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INTEGRAL TRANSFORMS OF THE S-FUNCTIONS

RAM KISHORE SAXENA - JITENDRA DAIYA

The object of this paper is to introduce a new special function, which
will be called S-function. This function is an extension of the generalized
Mittag-Leffler function due to Prabhakar [8], generalized Mittag-Leffler
function introduced by Srivastava and Tomovski [15] and M-series given
by Sharma and Jain [14], various integral transform of this function such
as Euler transform, Laplace transform, Whittaker transform, K-transform
are derived. The results obtained are useful in applied problems of sci-
ence, engineering and technology.

1. Introduction

The k-Pochhammer symbol was introduced in [1] in the form:

(x)n,k = x(x+ k)(x+2k) . . .(x+(n−1)k), (1)

(x)(n+r)q,k = (x)rq,k(x+qrk)nq,k, (2)

where x ∈C, k ∈ R and n ∈ N.
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Proposition 1.1. Let γ ∈C and k,s ∈ R, then the following identity holds:

Γs(γ) =
( s

k

) γ

s−1
Γk

(
kγ

s

)
(3)

and in particular
Γk(γ) = k

γ

k−1
Γ

(
γ

k

)
(4)

Proposition 1.2. Let γ ∈C, k,s∈ R and n∈N, then the following identity holds

(γ)nq,s =
( s

k

)nq
(

kγ

s

)
nq,k

, (5)

and in particular
(γ)nq,k = knq

(
γ

k

)
nq

(6)

Note 1.3. For further details of k-Pochammer symbol, k-special functions and
fractional Fourier transforms one can refer to the papers by Romero et al [9, 10].

2. The S-Function

Definition 2.1. The S-function introduced by the authors is defined as follows

(α,β ,γ,τ,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;x) =

∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk(nα +β )

xn

n!
(7)

k ∈ R; α,β ,γ,τ ∈C; Re(α)> 0, ai (i = 1,2, . . . , p), b j ( j = 1,2, . . . ,q), Re(α)>
kRe(τ) and p< q+1. The Pochhammer symbol (λ )µ ,(λ ,µ ∈C) with (1)n = n!
for n ∈ N defined in terms of gamma function as (also see [15, p. 199]).

(λ )µ =
Γ(λ +µ)

Γ(λ )
=

{
1(µ = 0;x ∈C\{0})
λ (λ +1) . . .(λ +µ−1)(µ = n ∈ N;x ∈C)

Special cases
(i) when p = q = 0 in equation (7) it reduces to generalized k-Mittag-Leffler
function, defined by Saxena et al. [12].

(α,β ,γ,τ,k)
S

(0,0)
(−;−;x) =

∞

∑
n=0

(γ)nτ,k

Γk(nα +β )

xn

n!
= Eγ,τ

k,α,β (x) (8)

where Re
(

α

k − τ
)
> p−q.

(ii) For τ = q, equation (7) yields

(α,β ,γ,q,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;x) =

∞

∑
n=0

(a1)n . . .(ap)n(γ)nq,k

(b1)n . . .(bq)nΓk(nα +β )

xn

n!
(9)
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where Re(α)> kp.

(iii) Similarly for τ = 1, equation (7) yields

(α,β ,γ,1,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;x) =

∞

∑
n=0

(a1)n . . .(ap)n(γ)n,k

(b1)n . . .(bq)nΓk(nα +β )

xn

n!

=
(α,β ,γ,k)

S
(p,q)

(a1, . . . ,ap;b1, . . . ,bq;x) (10)

where Re(α)> kp.

(iv) When k = 1, equation (10) yields K-function, defined by Sharma [13]

(α,β ,γ,1,1)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;x) =

∞

∑
n=0

(a1)n . . .(ap)n(γ)n

(b1)n . . .(bq)nΓ(nα +β )

xn

n!

=
(α,β ,γ)

K
(p,q)

(a1, . . . ,ap;b1, . . . ,bq;x) (11)

where Re(α)> p−q

(v) If we set γ = 1, in equation (11), it reduces to the generalized M-Series
defined by Sharma and Jain [14]

(α,β ,1,1,1)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;x) =

∞

∑
n=0

(a1)n . . .(ap)nxn

(b1)n . . .(bq)nΓ(nα +β )

=
(α,β )

M
(p,q)

(a1, . . . ,ap;b1, . . . ,bq;x) (12)

where Re(α)> p−q−1.

