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ON PTAK FUNCTION FOR BOUNDED OPERATORS

ABDELLAH EL KINANI

The purpose of this paper is to prove that if the Ptk function p is an
operator norm, on B (E), associated to a norm |.|, then (E, |.|) is a pseudo-
Hilbert space. As a consequence, we obtain that if B(E) is a C*-algebra,
then E is a Hilbert space.

1. Introduction

A pseudo-Hibertizable normed space is a complex normed space (E,|.||) on
which is defined a scalar product (.,.) such that |[x]|* = (x,x), for every x € E.
Let A be a complex algebra. The spectrum and spectral radius of an element
x of A will be denoted by Spx and p(x), respectively. An algebra norm on A
is a linear norm ||.|| satisfying ||xy|| < [|x|| ||y, for every x,y € A. A normed
unitary algebra will be called Q-normed algebra if the group G(A) if its invert-
ible elements is open. Let A be a complex Banach algebra with the involution
x +— x* and unit e. An element / of A is called hermitian if #* = h. It is said to
be positive if it is hermitian and Sph C [0, +oo[. The set of all Hermitian (resp.
positive) elements of A will be denoted by H(A) (resp. P(A)). We say that the
Banach algebra A is Hermitian if the spectrum of every element of H(A) is real
([5]). For elements i and k of H(A), we write h > k to indicate that h — k is
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positive, i. e., that Sp(h — k) C [0, +oo|. Let x be an element of A. We denote by
p(x) = p(x*x)% the Ptak function of an element x € A. In [5], V. Ptdk proved
the following result: if A is a Hermitian Banach algebra, then the function p is
an algebra seminorm on A such that p(x) < p(x), for every x € A. A Banach
algebra with involution (A, ||.||) is called a C*-algebra if ||x*x|| = ||x||* for each
x€A.

Let (A, ||.||) be a complex unital Banach algebra. In the sequel, we will use
the following result of Shirali-Ford ([6]):

A Hermitian <= x*x > 0, for every x € A. (D

Let (E,||.]|) be a normed space, we denote by B(E) the complex normed
algebra of all bounded linear operators on E with respect to the operator norm
associated to ||.||. For scalars A, we often write simply A for the element A/
of B(E), where [ stands for the identity operator on E. In the case where the
algebra B (E) is endowed with an involution 7 —— T*, we say that Ptak function
p is an operator norm on 5 (E) if there exists a norm |.| in E such that p is an
operator norm associated to |.|, i.e.,

p(T) = sup |T(x)|, forevery T € B(E).

[x|<1
For 0 < |A| < 1, we consider the Mobius transformation @, defined by:

A 1
Dy (z) = lzj—_lz’ for every z € C\ {_l} )

It is clear that @, is holomorphic in C\ {—% . Therefore, in particular, in a
neighborhood of the closed unit disk.
If E is a Hilbert space, then (B (E),||.||) is a C*algebra. In this case

|IT|| = sup [|T(x)|| =p(T),forevery T € B(E).

[l <1

Therefore p is an operator norm associated to ||.||. Whence the following ques-
tion: Given a Banach space (E, ||.||) and an involution 7 — T* on B (E) such
that p is an operator norm, on B (E), associated to a norm |.| on E. Does it
follows that (B(E),||.||) is a C*algebra? The purpose of this paper is to give
the answer to this question. We prove (Theorem 2.1) that if there exists a norm
|.|, in E, such that the Ptdk function p is an operator norm associated to |.|, then
(E,|.|) is a pseudo-Hibertizable space. As a consequence, we show (Corollary
2.2 that if B(E) is a C*-algebra, then E is a Hilbert space. The method of the
proof of Theorem 2.1 goes along the lines of [2] with suitable modifications.
The following lemmas will be needed later on.
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Lemma 1.1. Let A be a complex unital Hermitian Banach algebra. Then
1. P(A)={aa*:acA}={h*:hecH(A)}.
2. Forevery x € A, we have

px)<l<=e—xx>0
Proof. 1. It ensues just from (1) and Ford’s square root lemma ([4]).

