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ON H-FUNCTION

DHARMENDRA KUMAR SINGH

Abstract

The present paper aim at the derivation of fractional calculus formulae
for the H-function due to Inayat-Hussain by the application of fractional
calculus formulae due to Saigo and Meada involving a general class of
polynomial &7 (.).

1. Introduction

The H-function introduced by Inayat-Hussain [1] in terms of Mellin Barnes type
contour integral is defined by

— —mn  =mn (ajaAj;aj>1 7(aj7Aj) 1
H(Z):H T =H" Z| " nrLp
P4 P [ (ﬁj?Bj)l,m7(Bj7Bj;bj)rn+l7q
1o
_ L sds, 1
A M

where ” N a
[T T(B;—Bjs) [T {T (1 — aj +Ajs) }

q b; T1P
[T AT (1= B+ Bjs) i T, Tt —Ajs)
which contains fractional powers of some of the gamma functions L = Lj. is
a contour starting at the point T — oo, terminating at the point 7 + ico with 7 €

x(s) = )
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R = (—oo0,0). Here z may be real or complex but is not equal to zero and an
empty product is interpreted as unity; m,n, p,q are integers such that 1 <m <
7,0<n<p;A;>0(j=1,...,p),B;>0(j=1,...,q)and a; (j=1,...,p)

and b; (j=1,...,q) are complex numbers. The exponents o; (j=1,...,n) and
Bj (j=m+1,...,q) take on non integer values.
Also, from Inayat-Hussain [1], it follows that
_ \ b
m,n o é’ * . Y
H,,[Zl=0 <|z\ ) for small z, where {* = min [SK <Bj>:| (3)

and

Hyllzl=o0 (|z|‘:) for large z, where £* = max R [a] <aj - 1)] N )]

1<j<n Aj

When the exponents a; = §; = 1 Vi and j, the H-function reduces to the familiar
Fox’s H-function defined by Fox [4], and see also Mathai and Saxena [2] and
[3].

Buschman and Srivastava [10, p. 4708] have shown that the sufficient condition
for absolute convergence of the contour integral (1) is given by

m n q p
=Y Bjl+ ) lajAjl = ) 6Bl — ¥ 14;/>0. 5)
j=1 j=1 j=m+1 j=n+1

This condition evidently provides exponential decay of the integrand in (1), and
the region of absolute convergence in (1) is

1
largz| < EnQ. (6)

Saxena [9, p. 127] has shown that H(z) makes sense and defines an analytic
function of z in the following two cases:

I. ¥ > 0and 0 < |z| < oo, where

)4
¥ = Z\BI+ Z |Bjb;| — Z\Aa,\ Y 14l @)

j=m+1 =1 j=n+1

IL. ¥ > 0and 0 < |z| < 6! holds, where

— (1@ f}{H P @M I B ®
J=1 j=n+1 Jj=m+1

A relation connecting LY(z), the polylogarithm of complex order v, and the
H-function is derived by Saxena [9, p.127, eq.(1.12)] as

v/ gl (1,1;v)
L (Z)—H172 Z| (0’1)’(0’1"}_1) (9)
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An account of LY(z), the polylogarithm of complex order v is available from
the book by Marichev [8].

The generalized polynomial set due to Raizada [11] and is defined by the fol-
lowing Rodrigues type formula

_ _B
S0 (tr,5,q,A,B,m,k,1) = (At +B) " * (1 —11") "«

B
X T [(At +B)*H (1 — 1) +] (10)

with the differential operator 7} ; being defined as
Tiy =t (k+1tDy), (11)

where D, = %. The explicit form of this generalized polynomial set ([11], p
71, Eq.(2.34)) is

Sﬁ’b’f (t;1,5,9,A,B,m,k,1)

— B l(m+n)lm+n mnfn inin i ) (_i)j (a)i
p=0e=0 i=0 j=0 pliljle!