(vi) When p = q = 0 in equation (12), it reduces to generalized Mittag-Leffler
function, defined by Mittag-Leffler [7]

(α,β ,1,1,1)
S

(0,0)
(−;−;x) =

∞

∑
n=0

xn

Γ(nα +β )
= Eα,β (x) (13)

where α,β ∈C;Re(α)> 0,Re(β )> 0.
If we take β = 1, equation (13) reduces to the Mittag-Leffler function defined
in [6].
The following results are well-known∫

∞

0
e−pzze−1dz =

Γ(e)
pe

,Re(e)> 0,Re(p)> 0 (14)
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and ∫
∞

0
zα−1(1− z)β−1dz =

Γ(α)Γ(β )

Γ(α +β )
,Re(α)> 0,Re(β )> 0. (15)

The following results are also needed in the analysis that follows:

Definition 2.2 (Euler Transform [2]). The Euler transform of a function f (z) is
defined as

B{ f (z);a,b}=
∫ 1

0
za−1(1−z)b−1 f (z)dz a,b∈C, Re(a)> 0, Re(b)> 0 (16)

Definition 2.3 (Laplace Transform [2]). The Laplace transform of a function
f (t), denoted by F(s), is defined by the equation

F(s) = (L f )(s) = L{ f (t);s}=
∫

∞

0
e−st f (t)dt Re(s)> 0 (17)

provided the integral (17) is convergent and that the function f (t) is continuous
for t ≥ 0 and of exponential order as t → ∞, (17) may be symbolically written
as

F(s) = L{ f (t);s} or f (t) = L−1 {F(s); t} (18)

Definition 2.4 (Whittaker Transform).∫
∞

0
e−1/2tυ−1Wλ ,µ(t)dt =

Γ(1/2+µ +υ)Γ(1/2−µ +υ)

Γ(1−λ +υ)
(19)

where Re(υ ± µ) > −1/2 and the Whittaker function Wλ ,µ(z) is defined in [3]
(also see Mathai et al. [5]).

Wµ,υ(z) =
Γ(−2µ)

Γ
(1

2 −λ −µ
)Mλ ,µ(z)+

Γ(2µ)

Γ
(1

2 +µ−λ
)Mλ ,−µ(z) (20)

where Mλ ,µ(z)is defined by

Mλ ,µ(z) = z1/2+µe−1/2z
1F1

(
1
2
+µ−λ ;2µ +1;z

)
. (21)

Definition 2.5 (K-Transform ). This transform is defined by the following inte-
gral equation [3]

ℜυ [ f (x); p] = g[p;υ ] =
∫

∞

0
(px)1/2 Kυ(px) f (x)dx (22)

where Re(p)> 0;Kυ(x) is the Bessel function of the second kind defined by [3,
p. 332]

Kυ(z) =
(

π

2z

)1/2

W0,υ(2z)
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where W0,υ(·) is the Whittaker function defined in (20)

The following result given in Mathai et al. [5, p. 54, Eq. 2.37] will be used in
evaluating the integrals:∫

∞

0
tρ−1Kυ(ax)dx = 2ρ−2a−ρ

Γ

(
ρ±υ

2

)
; Re(a)> 0; Re(ρ±υ)> 0. (23)

Definition 2.6. Let u = u(t) be a function of the spaceS(R), the Schwartzian
space of the function that decay rapidly at infinity together with all derivatives.
The Fourier transform is defined by the integral

û(ω) = ℑ[u](ω) =
∫

R
U(t)exp(iωt)dt (24)

and the inverse Fourier transform can be defined by

ℑ
−1 [û] (t) =

1
2π

∫
R

û(ω)exp(−iωt)dω. (25)

Definition 2.7 (Lizorkin space). Let V (R) be the set of functions

V (R) =
{

υ ∈ S(R) : υ
(n)(0) = 0, n = 0,1,2, . . .

