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INTEGRAL TRANSFORMS OF THE S-FUNCTIONS

RAM KISHORE SAXENA - JITENDRA DAIYA

The object of this paper is to introduce a new special function, which
will be called S-function. This function is an extension of the generalized
Mittag-Leffler function due to Prabhakar [8], generalized Mittag-Leffler
function introduced by Srivastava and Tomovski [15] and M-series given
by Sharma and Jain [14], various integral transform of this function such
as Euler transform, Laplace transform, Whittaker transform, K-transform
are derived. The results obtained are useful in applied problems of sci-
ence, engineering and technology.

1. Introduction

The k-Pochhammer symbol was introduced in [1] in the form:

(g =x(x+k)(x+2k)...(x+ (n—1)k), (1)

(x) (n+r)g.k = (x)rq.,k (x + qu)nq,ka (2)

wherex € C, k€ Rand n € N.
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Proposition 1.1. Let Yy € C and k,s € R, then the following identity holds:

s\ i1 ky
Lm=(;) & <s> ©
and in particular
ruy) =k (7) @
Proposition 1.2. Let Y€ C, k,s € Rand n € N, then the following identity holds
s\" (ky
(Vngs = ( () ; )
a <k> S ) gk
and in particular
Y
—ja( L
(Mg =K (), ©)

Note 1.3. For further details of k-Pochammer symbol, k-special functions and
fractional Fourier transforms one can refer to the papers by Romero et al [9, 10].

2. The S-Function

Definition 2.1. The S-function introduced by the authors is defined as follows

(@.p.y.0h) o (a)n--(@p)n(Pnex X"
S ap,...,ay;by,...,byx) = — (7)
(P.9) ( ’ @) ,;) (b1)n- .- (bg)alk(not+ ) n!

keR,o,B,7,7€C;Re(0t) >0,a;(i=1,2,...,p),bj(j=1,2,...,q), Re(0t) >
kRe(7) and p < g+ 1. The Pochhammer symbol (1), (A, u € C) with (1), =n!
for n € N defined in terms of gamma function as (also see [15, p. 199]).

(), = TEER) _ [ 1(p=0:xeC\{0))
LTI AA+1)...A+pu—1)(u=neNxeC)

Special cases
(i) when p = g = 0 in equation (7) it reduces to generalized k-Mittag-Leffler
function, defined by Saxena et al. [12].

(0B y.7k) - (Vnex  ¥" 7,7

==X =) e =B 8
(()L?()) ( x) ng(’) Fk<n06 -+ ﬁ) n! ko, (x) ®)

where Re (¥ — 1) > p—q.

(ii) For 7 = q, equation (7) yields

((X,B-,% 7k) > ne-- n n "
R S L

(p,q) =0 (bl)n...(bq)nrk(n(x+ﬁ) n!
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where Re () > kp.
(iii) Similarly for 7 = 1, equation (7) yields

(O(,ﬁ,%hk} > (al)n...(ap)n<'}/>nk x”
S (ai,...,ap;by,....bgx) = -
(p.q) g ! r;) (b1)n- - (bg)nLi(not+ ) n!
(0, B,7,k)
= S (a1,...,ap;b1,...,bg;x) (10)
(Pq)

where Re () > kp.
(iv) When k = 1, equation (10) yields K-function, defined by Sharma [13]

(@t = (@) (@)D ¥
S (al,...,a ;bl,...,b;x): —
X P ! r;) (b1)n--- (bg)ul'(nex + B) n!
(a,B.7)
= K (ai,...,ap;b1,...,bg;x) (11)
(pg)

where Re (o) > p—gq

(v) If we set Y =1, in equation (11), it reduces to the generalized M-Series
defined by Sharma and Jain [14]

(a,B,1,1,1) > (ai)n...(ap)nx"
S (al,...,a ;bl,...,b;x):
(r,9) ! ! r;) (b1)n- .- (bg)nl (na+ )
(,B)
= M (ai,...,ap;b1,...,bg;x) (12)
(P.q)

where Re (o) > p—q— 1.

(vi) When p = g = 0 in equation (12), it reduces to generalized Mittag-Leffler
function, defined by Mittag-Leffler [7]

(a,B,1,1,1) hnd X"
S (i)=Y - —F 13
0,0) ( *) n;) Tna+p) ~*P (x) (13)

where o, 8 € C;Re(at) > 0,Re(B) > 0.

If we take B = 1, equation (13) reduces to the Mittag-Leffler function defined
in [6].