2. First assume p(x) < 1. It is clear that e — x*x is a Hermitian element of A.
By the spectral mapping theorem, we have:

Sple—x*x)={1—-1:2€Sp(x"x)} ()

It follows from 1) that Sp (x*x) C [0, ], where r = p(x)? < 1. Thus f§ >
0 for every B € Sp(e—x*x). We prove the converse. By 1), we obtain

1—A >0forevery A € Sp(x*x). This implies that max A < 1.Hence,
AeSp(x*x)

p(x) < 1. O

Lemma 1.2. Let (E,||.||) be a complex Banach space and |.| be a norm, in E,
such that the Ptdk function p is an operator norm, on B(E), associated to |.|.
Let T € B(E) with p(T) < 1. Then p(®, (T)) < 1.

Proof. Observe first that the hypothesis imply that p is subadditive. Thus, by
[4], B(E) is Hermitian algebra. Suppose now that 7 € B(E) with p(T) < 1.

z .
Then the function @, is holomorphic in the open disk D(0, 1 4-r) = Q. Moreover
@, (D(0,1) c D(0,1) and ®, (C(0,1)) C C(0,1). Hence |®, (z)| < 1, for every

z€ D(0,1). On the other hand, we have

1
Let 0 < |A| < 1 and consider r such that 0 < r < 7 —lLie,1<14+r<

@, (T) = (T + 1) (1+IT)_1

and

1= @, (T)' @y (T) =1 = (14 AT") " (T*+7) (T +4) (IJJT)_l
1

- (1 - wz> I+ AT (1 —T°T) (1+IT)_ .

Now, since p(T) < 1, we have I — T*T > 0. So, by 1) of lemma 1.1, there exists
a hermitian operator S on E so that I — T*T = S?. Hence

1=y (1) @y (1) = (1= [AP) (1 +27%) '8 (1+IT)71.

Whence, by lemma 1.1, 1 —®, (T)*®; (T) >0 and p (P, (T)) < 1. O
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2. Main result

Theorem 2.1. Let E be a complex Banach space. If there exists a norm |.|, in E,
such that the Ptdk function p is an operator norm associated to |.|, then (E,|.|)
is pseudo-Hilbertizable space.

Proof. By the same argument as in Lemma 1.2, the Banach algebra B (E) is
Hermitian. Let ¢ € E*(the conjugate space of E) and a € E such that || |a| <1,
and consider T € B (E) defined by T'(x) = ¢(x)a. Then

T(x
17 = sup L9 < o1l < 1.

x#0 ‘ ‘
This implies that p(T') < 1 for p(T) = |T|. By Lemma 1.1, p(®, (T)) < 1 and
SO

_ —1
(T +AI) <I+7LT) (x)| < |x|, for every x € E.

This is equivalent to:

(T+AD ()] < |(1+2T) ()

,foreveryx € E.

Since T (x) = @(x)a, for every x € E, we have

lo(x)a+Ax| < ’x+z(p(x)a ,foreveryx € E. 3)

Consider x,y € E such that |x| > [y| > 0. It follows from the Hahn Banach
theorem that there exists ¥ € E* such that

|yl =|x|"" and y(x) = 1.

Seta =y, we get

ly|
lyllal == <1
x|

Then by (3), we have

[W(x)a+Ax < v+ Ay (x)al

ly+Ax| < ‘x+%y’, for every |A] < 1.

Now using the same argument as in [2], the reader can prove that, for every
x,y € E with |x| = |y

]

lax+ By| = |Bx+ ay|, for every (o, B) € R%.

Finally, by a result of Ficken ([3]), the norm |.| is derivable from an inner prod-
uct. So (E,|.|) is a pseudo-Hilbertizable space. O
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If B(E) is a C*-algebra, then p is exactly the operator norm associated to
I|l.]l. Whence the preceding result forces the space E to be a Hilbert space, as
the following result shows:

Corollary 2.2. Let (E,||.||) be a complex Banach space. The following asser-
tions are equivalent:

1. (E,||.|) is a Hilbert space.

2. B(E) is a C*-algebra.

Corollary 2.3. Let (A,||.||) be a complex semi-simple Q-normed algebra with
unit e such that |le|]| = 1. If B(A) is a C*-algebra, then A is isomorphic to the
field of complex numbers.

Proof. By Corollary 2.3, (A,].||) is a Hilbertizable algebra. So (A,|].||]) is
a complex semi-simple Hilbertizable O-normed algebra with unit e such that
|le|]| = 1. If It follows, from Corollary 3.2 of [1], that A is isomorphic to the field
of complex numbers. Ul
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