrary point in X. Suppose
that there exists a,b € [0,1) such that a+2b < 1 and

q(Sx,Sy) < aq(x,y)

for all comparable elements x,y in B(xo,r) and

q(x0,8x0) < (1 —k)[r+ g(x0,%0)],

where k € [0,1). If, for a nonincreasing sequence {x,} in B(xo,r), {x,} = u
implies that u =< x,, then there exists a point x* in B(xo,r) such that x* = Sx*
and q(x*,x*) = 0. Also, x* is unique, if for any two points x,y in B(xo,r) there
exists a point 7 € B(xo,r) such that z < x and 7 < y.

Remark 2.7. By taking a = 0 and O-complete ordered quasi-partial metric space
instead of left K-sequentially O-complete ordered quasi-partial metric space in
Theorem 2.2 and in Theorem 2.5, we can obtain Theorem 15 and Theorem 17
of [26].
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A metric version of Theorem 2.2 is given below:

Theorem 2.8. Let (X, =<,d) be a complete ordered metric space, S : X — X be
a dominated map and xy be an arbitrary point in X. Suppose that there exists
a,b €[0,1) such that a+2b < 1 and

d(Sx,Sy) < ad(x,y)+ b[d(x,Sx) +d(y,Sy)]
for all comparable elements x,y in m and
d(x0,8x0) < (1 —k)r,
a+b

where k = = If, for a nonincreasing sequence {x,} in B(xy,r), {x,} — u
implies that u < x,, then there exists a point x* in B(xo,r) such that x* = Sx*.
Moreover, x* is unique, if for any two points x,y in B(xo,r) there exists a point

7 € B(xo,r) such that 7 < x and z <y and

d(xo,Sx0) +d(z,82) < d(xo,z) +d(Sxo,Sz) for all z < Sxo.

Remark 2.9. The above results can easily be proved in right K-sequentially
dislocated quasi metric space.

Remark 2.10. We can obtain the partial metric, quasi-metric and metric version
of all theorems which are still not present in the literature.
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