}
. (26)

The Lizorkin space of function φ(R) is defined as

φ(R) = {ϕ ∈ S(R) : ℑ[ϕ] ∈V (R)} . (27)

Definition 2.8. Let u be a function belonging to φ(R). The Fractional Fourier
transform of the order α,0 < α ≤ 1 is defined by

ûα(ω) = ℑα [u](ω) =
∫

R
eiω1/α tu(t)dt (28)

If put α = 1, equation (28) reduces to the conventional Fourier transform and
for ω > 0, it reduces to the Fractional Fourier Transform defined by Luchko et
al. [4].

Lemma 2.9. Let u be a function of the space φ(R), let α (0 < α ≤ 1) be a real
number, then

ℑα [u](ω) = ℑ[u](x), f orx = ω
1/α (29)

The inverse Fractional Fourier transform of the order α,0 < α ≤ 1,u ∈ φ(R) is
defined as

ℑ
−1
α {ûα(ω)}(t) = 1

2πα

∫
R

e−iω1/α t ûα(ω)ω
1−α

α dω (30)
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The generalized Wright hypergeometric function pΨq (z) is defined by Wright
[16–18] in the following form:

pΨq

[
(a1,A1) , . . . ,(ap,Ap)
(b1,B1) , . . . ,(bq,Bq)

;Z
]
=

∞

∑
n=0

[
∏

p
i=1 Γ(ai +Ain)

][
∏

q
j=1 Γ

(
bj +Bjn

)] zn

n!
(31)

where ai,b j ∈C and Ai,B j ∈ R(i = 1, . . . , p; j = 1, . . . ,q) and the defining series
(31) converges for

q

∑
j=1

Bj−
p

∑
i=1

Ai >−1.

This paper deals with the evaluation of the Euler transform, Laplace transform,
Whittaker transform, K-transform and fractional Fourier transforms of the S-
function defined by (7). The results obtained in this paper are the generalizations
of the results given by Saxena [11] and Saxena et al. [12] and others.

Theorem 2.10 (Euler Transform). If k ∈ R; α,β ,γ,η ,δ ∈C; Re(α)> 0,
Re(β )> 0, ai (i = 1,2, . . . , p), b j ( j = 1,2, . . . ,q) and τ ∈C, then∫ 1

0
zη−1(1− z)δ−1

(α,β ,γ,τ,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;xzσ )dz

=
k1− β

k Γ(δ )

Γ
(

γ

k

) p+2Ψq+2

[
a1 . . .ap;

(
γ

k ,τ
)
,(η ,σ)

b1 . . .bq;
(

β

k ,
α

k

)
,(η +δ ,σ)

;kτ− α

k x

]
(32)

where Re(η)> 0,Re(δ )> 0,σ > 0,Re(α)> kRe(τ).

Proof. Using equation (7) and (16), it gives∫ 1

0
zη−1(1− z)δ−1

(α,β ,γ,τ,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;xzσ )dz

=
∫ 1

0
zη−1(1− z)δ−1

∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk [nα +β ]

(xzσ )n

n!
dz

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,kxn

(b1)n . . .(bq)nΓk [nα +β ]n!

∫ 1

0
zσn+η−1(1− z)δ−1dz

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,kxn

(b1)n . . .(bq)nΓk [nα +β ]n!
Γ(σn+η)Γ(δ )

Γ(σn+η +δ )

Using equation (4) and (6), it becomes

=
∞

∑
n=0

(a1)n . . .(ap)nxnknτ
(

γ

k

)
nτ

(b1)n . . .(bq)n(k)
nα+β

k −1Γ

[
nα+β

k

]
n!

Γ(σn+η)Γ(δ )

Γ(σn+η +δ )

This completes the proof of the Theorem.
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Corollary 2.11. For τ = q, equation (32) reduces in the following form∫ 1

0
zη−1(1− z)δ−1

(α,β ,γ,q,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;xzσ )dz

=
k1− β

k Γ(δ )

Γ
(

γ

k

) p+2Ψq+2

[
a1 . . .ap;

(
γ

k ,q
)
,(η ,σ)

b1 . . .bq;
(

β

k ,
α

k

)
,(η +δ ,σ)

;kq− α

k x

]
(33)

Corollary 2.12. When p= q= 0 equation (32) reduces to generalized k-Mittag-
Leffler function defined by Saxena et al. [12]∫ 1