The following results are well-known

° r
/ e ¢ ldz = &,Re(e) > 0,Re(p) >0 (14)
0 pe
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and

° - ~1,. (a)I(B)
/Oz (1= de= R Re(@) > 0.Re(B) > 0. (15)

The following results are also needed in the analysis that follows:

Definition 2.2 (Euler Transform [2]). The Euler transform of a function f(z) is
defined as

B{f(z);a,b}:/olz“_l(lz)b_lf(z)dz a,b €C, Re(a) >0, Re(b) >0 (16)

Definition 2.3 (Laplace Transform [2]). The Laplace transform of a function
f (1), denoted by F(s), is defined by the equation

F(s) = (Lf)(s) = L{f(1):s) = /0 Te I f()dt Re(s)>0  (17)

provided the integral (17) is convergent and that the function f(¢) is continuous
for ¢+ > 0 and of exponential order as t — oo, (17) may be symbolically written
as

F(s) = L{f(t);s} or f(t) =L~ {F(s);t} (18)
Definition 2.4 (Whittaker Transform).
“ 12,01 _Ir(/2+p+0)(1/2—p+v)
/O e TVTIWy y(t)dt = T—A+0) (19)

where Re(v + ) > —1/2 and the Whittaker function Wy, , (z) is defined in [3]
(also see Mathai et al. [5]).

(-2 I'(2
Wyo(z) = M au(2)+ F(;—i(-:j)—l)

where M), (z)is defined by

My (@) (20)

1
MA,”(Z):ZI/Z‘HLQ_]/ZZIFI <2+,LL—A,2‘LL+1,Z> . (21)

Definition 2.5 (K-Transform ). This transform is defined by the following inte-
gral equation [3]

Ry[f(x);p] = glp;v] = /O ) (px)'? Ky (px) f (x)dx (22)

where Re(p) > 0; Ky (x) is the Bessel function of the second kind defined by [3,
p. 332]
T

Ko() = <2Z> 22
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where Wy, (+) is the Whittaker function defined in (20)

The following result given in Mathai et al. [5, p. 54, Eq. 2.37] will be used in
evaluating the integrals:

* +v
/ tP~1Ky (ax)dx = 2P2a=PT <p 5 > ;Re(a) > 0;Re(p+v)>0. (23)
0

Definition 2.6. Let u = u(z) be a function of the spaceS(R), the Schwartzian
space of the function that decay rapidly at infinity together with all derivatives.
The Fourier transform is defined by the integral

i(0) = Su)() = / U (¢) explioor)ds (24)
R
and the inverse Fourier transform can be defined by
1
3 (] (1) = — / (@) exp(—ior)do. 25)
21w Jr

Definition 2.7 (Lizorkin space). Let V(R) be the set of functions
V(R):{ves(R):u<">(0)=0,n:o,l,z,...}. (26)
The Lizorkin space of function ¢ (R) is defined as

9(R) ={@cSR):3[p] € V(R)}. 27)

Definition 2.8. Let u be a function belonging to ¢(R). The Fractional Fourier
transform of the order o,0 < ¢ < 1 is defined by

fia(®) = Solu] () = / @ (1) dr (28)
R
If put oo = 1, equation (28) reduces to the conventional Fourier transform and
for w > 0, it reduces to the Fractional Fourier Transform defined by Luchko et
al. [4].

Lemma 2.9. Let u be a function of the space ¢(R), let o (0 < o < 1) be a real
number, then

Salu](@) = 3[u](x), forx = @"/* (29)

The inverse Fractional Fourier transform of the order a,0 < o« < 1,u € ¢(R) is
defined as

_ 1
C 2na

S g ()} (1) /e*"“’”“fﬁa(w)co%“dw (30)
R
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The generalized Wright hypergeometric function ,¥,(z) is defined by Wright
[16—18] in the following form:

>° P T i Ai "
( 1, 1),...,( 5 61) n=0 [qu:ll“(bj—}—BJn)} n:

where a;,bj € Cand A;,Bj €R(i=1,...,p;j=1,...,q) and the defining series

(31) converges for

q p
ZBj —ZAi > —1.
j=1 i

This paper deals with the evaluation of the Euler transform, Laplace transform,
Whittaker transform, K-transform and fractional Fourier transforms of the S-
function defined by (7). The results obtained in this paper are the generalizations
of the results given by Saxena [11] and Saxena et al. [12] and others.

Theorem 2.10 (Euler Transform). Ifk € R; o,3,y,n,6 € C; Re(a) >0,
Re(B)>0,a;(i=1,2,...,p), bj(j=1,2,...,9) and T € C, then
(a0,B,7,7.k)
1= TS (ar,. . apby, .. byxZ®) dz
(p.9)
e v ar...ap; (¥,7),(n,0)
ST 7 g (B4) (4

where Re (1) > 0,Re(6) > 0,0 > 0,Re () > kRe (7).

