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MULTIVALENCE OF BIVARIATE FUNCTIONS
OF BOUNDED INDEX

FATIH NURAY - RICHARD F. PATTERSON

This paper examines the relationship between the concept of bounded
index and the radius of univalence, respectively p-valence, of entire bi-
variate functions and their partial derivatives at arbitrary points in C2.

1. Introduction
If f(z1,z2) is a bivariate entire function in the bicylinder
{z1,2)€C: Ja—ai| <ri,ln—as <}

then f(z1,22) have following Taylor expansion at point (a,b),

o oo

fen2)=Y Y am(zi—a)" (2 —a)"
m=0n=0
where
1 am+nf(zl’z2) 1 (m,n)
Apn = = ——f""a,a).
" min! [ 9797} :|Zl—al;l2—ll2 m!n! (a1,02)

Similar to Gross[6] we presented in [9] the following notion of bounded
index of bivariate entire function.
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Definition 1.1. A entire bivariate function f(z;,z2) is said to be of bounded
index provided that there exist integers M and N independent of z; and z, such

that
{ A0 @1, 22)] } _ L) (@1, 20)]

max
0<k<M;0<I<N

k! m!n!
for all m and n.

We shall say that f is of index (M,N) if N and M are the smallest integers
for which above inequality holds. A entire bivariate function which is not of
bounded index is said to be of unbounded index. One should observe that a f
bivariate entire function is of bounded index then there exist integers M > 0,
N > 0 and some C > 0,

f i | *D) (z1,22)) S le('"’”) (z1,22)]

k!l - m!n!

(1

k=01=0
where m=M+1,M+2,...and n =N+ 1,N+2,.... In addition if the last
inequality holds then

5 (z1,20)] ) (z1,22)]
g { k! S M+DH(N+1)  minl

0<k<M;0<I<N

where m,n=0,1,2,3,....

Let r = (ry,r2) be a 2-tuples of positive real numbers. If the power series is
convergent in the polydisc (or bicylinder) |z —a;| < ry, |22 — az| < rp then r is
called associated biradius of convergence of the power series. The (a;,a;) € C?
is called the center of the bicylinder. Let D C C? be a domain, that is, an open
and connected non-empty subset of C2. Let a = (aj,a) € D and f: D — C.
We say that f is analytic or holomorphic at a if for some £ > 0,

B(a,e) ={z=(21,22) €C*: |z—a||<e}CD

and f is given at B(a,€) C D as a power series

oo oo

fen2) =Y Y am(zi—a)" (22— a)"

m=1n=1

such that for0<r<eg
Z Z |Gy [P < 00
m=1n=1

If f is continuous and analytic in every variable then f itself is analytic. A
function f analytic in a domain D is said to be univalent there if it does not take
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the same value twice: f(z1,22) # f(z3,24) for all pairs of distinct points (z1,22)
and (z3,z4) in D. If f(z1,22) is univalent in D, then f(l’l)(zl,zg) #0in D. An
entire function is a function that is analytic at each point in the entire C2.

For an entire bivariate function f(z1,z>) and complex numbers w; and w, let
r(wy,w2, f(z1,22)) denote the radius of univalence of f(z; +wy,z2 +wa). Let

Run(wi,w2) = Ryn(wi,wa, f(z1,22))

= (i)
ocicmax _ Ar(wiwa, £97(z21,22)) -

2. Main Results
Theorem 2.1. If

oo

Z Zmn|amn| <1

m=2n=2
then o
flzi,22) =222+ Z Z amn?]'?y
m=2n=2
is univalent and starlike in

Proof. Suppose that Yo > Y » mn|ay,| < 1 and that
fhn)=an+ Y, Y awdl's.
m=2n=2

Thenin |z;| < 1, |z2] < 1

22" (z1,22) = f(z1,22)| = |f (21, 22))

oo

- ’ Z Z angl Z2’ |z122 + Z Z AmnZ} T

m=2n=2 m=2n=
< Z Z(mn—l |amn| — (1 — Z Z|amn|

m=2n=2 m=2n=
—ZZmn]amn]—1<O

m=2n=

Hence it follows that in |z;| < 1, |z22]| < 1

U (z1,22)
f(z1,22)

This shows that f(z;,z2) is univalent and starlike in |z;| < 1, |z2| < 1. O

|z122 -1 <1
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Then we prove following results.

Theorem 2.2. Let f(z1,22) be a entire bivariate function. Then f('V)(zy,25) is
bounded index if and only if there exist integers M > O,N > 0 and a constant
0 > 0 such that

Ryn(wi,w2) > 8 for all wy,w, € C?

that is, for any point in the C?, f(bV(z1,25) or one fMN)(zy,25) has radius of

univalence of at least 6.

Proof. Let f'))(z1,2,) be of bounded index. Then

FY (0zy, Bza)

is of bounded index for any o, 8 € C. Let (M,N) be the index of f(')(2z1,2z,)
and for wi,w, € C? let

Z17Z2 Z Zamn (ZZ_WZ) .

m=0n=

Hence, there exists (k,[), 0 <k <M, 0 <[ <N, such that

1 . it i
| 1041] > m("‘f‘ L) (14702 ags1vigvi e

> 2i+j‘ak+1+i,l+1+j| fori= 1’2’,,,;]': 172,....
Clearly,

%D (z1,22)

=

=Y mm—1)...(m—k+1)n(n—1)...(n— 1+ Dam(zr —wi)" (22 —wp)""!

m=k
n=l

= Z bij(z1 —wi) (22 —wa)/.
i,j=0

Therefore, fori=1,2,...;j=1,2,...,

|bit1, 1]
b
B (k+1+0)(k+i)...((+2)(I+1+ )T+ ) (J+2)| @k 14if+1+
N (k+ 1)+ 1)V agr1 41
)1 |ak+l+i,l+l+j‘
|ak+1,1+1\