(_a_qn)j —b Jjt+k+re —7t" Ar\'
X(l—a—i)j<f_sn>p<l >m+n(1_ﬂr> <B> (12)

2. Generalized Fractional Calculus Operators

Let a, 3,1 € C and x € R ; then the generalized fractional integration and frac-
tional differentiation operators associated with Gauss hypergeometric function
due to Saigo [5, 6] are defined as follows

(1557 7) () = F:;f/ox(xt)“‘lel(wﬁ,n;a;li)f(t)dr (13)

(R(et) >0);
— % (P ) (o) (14)
(R(ar) <0;n=[R(—a)]+1);
(1P p) () = L/xm (=017 Poh (a+ B—mios1 =) fdr (15)
(R(et) >0);
= 1y () (o (16)
(R(e) <0;n=[R(-a)]+1);
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and

( pB: "f) (x) = ( —a,-B, oc+nf) (x) = ;:n (Ifa+n,fﬁfn,a+nfnf> (x) (17)

(R(a) > 0;n=[R(a)]+1);
(DT“ f) (x) = (1:“’*"””]0) (x) = (—1)"% (Ii wnp ’”’“*”f) (x) (18
(R(a) > 0;n=[R(e)] +1).

The Riemann-Liouville, Weyl and Erdelyi-Kober fractional calculus operators are re-

a,p.n

covered as special cases of the operators I %P and 1% as shown below

(RE.) )= (15 °") 0 = g | =0 g0 a9)
(R() > 0):

= (RE ) @ 20)
O<R(a)+n<1;n=1,2,3,...);
ay _ [0« 1 °° a—
W) = (1 71) (0 = g | =0 s @
() > 0);
=" dx,,( W f) () (22)
O<R(a)+n<lin=12,..);
e
(E807) 0= (B07) 0 ="F gy [ -0 rwa @)
() > 0);
(ke19) ) = (1) ) = Fgs [ =0 e a2y
(R(c) > 0).

Now here the definition of the following generalized fractional integration and
differentiation operators of any complex order involving Appell function F3,
due to Saigo and Meada [7, p.393, Eqgs. (4.12) and (4. 13)] in the kernel in the
following form.

Let «x, (x/,ﬁ , [3/, Y € C and x > 0, then the generalized fractional calculus op-
erators involving the Appell function F3 are defined by the following equations:

’ ’ x ¢ X - ’ ’ 1t X
(I(‘)ia ﬁﬁ ’Yf> (X):F(’}/)/() t ¢ (x_t)y ]F3 (aaaaﬁaﬁ ;}/;l_;cvl_;>

x f(t)dt (25)
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R(y) >0);
da’ (Ioc N B-‘rnﬁ )/-‘rnf) (X) (26)

T dx
(R(y) <0 n=[-R(V]+1);

/ / —Ot, oo / ’ ’
<I°"°‘ bP ’Yf) (x) = = / Y (r—x)" R (a,a B.B ;7;1—5,1—5)
X t X

I'(y)
X f(t)dt (27
(R(y)>0):
o 4" (L BB nyn

S1( £)e 28)

(R(y) <0sn=[-R(y)]+1);

and

( 8606 BB, Yf)( )= (10+a —oc,—ﬁ’,—ﬁ«—Yf) (x) (29)
_ ;7:” (Io—fl=_a’_ﬁl+’17_ﬁ7_y+nf) (x) (30)

(R(¥) >0n=[R(y)]+1);
(Da’w,ﬁ,ﬁ,-yf) (x) — <I_a/’a’_ﬁ,a_ﬁ._yf) (x) (31)

@ (o o Btnyin
—ars (1 e 62

(R(y) > 0;n=[R(y)] +1).
These operators reduce to that in (13)-(18) as the following.

(10217 ) 0 = (2P ) e @
<°‘°” Yf) = (PP (reo); (34)
<08f"ﬁ’ﬁ/”f)( = (DF ) (35)
(D2 f) () = (D2 P78 ) () (36)

Further from Saigo and Meada [7, p.394, eqs.(4.18)and (4.19)], we also have

BBy o pry—a—o —B,p+p —o
(Igff“'yxp lf) (X)—F[ pﬁ?—g—aﬁpwfoﬁ—g,p%’

S A (37)
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where R(y) > 0,R(p) > max [0, R(a+ ' + B —7),R(a’ — B’)] and

(1229 73017 ) )=

l+a+o —y—p,l+a+p —y—p1=B—p | s a-a'ty-1
F[ l-pl+a+a+p —y—pl+a—B—p |F , (38)
where R(7) > 0,R(p) < 1+ min[R(-B), R(a+ o' —7), R(a—p - 7).