S~

) ;kfi‘x] (32)

=

Proof. Using equation (7) and (16), it gives

! (a.B.y,7.k)
/ 1= TS an,. . ,apby, ... byxZ®) dz
70 (p,q)

ap)n(¥)nek (xza>nd

0Z 2 nZO (b)Fk[na+[3] n!

3 ( ) ( )H(Y)nr X 1O‘n B
_n:O( ) ( ) k[nOH—kB]n‘/Z +n- 1(1_2)5 le

_ - (@)n---(ap)n(Vnesx"  T(on+n)I(J)
= (b1)n...(bg)Tk [no+ Bln! T(on+n+8)

<

oo

Using equation (4) and (6), it becomes

5 .- (a)k (1) T(on+n)T(5)
370 (1) (bg)u(R) 51T [ 2 [y T(Om4 1 +0)

This completes the proof of the Theorem. O
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Corollary 2.11. For t = g, equation (32) reduces in the following form

1 (a7ﬁ7’y7q7k)
/ anl(l—z)éfl S (ai,....ap;by,...,bg;xz°%)dz
0 (P.9)

K-41(5) ai...ap:(f.q),(n,0) g
_KTET) k9 33
F(%) p+2 g2 bl---bq;<%7%)7(n+570) kx (33)

Corollary 2.12. When p = g = 0 equation (32) reduces to generalized k-Mittag-
Leffler function defined by Saxena et al. [12]

/Olzn—l(l )5 IE]Z’aﬁ(XZG)dZ
Kotre) o [ (B9 mo)
F(;) ¥, ! %%) (n+8,0) ki kx (34)

Corollary 2.13. For © =k = 1, equation (34) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.6]

1
[0 B 0] o
where Re (1) >0, Re(6) >0, o > 0.

Theorem 2.14 (Laplace Transform). Ifk € R; o, 3,y,1 € C; Re(at) > 0,
Re(B)>0,a;(i=1,2,...,p), bj(j=1,2,...,q) and T €C, }Y%‘ <1, then

3|

& (a7ﬂ7y7r7k)
/ e TS (an,.. ., apby,. .. byxZC)dz
0 (P.9)

(k)lfgs*n al...ap;(

= F(%) p+2lpq+l [ bl-- b

where Re(n) >0, Re(8) >0, 6 >0, Re(a) > kRe (7).

) n,0) k" fx
)

g ] (36)
S

/—\
»‘@R\\%

The proof of (36) can be developed on similar lines if we use the result Laplace
integral (14) and beta formula (15).

Corollary 2.15. For t = q equation (36) reduces in the following form

©° (a7B’Y’q7k)
/ e S (ay,...,apiby,. .., byxz%)dz
0 (p-4)

-n

=

7‘10)67 n G) ;kq_cz)(f] (37)
£). 5

ap - ap’(

—— 2Pt [ by...by:

)

_B
ks
L(%)

/-\
>~
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Corollary 2.16. When p = q = 0, equation (36) reduces to the generalized k-
Mittag-Leffler function defined by Saxena et al. [12]

/0 ZT? 1 —AZElz/vaﬁ( ZO')dZ

B

(k)l_TS_ (%77:)7(”76) 'kf_%x

Corollary 2.17. For T =k = 1,equation (38) reduces in the following form given
by Saxena [11, p. 79, Eq. 4.4]

= - —sz c _ﬂ (le)v(naa) i
e enas g | 0G0, 5] o

(38)

k>

where Re (1) > 0,Re(8) > 0,0 > 0.

Theorem 2.18 (Whittaker Transform). If k€ R; o,3,y € C; Re(p) > 0,
Re(a) >0, Re(p£u) > —1/2and v € C then

o (a.B,y,7.k)
/ tp_le_pt/zW,lyu(pt) S <a1,...,ap;bl,...,bq;wt‘s) dt
0 (p.g9)
kl %I, P v al...ap;(%,r),(1/2iu+p,6) ‘kf_%w 40)
TT(ry reTen bl...bq;(%,%>,(1—l+p,6) .
where Re (¢) > |Re ()| — 4, Re (p) >0, k;‘? <1

The result (40) can be established in the same way if we use the integral (19)
instead of (14).