0
zη−1(1− z)δ−1Eγ,τ

k,α,β (xzσ )dz

=
k1− β

k Γ(b)
Γ
(

γ

k

) 2Ψ2

[ (
γ

k ,τ
)
,(η ,σ)(

β

k ,
α

k

)
,(η +δ ,σ)

;kτ− α

k x

]
(34)

Corollary 2.13. For τ = k = 1, equation (34) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.6]∫ 1

0
zη−1(1− z)δ−1Eγ

α,β (xzσ )dz =
Γ(δ )

Γ(γ)
2Ψ2

[
(γ,1) ,(η ,σ)
(β ,α) ,(η +δ ,σ)

;x
]

(35)

where Re(η)> 0, Re(δ )> 0, σ > 0.

Theorem 2.14 (Laplace Transform). If k ∈ R; α,β ,γ,η ∈C; Re(α)> 0,
Re(β )> 0, ai (i = 1,2, . . . , p), b j ( j = 1,2, . . . ,q) and τ ∈C,

∣∣ x
sσ

∣∣< 1, then∫
∞

0
zη−1e−sz

(α,β ,γ,τ,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;xzσ )dz

=
(k)1− β

k s−η

Γ
(

γ

k

) p+2Ψq+1

[
a1 . . .ap;

(
γ

k ,τ
)
,(η ,σ)

b1 . . .bq;
(

β

k ,
α

k

)
,

;
kτ− α

k x
sσ

]
(36)

where Re(η)> 0, Re(δ )> 0, σ > 0, Re(α)> kRe(τ).

The proof of (36) can be developed on similar lines if we use the result Laplace
integral (14) and beta formula (15).

Corollary 2.15. For τ = q equation (36) reduces in the following form∫
∞

0
zη−1e−sz

(α,β ,γ,q,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq;xzσ )dz

=
(k)1− β

k s−η

Γ
(

γ

k

) p+2Ψq+1

[
a1 . . .ap;

(
γ

k ,q
)
,(η ,σ)

b1 . . .bq;
(

β

k ,
α

k

)
,

;
kq− α

k x
sσ

]
(37)
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Corollary 2.16. When p = q = 0, equation (36) reduces to the generalized k-
Mittag-Leffler function defined by Saxena et al. [12]∫

∞

0
zη−1e−szEγ,τ

k,α,β (xzσ )dz

=
(k)1− β

k s−η

Γ
(

γ

k

) 2Ψ1

[ (
γ

k ,τ
)
,(η ,σ)(

β

k ,
α

k

)
,

;
kτ− α

k x
sσ

]
(38)

Corollary 2.17. For τ = k= 1,equation (38) reduces in the following form given
by Saxena [11, p. 79, Eq. 4.4]∫

∞

0
zη−1e−szEγ

α,β (xzσ )dz =
s−η

Γ(γ)
2Ψ1

[
(γ,1) ,(η ,σ)
(0,1),(β ,α) ,

;
x

sσ

]
(39)

where Re(η)> 0,Re(δ )> 0,σ > 0.

Theorem 2.18 (Whittaker Transform). If k ∈ R; α,β ,γ ∈C; Re(ρ)> 0,
Re(α)> 0, Re(ρ±µ)>−1/2 and τ ∈C then

∫
∞

0
tρ−1e−pt/2Wλ ,µ(pt)

(α,β ,γ,τ,k)
S

(p,q)

(
a1, . . . ,ap;b1, . . . ,bq;wtδ

)
dt

=
k1− β

k p−p

Γ
(

γ

k

) p+3Ψq+2

[
a1 . . .ap;

(
γ

k ,τ
)
,(1/2±µ +ρ,δ )

b1 . . .bq;
(

β

k ,
α

k

)
,(1−λ +ρ,δ )

;
kτ− α

k w
pδ

]
(40)

where Re(e)> |Re(µ)|− 1
2 , Re(p)> 0,

∣∣∣ kτ− α
k w

pδ

∣∣∣< 1.

The result (40) can be established in the same way if we use the integral (19)
instead of (14).