Z’Ie)’; will be employed to the represent the ratios of

product of gamma function %-

Here the symbol I [

3. Fractional integration of the product H-function and Sﬂ’b’f(.) polyno-
mial

Theorem 3.1. Ler o, 0, B,B’, v € C,R(y) > 0. Further let the constants m,n,
p,q € Ny, ai,bj e C, Ai,Bj e R, (i: 1,...,p;j= 1,...,q), pecC,o e Ry,
largal < 5Q, Q > 0 and the exponents o; (i =1,...,n) and B; (j = m+
1,...,q) ¢ N be given and satisfy the condition

omax|[7,{*] < R(p) +min [0,R(y— o —a' — B),R(B' —a')]. (39)

Then the fractional integral I BBy of the product H-function and Sy b, ()
exists and the following relatzon holds:

(I&a’,ﬁ,ﬁ’,y [tp_]ﬁ;",’; (at®) S%%(t;r,5,9,A,B,m, k, l)} ) (x)

, m+n
— Prr-a-a +Il(m+n)— qunlm+n sn Z
p=0

X(—a—qn)j _—b—sn jt+k+re
(I-a—i);\ 7 » [

m+n i —i'al-
ZOZ P)e(=i) (a)

!!l!
j=0 [.j.e

—ox’ \? [Ax\'
n 1—1x" B

XHmn+3 s |ax ‘ (aijj;aj)l’,,n(aj7Aj)n+1:p7(67G)7
p+3,q+ (bj?Bj)l,;n7(bj7Bj;ﬁj)m+1,q’(9+a+a/—%6)’

),

(9+a+a’+ﬁ—y,c),(9+a’—ﬁ’,6)]. 40)

(6+a +B—v,0),(6-Pp,0)
where 6 =1—p —i—Il(m+n)—rp—rw.
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Proof. With (1) and (25), we have from (40)

(I&al’ﬁ’ﬁ/’y [tp_lﬁrpng (ato)Sﬁ’b’r(t;r,s,q,A,B,m,k,l)}) (x)

x—OC

. Y o -1 / o _E X
_F(y)/ot (x—1) F3<a7a,[3,[3,y,1 x,l t)

1
> {tp—l 27/%@) (ato)sdquntl(m+n)(1 _ Ttr)snlm+n

m+n m+n i ( l) (a)
<Y Z )y Z 1,! el -
p=0e=0 i=0 j=0

X

(—a—qnb-<—b

(I1—a—i); \ ©

g P i
<j+k+re> < Tt > <At> Vi
) man N1 — T B

Z ) Z —p)e(—i);(a);

’l' ile!

— Bqnlm-‘rn ”in i
p=0e=

0 i=0
(—a—qn); (—b Jj+k+re (AN (—=sn+ D)y
“waca r ) (z ), ()
J )4 m+tn :
0‘ @ aﬁ B'.Y . p+os+rwtrp+l(mtn)+i—1
2m/x : y@m.mn

Using (37) in the above expression, we obtain

:xp+yfoc706'+l(m+n) qunlern i i i i i ) (_i)j(a)i

pliljle!

(_a_qn)j -b jtk+re —Tx" Ax\ 1

X —— 2 — —sn e - — —/x(s)
(I—a—i);\ » l man L1 —Tx B ) 2rmi /L
F[ 1-0+0s,1—-0+y—o—o' —B+0s,1—-0+p' - +o0s ]

l1-0+y—o—a'+0s,1-0+y—o'—B+0s,1—0+p'+0s
x (ax®)*ds. (42)

Which is the required result. O

On the other hand, if o’ = 0 in Theorem 3.1, then by the relation (33), we
arrive at

Corollary 3.2. Let a,3,n € C, R(a) > 0. Further let the constants m,n,p,q €
No,ai,bj € C,A;,Bje Ry (i=1,....,p;j=1,...,9),p €C,0 € R, |arga| <
2Q, Q > 0 and the exponents o; (i=1,...,n) and B; (j=m+1,...,q) ¢ N be
given and satisfy the condition

omax|[t,*] < R(p) +min[0,R(n — B)]. 43)
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Then the fractional integral I(()x J’rﬁ i

and the following relation holds:

of the product H-function and S*>"(.) exists

(2 [~y (@) S50 (35,04, B,m kD) ) (2) (“4)
m+n m+4n i .
_ p—B+i(m+n)—1pgn m+n . ( l)/(a)i
=x B "YEY Z e
p=0e=0 i=0 j=0

