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ON PTÁK FUNCTION FOR BOUNDED OPERATORS

ABDELLAH EL KINANI

The purpose of this paper is to prove that if the Pták function p is an
operator norm, on B (E), associated to a norm |.|, then (E, |.|) is a pseudo-
Hilbert space. As a consequence, we obtain that if B (E) is a C∗-algebra,
then E is a Hilbert space.

1. Introduction

A pseudo-Hibertizable normed space is a complex normed space (E,‖.‖) on
which is defined a scalar product 〈., .〉 such that ‖x‖2 = 〈x,x〉, for every x ∈ E.
Let A be a complex algebra. The spectrum and spectral radius of an element
x of A will be denoted by Spx and ρ(x), respectively. An algebra norm on A
is a linear norm ‖.‖ satisfying ‖xy‖ ≤ ‖x‖‖y‖, for every x,y ∈ A. A normed
unitary algebra will be called Q-normed algebra if the group G(A) if its invert-
ible elements is open. Let A be a complex Banach algebra with the involution
x 7−→ x∗ and unit e. An element h of A is called hermitian if h

∗
= h. It is said to

be positive if it is hermitian and Sph ⊂ [0,+∞[. The set of all Hermitian (resp.
positive) elements of A will be denoted by H(A) (resp. P(A)). We say that the
Banach algebra A is Hermitian if the spectrum of every element of H(A) is real
([5]). For elements h and k of H(A), we write h ≥ k to indicate that h− k is
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positive, i. e., that Sp(h− k)⊂ [0,+∞[. Let x be an element of A. We denote by
p(x) = ρ(x∗x)

1
2 the Ptàk function of an element x ∈ A. In [5], V. Pták proved

the following result: if A is a Hermitian Banach algebra, then the function p is
an algebra seminorm on A such that ρ(x) ≤ p(x), for every x ∈ A. A Banach
algebra with involution (A,‖.‖) is called a C∗-algebra if ‖x∗x‖ = ‖x‖2 for each
x ∈ A.

Let (A,‖.‖) be a complex unital Banach algebra. In the sequel, we will use
the following result of Shirali-Ford ([6]):

A Hermitian ⇐⇒ x∗x≥ 0, for every x ∈ A. (1)

Let (E,‖.‖) be a normed space, we denote by B (E) the complex normed
algebra of all bounded linear operators on E with respect to the operator norm
associated to ‖.‖. For scalars λ , we often write simply λ for the element λ I
of B (E), where I stands for the identity operator on E. In the case where the
algebra B (E) is endowed with an involution T 7−→ T ∗, we say that Pták function
p is an operator norm on B (E) if there exists a norm |.| in E such that p is an
operator norm associated to |.|, i. e.,

p(T ) = sup
|x|≤1
|T (x)| , for every T ∈ B (E) .

For 0 < |λ |< 1, we consider the Möbius transformation Φλ defined by:

Φλ (z) =
z+λ

1+λ z
, for every z ∈ C\

{
− 1

λ

}
.

It is clear that Φλ is holomorphic in C\
{
− 1

λ

}
. Therefore, in particular, in a

neighborhood of the closed unit disk.
If E is a Hilbert space, then (B (E) ,‖.‖) is a C∗algebra. In this case

‖T‖= sup
‖x‖≤1

‖T (x)‖= p(T ) , for every T ∈ B (E) .

Therefore p is an operator norm associated to ‖.‖. Whence the following ques-
tion: Given a Banach space (E,‖.‖) and an involution T 7−→ T ∗ on B (E) such
that p is an operator norm, on B (E) , associated to a norm |.| on E. Does it
follows that (B (E) ,‖.‖) is a C∗algebra? The purpose of this paper is to give
the answer to this question. We prove (Theorem 2.1) that if there exists a norm
|.|, in E, such that the Pták function p is an operator norm associated to |.|, then
(E, |.|) is a pseudo-Hibertizable space. As a consequence, we show (Corollary
2.2 that if B (E) is a C∗-algebra, then E is a Hilbert space. The method of the
proof of Theorem 2.1 goes along the lines of [2] with suitable modifications.

The following lemmas will be needed later on.



ON PTÁK FUNCTION 239

Lemma 1.1. Let A be a complex unital Hermitian Banach algebra. Then

1. P(A) = {aa∗ : a ∈ A}=
{

h2 : h ∈ H(A)
}
.

2. For every x ∈ A, we have

p(x)≤ 1⇐⇒ e− x∗x≥ 0

Proof. 1. It ensues just from (1) and Ford’s square root lemma ([4]).

2. First assume p(x)≤ 1. It is clear that e−x∗x is a Hermitian element of A.
By the spectral mapping theorem, we have:

Sp(e− x∗x) = {1−λ : λ ∈ Sp(x∗x)} (2)

It follows from 1) that Sp(x∗x) ⊂ [0,r], where r = p(x)2 ≤ 1. Thus β ≥
0 for every β ∈ Sp(e− x∗x). We prove the converse. By 1), we obtain
1−λ ≥ 0 for every λ ∈ Sp(x∗x). This implies that max

λ∈Sp(x∗x)
λ ≤ 1. Hence,

p(x)≤ 1.

Lemma 1.2. Let (E,‖.‖) be a complex Banach space and |.| be a norm, in E,
such that the Pták function p is an operator norm, on B (E), associated to |.|.
Let T ∈ B (E) with p(T )≤ 1. Then p(Φλ (T ))≤ 1.