Corollary 2.19. For τ = q, equation (40) reduces in the following form

∫
∞

0
tρ−1e−pt/2Wλ ,µ(pt)

(α,β ,γ,q,k)
S

(p,q)

(
a1, . . . ,ap;b1, . . . ,bq;wtδ

)
dt

=
k1− β

k p−p

Γ
(

γ

k

) p+3Ψq+2

[
a1 . . .ap;

(
γ

k ,q
)
,(1/2±µ +ρ,δ )

b1 . . .bq;
(

β

k ,
α

k

)
,(1−λ +ρ,δ )

;
kq− α

k w
pδ

]
(41)

where Re
(
ρ +µ + 1

2 +1
)
> 0, Re(p)> 0,

∣∣∣ kq− α
k

pδ

∣∣∣< 1.
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Corollary 2.20. When p = q = 0, equation (40) reduces to the generalized k-
Mittag-Leffler function defined by Saxena et al. [12].∫

∞

0
tρ−1e−pt/2Wλ ,µ(pt)Eγ,τ

k,α,β

(
wtδ

)
dt

=
k1− β

k p−p

Γ
(

γ

k

) 3Ψ2

[ (
γ

k ,τ
)
,(1/2±µ +ρ,δ )(

β

k ,
α

k

)
,(1−λ +ρ,δ )

;
kτ− α

k w
pδ

]
(42)

where Re(e)> |Re(µ)|− 1
2 , Re(p)> 0,

∣∣∣ kτ− α
k

pδ

∣∣∣< 1.

Corollary 2.21. For τ = k = 1, equation (42) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.2]∫

∞

0
tρ−1e−pt/2Wλ ,µ(pt)Eγ

α,β

(
wtδ

)
dt

=
p−p

Γ(γ)
3Ψ2

[
(γ,1) ,(1/2±µ +ρ,δ )
(β ,α) ,(1−λ +ρ,δ )

;
w
pδ

]
(43)

where Re(ρ)> |Re(µ)|− 1
2 , Re(p)> 0,

∣∣∣ w
pδ

∣∣∣< 1.

Theorem 2.22 (k-Transform). If k∈R; α,β ,γ,δ ,ρ ∈C; Re(α)> 0, Re(β )> 0,
ai (i = 1,2, . . . , p), b j ( j = 1,2, . . . ,q) and τ ∈C, then

∫
∞

0
tρ−1Kυ(at)

(α,β ,γ,τ,k)
S

(p,q)

(
a1, . . . ,ap;b1, . . . ,bq;xt2δ

)
dt

=
2ρ−2a−ρk1− β

k

Γ
(

γ

k

) p+3Ψq+1

[
a1 . . .ap;

(
γ

k ,τ
)
,
(

ρ±υ

2 ,δ
)

b1 . . .bq;
(

β

k ,
α

k

)
,

;
4x
a2

]
(44)

where Re(ρ±υ)> 0, Re(a)> 0, Re(α)> kRe(τ).

Equation (44) can be proved in a similar manner if we use the instead of (23).

Corollary 2.23. For τ = q equation (44) reduces in the following form∫
∞

0
tρ−1Kυ(at)

(α,β ,γ,q,k)
S

(p,q)

(
a1, . . . ,ap;b1, . . . ,bq;xt2δ

)
dt

=
2ρ−2a−ρk1− β

k

Γ
(

γ

k

) p+3Ψq+1

[
a1 . . .ap;

(
γ

k ,q
)
,
(

ρ±υ

2 ,δ
)

b1 . . .bq;
(

β

k ,
α

k

)
,

;
4x
a2

]
(45)

where Re(ρ±υ)> 0, δ > 0, Re(α)> kRe(τ).
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Corollary 2.24. When p = q = 0, equation (44) reduces to the generalized k-
Mittag-Leffler function ∫

∞

0
tρ−1Kυ(at)Eγ,τ

k,α,β

(
xt2δ

)
dt

=
2ρ−2a−ρk1− β

k

Γ
(

γ

k

) 3Ψ1

[ (
γ

k ,τ
)
,
(

ρ±υ

2 ,δ
)(

β

k ,
α

k

)
,

;
4x
a2

]
(46)

where Re(ρ±υ)> 0, Re(a)> 0, δ > 0 .