(—a—qn); (—b j+k+re —Tx Ax\’
X——- | — —sn - —
(I—a—i);\ t » l man \ 1 —TX7 B
XHmn+2 ax | (aj7A]7a])1 ,17(a]7A])n+1 p7(6a ) (9+ﬁ _nac) )
P2.g+2 (bj,B; )1m,(bj,Bj,ﬁj)m+1q (6+B,0),(06—a—n,0)

Next, if we take B = —at, in (44) implies that

(RS [ Ty (@) S5 (15,0, 4, B,m kD)) ()

TX

x(_a_qn)j (—b ) (j—i—k—i—re) < —Tx" )p(Ax>i
Ay A - ar
(I—a—i); \ © » l man L1 — T B

_ xp+a+l(n1+n)—qunlm+n (1 o r)sn & Z & Z (71)1.(*[7)5(71')]'((1),'

WA, (aj,Aj) (6,0)
><I_Ianrl ax (a.,, J> 1 n o \E A I 1, po \ P ’ 45
Pt | 9L By (BB g (6 — 0,0 43)
where b,
R 2L 0.
o (5)]>
Also, if we take B = 0 in (44), then we obtain
(s [ () S50 (1 75,0,4,B.m kD)) (1)
m+n p m+n i 71)1(7 ) (71) (a)
:xp+l(m+n) qunlern S}’l Z Z Z P e j\a)i
p=00=0 i=0 j=0 pliljle!
(—a—qn)j(b ) (]+k+r€> (‘L’x’ )P<Ax>"
Xe—————— | — —sn - —
(I—a—i); \ © p ) man \ 1 —Tx B
— aj, A o), (a;,Aj) (6—n,0)
Hm,n+l ax® (]7 111 n \F 1 In+1,p 0 ’ , 46
plgtl ‘ (bjaBj)l’m7(bjaBj;ﬁj)m+l7q7(e_a_nac) ( )

where

R [(p—i—n)—i—c min <b’>] > 0.

1<j<m j
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Theorem 3.3. Ler o, 0/, ,B',y € C,R(y) > 0. Further let the constants m,n,
P.q € Ny, ai,bj e, Ai,Bj € R,y (iz L,...,p; j= 1,...,q), peC,0€R,,
larga| < 5Q, Q > 0 and the exponents o; (i = 1,...,n) and B; (j = m+
1,...,q) ¢ N be given and satisfy the condition

omin[7,{*]+ 1> R(p) + max [R(y—a— '), R(B), R(y—a—a')]. @47

Then the fractional integral (e PRy of the product H-function and Sy’ b, ()
exists and the following formula holds:

(1 PPV (@) Sy (151;5,q,4,B,m,k,D)| ) ()

_ xp+y—a—a’+l(m+n)—1Bqnlm+n (

1—7x')™" Z | Zl’ (_1)i<_l.7)ei(_i)j(a)i

T (L) () (7 )(A)
(I—a—i); \ 7 » l man \ 1 —TX B
aj,Aj;a), ., (a;,Aj)
><I_Im-‘,-?an a g| ( ) L n o\ In4-1,p )
p+3,q+3 (ijBj)l,m’(bj’Bj;ﬁj)erl,q’

(9,0),(9+(X+06/+B,—}/,G),(9+(X—ﬁ,0) :|
(0+a+p' —v,0),(0+a+a—y,0),(0—B,0) |

(43)
Proof. From equations (27) and (1), it follows that
a,o BBy | p—15gmn byt
(I_ [tp H,, (at°)S, T(t,r,s,q,A,B,m,k,l)D (x)

v
xO!