< (i+1)*(+1

DG+
— 2i+j
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Thus

m=2n=2 i=1j=1
oo oo (l+1)M+l(J+1)N+1
<1b —
‘ 11|i:21j;1 it
= |b11|B1B2

where B; and B are constants independent of w; and w,. By Theorem 1,

oo oo

Z Zmn|cmn| <1

m=2n=2
implies
gzim)=z.22+ Y. Y cmal'd
m=2n=2
is univalent and starlike in |z;| < 1, |z2| < 1. Therefore

oo oo

5 1,2) =Y Y bijlar —wi) (z2 —wa)?

i=0 j=0

is univalent in |z; —w| < BL. and |20 —wa| < B%‘

Conversely, choose M > 0, N > 0 and & > 0 such that Ry;y(wy,w2) > 0 for
all wi,w, € C2. Then given wy,wy € C2, there exist integers k <M and [ <N
such that

oo oo

F*0@z) = Y Y bijlar —wi) (22— w2)!

i=0 j=0

is univalent in |z; —w| < 6,

22 —wa| < 8. Obviously by # 0 and therefore

(e} (oo} b
8(21722) — Z Z ﬂ6m+n72zmzn

142
m=1n=1 bll

Z CngTZg
n=1

is univalent in |z;| < 1, |z2| < 1 with ¢;; = 1. We can write

M

m=1

|| < €*mn
form=2,3,...;n=2,3,.... Hence

|b]]’ > ’I;mn’ 6m+n72
e-mn
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form=2.3,...;n=2,3,.... Now if

f(z1,22) = i i ass(z1 —wi) (z2 —w2)’ then

t=0s=0

b
x| > —oul
k+ 101+ 1)!
|bmn’ 5m+n—2
T (k+D(I+1)! emn
5m+n72

> |Gt i+n] e —

form=1,2,...;n=1,2,.... Hence, ﬂ’“”(%,%) is of index not exceeding

M and N for T; and T, sufficiently large and thus f (1’1)(z1 ,22) is of bounded
index. u

Theorem 2.3. Let f(z1,22) be an entire bivariate function. Then
FID(z1,22)

is of bounded index if and only if there exists an integers p > 0, such that
FU(z1,22)

is p-valent in any bicylinder of radius 1.

Proof. Let f1)(z1,2,) be of bounded index (M,N), (by,b>) be root of

f(zlaZZ) =w.
Let - .
fznz2)=w+ Y Y am(zi—b1)" (22— b2)".
m=1n=1
Since

1 (z1,22)

is of bounded index (M,N), there exists integers k and [ with 1 <k <M +1,
1 <1 < N+1 such that

|akl| > \a,-j|fori: 1,2,...;j:1,2,....

Let

ko
a
P(zi,22) =Y, Y, 3.
m=1n=1 agl
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Then

k1
P(z1,22) HHZ1—CI 22 —¢j)

i=1j=1

for some (c;,¢;) € C2. Let
71 = {4(M + 1)}(M+1) and T, = {4(N + 1)}(N+1).

Then there exist constants r; and r, with

1 1 1 1
— <rn<—, =—<n<—
2kT1 T1 21’[2 T
such that for |z;| = ry, |z2| = r» we have

1
]zl—c,]>Tforl—12 Lk

|22 —cj| > for j=1,2,...,1.

1
21t

1N/ 1Y
P S () (L
IP(z1,22)| 2 <4krl> <4lr2>

for all |z1| = r1, |z2| = r2. Now for |z1| = 11, |z2| = 12,

Thus

oo oo oo oo

mn aml’l
'] < e
m=kt1n=1+1 Yl m=kt1n=11+11 Gkl
k1 oo
<Y Y la"el
m=1n=I[+1

m=k+1n=I+1 T
4

11
T

1N/ 1Y
P S (1
IP(z1,22)] = (2kr1> <2112>

4

141
)

<

Therefore

oo oo

>

231
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for |z1| = r1, |z2| = r,. Similarly we can find bounds for

and

a
m=k+1n=1 ki
from above. By the multidimensional analogue of the classical Rouché principle

[1, Theorem 2.5],
i i Amn ;111 g
m=1n=1 Ul

has the same numbers of zeros in |z;] < ry,

Z Z ang] 22

m=1n=

22| < rp as P(z1,z2). Hence

has at most kI zeros in |z;| < (2k71) " and |z2| < (217) " and f(z1,22) = w has
at most kl solutions in |z; — by | < (2k7;)~! and |z, — by| < (2I72)!. In general
f(z1,22) is at most (M + 1)(N + 1)-valent in |z; — 71| < {4(M + 1)1} ! and
|z2—p| < {4(N+1)1} ! forall 11,7, € C%. Thus there exist p > (M +1)(N+
1) such that f(z1,22) is p-valent in any bicylinder of radius 1.

Conversely, Let

Zl Z2 Z Z amn (ZZ - WZ)

m=0n=

be kl-valent in |z; —wi| < 1 and |zo — wy| < 1. Without loss of generality we
may assume that aggp = 0. Then by [10], we have, form=1,2,...;n=1,2,...,

2k—1 21—1
| < A1) ma e~

where A(k,[) depends only k and /. Thus, in general

(m,n) (u,v)
f < Al D122 max |fYY (z1,22)]
m!n! 1<u<k;1<v<i ulv!

form=1,2,...;n=1,2,.... Hence fI'V) (3,%) is of index (k,!) for 7; and 7,

sufficiently large and therefore f1!)(z;,z,) is bounded index. O
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