Proof. Observe first that the hypothesis imply that p is subadditive. Thus, by
[4], B (E) is Hermitian algebra. Suppose now that T ∈ B (E) with p(T ) ≤ 1.

Let 0 < |λ |< 1 and consider r such that 0 < r <
∣∣∣∣ 1
λ

∣∣∣∣−1, i. e., 1 < 1+ r <
∣∣∣∣ 1
λ

∣∣∣∣.
Then the function Φλ is holomorphic in the open disk D(0,1+r)=Ω. Moreover
Φλ (D(0,1)⊂D(0,1) and Φλ (C(0,1))⊂C(0,1). Hence |Φλ (z)| ≤ 1, for every
z ∈ D(0,1). On the other hand, we have

Φλ (T ) = (T +λ )
(

I +λT
)−1

and

I−Φλ (T )
∗

Φλ (T ) = I− (I +λT ∗)−1
(

T ∗+λ

)
(T +λ )

(
I +λT

)−1

=
(

1−|λ |2
)
(I +λT ∗)−1 (I−T ∗T )

(
I +λT

)−1
.

Now, since p(T )≤ 1, we have I−T ∗T ≥ 0. So, by 1) of lemma 1.1, there exists
a hermitian operator S on E so that I−T ∗T = S2. Hence

I−Φλ (T )
∗

Φλ (T ) =
(

1−|λ |2
)
(I +λT ∗)−1 S2

(
I +λT

)−1
.

Whence, by lemma 1.1, I−Φλ (T )
∗

Φλ (T )≥ 0 and p(Φλ (T ))≤ 1.
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2. Main result

Theorem 2.1. Let E be a complex Banach space. If there exists a norm |.|, in E,
such that the Pták function p is an operator norm associated to |.|, then (E, |.|)
is pseudo-Hilbertizable space.

Proof. By the same argument as in Lemma 1.2, the Banach algebra B (E) is
Hermitian. Let ϕ ∈ E∗(the conjugate space of E) and a∈ E such that |ϕ| |a| ≤ 1,
and consider T ∈ B (E) defined by T (x) = ϕ(x)a. Then

|T |= sup
x 6=0

|T (x)|
|x|

≤ |ϕ| |a| ≤ 1.

This implies that p(T )≤ 1 for p(T ) = |T |. By Lemma 1.1, p(Φλ (T ))≤ 1 and
so ∣∣∣∣(T +λ I)

(
I +λT

)−1
(x)

∣∣∣∣≤ |x| , for every x ∈ E.

This is equivalent to:

|(T +λ I)(x)| ≤
∣∣∣(I +λT

)
(x)

∣∣∣ , for every x ∈ E.

Since T (x) = ϕ(x)a, for every x ∈ E, we have

|ϕ(x)a+λx| ≤
∣∣∣x+λϕ(x)a

∣∣∣ , for every x ∈ E. (3)

Consider x,y ∈ E such that |x| ≥ |y| > 0. It follows from the Hahn Banach
theorem that there exists ψ ∈ E∗ such that

|ψ|= |x|−1 and ψ(x) = 1.

Set a = y, we get

|ψ| |a|= |y||x|
≤ 1

Then by (3), we have

|ψ(x)a+λx| ≤
∣∣∣x+λψ(x)a

∣∣∣
i. e.,

|y+λx| ≤
∣∣∣x+λy

∣∣∣ , for every |λ |< 1.

Now using the same argument as in [2], the reader can prove that, for every
x,y ∈ E with |x|= |y|,

|αx+βy|= |βx+αy| , for every (α,β ) ∈ R2.

Finally, by a result of Ficken ([3]), the norm |.| is derivable from an inner prod-
uct. So (E, |.|) is a pseudo-Hilbertizable space.
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If B (E) is a C∗-algebra, then p is exactly the operator norm associated to
‖.‖. Whence the preceding result forces the space E to be a Hilbert space, as
the following result shows:

Corollary 2.2. Let (E,‖.‖) be a complex Banach space. The following asser-
tions are equivalent:

1. (E,‖.‖) is a Hilbert space.

2. B (E) is a C∗-algebra.

Corollary 2.3. Let (A,‖.‖) be a complex semi-simple Q-normed algebra with
unit e such that ‖e‖ = 1. If B (A) is a C∗-algebra, then A is isomorphic to the
field of complex numbers.

Proof. By Corollary 2.3, (A,‖.‖) is a Hilbertizable algebra. So (A,‖.‖) is
a complex semi-simple Hilbertizable Q-normed algebra with unit e such that
‖e‖= 1. If It follows, from Corollary 3.2 of [1], that A is isomorphic to the field
of complex numbers.
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[2] C. Foias, Sur certains théorèmes de J. von Neumann concernant les ensembles
spectraux, Acta Sci. Math (Szeged) 18 (1957), 15–20.

[3] F. A. Ficken, Note on the existence of scalar products in normed linear spaces,
Annals of Math. 45 (1946), 362–366.

[4] J. W. M. Ford, A square root lemma for Banach ∗-algebras, J. London Math. Soc.
42 (1967), 521–522.

[5] V. Pták, Banach algebras with involution, Manuscripta Math. 6 (1972), 245–290.
[6] S. Shirali - J. W. M. Ford, Symmetry in complex involutory Banach algebras II,

Duke Math. J. 37 (1970), 275–280.



242 ABDELLAH EL KINANI

ABDELLAH EL KINANI
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