Corollary 2.19. For t = q, equation (40) reduces in the following form

oo (a,B,7,9:k)
/ tp—le—pt/ZWL”(pt) S (al,.,,,ap;bl,...,bq;wt‘s) dt
0 (Pq)
1_,(%/) p+3 L g+2 blbq,<%7%)7(l—l+p,5) ’ p5

k"k

where Re (p+ 1+ 3 +1) >0, Re(p) >0, <1
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Corollary 2.20. When p = g = 0, equation (40) reduces to the generalized k-
Mittag-Leffler function defined by Saxena et al. [12]

/Otpfle*’”/zW,l (p)ET, ﬁ<wt5)dt

) (1-A+p,8) * o

(42)
p

0y [ (10),0/250+p.8) ety
=— 32| (B «

L ( x
where Re(e) > |Re(lL)| — % Re(p) >0, S

[75

<L

Corollary 2.21. For © = k = 1, equation (42) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.2]

Z o1 —pt)2 Y 5
/0 P e PPW) L (pHEY (wt )dt

J R [<,1 ,(1/2+pn+p,8) .w}
Ty’ 2| (B.a),(1-A+p,8) *pd

(43)
p
where Re (p) > |Re()| —

3 Re(p) >0, | %

<L
p

Theorem 2.22 (k-Transform). Ifk € R; o,,7,0,p € C; Re(ox) >0, Re(f)
ai(i=1,2,...,p), b;(j=1,2,.

yo-yq) and T € C, then
© (a7ﬁ7'}/7rﬂk)
/ P 'Ky(at) S <a1,...,ap;bl,...,bq;x125> dt
0 (r.9)

>0,

20-24Ppl-

. sl 0,089
where Re (p +=v) >0, Re(a) >0, Re (o) > kRe (7).

Equation (44) can be proved in a similar manner if we use the instead of (23)

Corollary 2.23. For © = q equation (44) reduces in the following form

° (a7ﬁ?y7q7k)
/ P Ky (at) S (al,...,a,,;bl,...,bq;xtz‘s) dt
0 (p.9)

2024 PRI % ar...ap(L,q),(PE28) 4y
:WP—BT(]—H [ b]-..b (%7%> ,g (45)

where Re (p £=v) >0, 6 >0, Re(a) > kRe (1)
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Corollary 2.24. When p = q = 0, equation (44) reduces to the generalized k-
Mittag-Leffler function

“ p1 7, 26
/O t Kv(at)Ekaﬁ( >dt

it T (ED(558) 4
rp (ke e

where Re(p £=v) >0, Re(a) >0, 6 > 0.

(46)

Corollary 2.25. For © = g = 1, equation (46) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.7]

/ 7 Ky (ar)E] 4 (xt25) dr
A :

N
I'(y) (B,a), “a?

where Re (p £=v) > 0, Re(a)

(47)

3. Fractional Fourier Transform (FFT) of S-Function

Theorem 3.1. Ifk € R; a,3,y€C; Re(a) >0, Re(B) >0, a; (i =1,2,...,p),
bj(j=1,2,...,q) and © € C, for FFT of order g of the S-function fort <0, is
given by

(a7ﬁ17’r’k)
3. S (ai,...,ap;by,...,byit)| (@)
(p.q)

(1) & (@) (@p)a(0)™ ET (£ 4n7) () " o 0 /s(—1)
5 (1) ()T | En+- 2]

(48)

where ¢ >0, w > 0, Re(¢t) > kRe (7).

Proof. Using equation (7) and (28) and gamma function formula, it gives

(o, B,y,7:k)
3 S (ai,...,ap;by,...,bgit)| (@)
(pq)

1/g O!ﬁ')/’t'k
—/ i (al,...,ap;bl,...,bq;t)dt
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la)l/gl al ( )n( )n‘L’,k t"
_/ by )Ik[nawm‘”

M

al n- ap) (Y)Mk / za)l/gttndt
(b JnLk [nac+Bn!

If we set iw'/St = —5, then

)<:.1.). (bg)nTk] naff} nl ie (a)l/s)n(i;cll/gc)

I
agki

n=0 (bl
_ v (@)n---(ap)n(V)nz i © _Egn
= L o Bl ey € 6
:i (@)n---(@p)n(V)nepl(n+1)
=0 (b1)n - (bg)n Fk[naJrﬁ]()”“w”“ /$(=1)"n
& (@) (@p)a(Pnea (i) P DS (1)
_n;) (bpl n - (bg)uTx [n0i+ B! Ln+1)
In view of the equations (4) and (6), the above line
( )k’”( )n‘tk() n+1)/g(_1)7n

= (ap),..
-y = .
n=0

(bi)n-- by ()T [%n+€}
This completes the proof of the Theorem. Ul

Corollary 3.2. For T = q, equation (48) reduces in the following form

3 <a’f§/’;’k)(a1,...,ap;bl,...,bq;t)] (o) (49)
L 2 @ 0T (g () o)
L% = (b1} (bl | £+ |

Corollary 3.3. When p = g =0, equation (49) reduces to generalized k-Mittag-
Leffler function defined by Saxena et al. [12]:

Sa[El5 5] (@)

(50)
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