Corollary 2.25. For τ = q = 1, equation (46) reduces in the following form
given by Saxena [11, p. 79, Eq. 4.7]∫

∞

0
tρ−1Kυ(at)Eγ

α,β

(
xt2δ

)
dt

=
2ρ−2a−ρ

Γ(γ)
3Ψ1

[
(γ,1) ,

(
ρ±υ

2 ,δ
)

(β ,α) ,
;
4x
a2

]
(47)

where Re(ρ±υ)> 0, Re(a)> 0, δ > 0, |argx|< π

2 .

3. Fractional Fourier Transform (FFT) of S-Function

Theorem 3.1. If k ∈ R; α,β ,γ ∈C; Re(α)> 0, Re(β )> 0, ai (i = 1,2, . . . , p),
b j ( j = 1,2, . . . ,q) and τ ∈C, for FFT of order ς of the S-function for t < 0, is
given by

ℑς

[
(α,β ,γ,τ,k)

S
(p,q)

(a1, . . . ,ap;b1, . . . ,bq; t)

]
(ω)

=
(k)1− β

k

Γ
(

γ

k

) ∞

∑
n=0

(a1)n . . .(ap)n(k)τ− α

k Γ
(

γ

k +nτ
)
(i)−n−1ω−(n+1)/ς (−1)−n

(b1)n . . .(bq)nΓk

[
α

k n+ β

k

] (48)

where ς > 0, w > 0, Re(α)> kRe(τ).

Proof. Using equation (7) and (28) and gamma function formula, it gives

ℑς

[
(α,β ,γ,τ,k)

S
(p,q)

(a1, . . . ,ap;b1, . . . ,bq; t)

]
(ω)

=
∫

R
eiω1/ς t

(α,β ,γ,τ,k)
S

(p,q)
(a1, . . . ,ap;b1, . . . ,bq; t)dt
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=
∫

R
eiω1/ς t

∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk [nα +β ]

tn

n!
dt

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk [nα +β ]n!

∫
R

eiω1/ς ttndt

If we set iω1/ς t =−ξ , then

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk [nα +β ]n!

∫ 0

−∞

e−ξ

(
−ξ

iω1/ς

)n( −dξ

iω1/ς

)
=

∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k

(b1)n . . .(bq)nΓk [nα +β ] (i)n+1ω(n+1)/ς (−1)nn!

∫
∞

0
e−ξ

ξ
ndξ

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,kΓ(n+1)
(b1)n . . .(bq)nΓk [nα +β ] (i)n+1ω(n+1)/ς (−1)nn!

=
∞

∑
n=0

(a1)n . . .(ap)n(γ)nτ,k(i)−n−1ω−(n+1)/ς (−1)−n

(b1)n . . .(bq)nΓk [nα +β ]n!
Γ(n+1)

In view of the equations (4) and (6), the above line

=
∞

∑
n=0

(a1)n . . .(ap)nknτ
(

γ

k

)
nτ,k (i)

−n−1ω−(n+1)/ς (−1)−n

(b1)n . . .(bq)n (k)
nα+β

k −1
Γk

[
α

k n+ β

k

]
This completes the proof of the Theorem.

Corollary 3.2. For τ = q, equation (48) reduces in the following form

ℑς

[
(α,β ,γ,τ,k)

S
(p,q)

(a1, . . . ,ap;b1, . . . ,bq; t)

]
(ω) (49)

=
(k)1− β

k

Γ
(

γ

k

) ∞

∑
n=0

(a1)n . . .(ap)n(k)(q− α

k )n
Γ
(

γ

k +nq
)
(i)−n−1ω−(n+1)/ς (−1)−n

(b1)n . . .(bq)nΓk

[
α

k n+ β

k

]
Corollary 3.3. When p = q = 0, equation (49) reduces to generalized k-Mittag-
Leffler function defined by Saxena et al. [12]:

ℑα

[
Eγ,τ

k,α,β (t)
]
(ω)

=
(k)1− β

k

Γ
(

γ

k

) ∞

∑
n=0

(k)(τ− α

k )n
Γ
(

γ

k +nτ
)
(−1)−n(i)−n−1ω

−(n+1)
ς

Γ

(
α

k n+ β

k

) (50)
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