_ R _ 71 ! foap1 X _5
_F('}/)/xt (r—x) F3<oc,a,[3,[3,y,1 t,l x)

1 , ‘
><{l‘p—l ﬁ / %(s) (ata)stBqntl(m—&-n)(l _ Ttr)mlm+n
1

m+n m+n i ijai
XZZZZ P)e(=1)j(a)

l!!!
p=0e=0 i=0 j=0 ‘jee

(3, () () (5)

Now interchanging the order of ¢ and s-integrals, which is valid under the above
stated conditions, we have

L ple(=i)(a)

Y P Yy ¥ ©

l!!l
p=0e=0 i=0 j=0w=0 ‘e
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—a—qgn). [ — 1 i
X((].)J(bsn) <]—|—k—|—re> (—7)Pe” (A> ( sn—l'—p)w
(I—a—i); \ t » l e B w!
X L / X(S)as (Iif,a’,-ﬁ~,I3’77tp+0s+rw+rp+l(m+n)+i71) (x)ds. (49)
21 L

Applying the formula (38), the above expression becomes

— xp+77a7(x'+l(m+n)fqunlm+n (1 _ ,L.xr) ]

X(_a_qn)j <_b—sn> <j+k+re> ( —Tx" >p<Ax)i
(I-a—i); \ 7 » l man \ 1 —TX B

><1/ (s)T 6+a+a —y—o0s0-y+a+p' —os,6-f—os
2mi J1 0—0s5,0—y+oa+o +p —o0s,0+a——o0s

x (ax®)* ds. (50)
Which is the required result. 0

If we set o' = 0 in (48), then by the relation (34), we obtain the following
result:

Corollary 3.4. Let o,,n € C,R(cx) > 0. Further let the constants m,n,p,q
€ No,aj,b; €C, A,B; e Ry (i=1,....,p;j=1,...,q), peC,0 € R, |argq]|
< 79, Q> 0 and the exponents o; (i =1,...,n) and B; (j=m+1,...,q) ¢ N
be given and satisfy the condition

omin[7,{*]+ 1 > R(p) + max [R(—B),R(—n)]. (51)

Then the fractional integral [%Pn of the product H-function and SZ"b’T(.) exists
and the following relation holds:

(120 [0y (@) S5 (151.5,9.4,B.m,k, D)) ()

X

— xP—B+1L(m+n)—1 pgnm-+n (1— r)sn o Z & Z (_1>i(_p>e(_i)j(a)i
=0 =0 i=0 j=0 pliljle!

(—a—qn); (—b jtk+re —x" \? [Ax)’
x— L — —sn —
(I—a—i); \ 7 » l man \ 1 —TX" B
_ HWAnog), L (aj,Aj) (6,0),(06+a+p+n,0)
SH™TE | gx® (aj,Aj:05),,:(a),A; nt1,p2\Y, 0/, ) (52
P2z | (s Bj) > (bjsBjsBj) i1 4 (0 +B,0),(6+1,0) 42)
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If we take B = —a, in (52), we get

(W)f‘oo [tpflﬁz’; (atc)Sﬁ’b’r(t;r,s,q,A,B,m,k,l)}> (x)

:xp+a+l(m+n)leqnlm+n (1 _ Txr)sn Z i (_l)i(_p)e(—i)j(a)i

(—a—qn); (—b jt+k+re —o \7 (Ax\'
Xi_] — —sn - r B
(I—a—i); \ 7 » ! min N1 = TX B
B SAnag), (aj,Aj) ,(0,0),(6+a+B+n,0)
><HmH,n ax® (aj, T2 1,n 0\ I n 1,p ’ . (53
prla+l | (bjaBj)l,m7(bj7Bj;ﬁj)n1+l7q’(9_a’c)’ 9

Where

_aj—l
%[(p—i—a)—i—cgjgg(al Y >}<1.

Also for B =0 (52) gives the result

(ke [ Hy @) $:2* (655,94 Bam kD) | ) (2)

m+n m+n i i -\ .
_ xp+l(m+n)—qunll11+n (1 o Txr)sn Z Z (_1) (_p)€<_l)j(a)l

e (7, (

re) < —Tx" >p<Ax>i

min 1—1x" B

Xﬁm+ll,n a 6| (aj7Aj;aj)17n¢(ajaAj)n+17pa(9+a+n76)
prbar (0jsB))1 > (D) BjiBj) i1 4+ (0 +1,0),

aj—l
1.
Aj )] =

4. Fractional differentiation of the product H— function and Sﬁ’b’f(.) poly-
nomial

_l_
~| =
_l’_

] . (54)

Where

R [(pn)+c max (ocj

1<j<n

Theorem 4.1. Let o, o', 3, B,y € C,R(y) > 0. Further let the constants m,n,
p,q € No, a;,bj € C, A;,B; € Ry (i=1,...,p;j=1,....q), p€C,0 € R,
largal < 5Q, Q > 0 and the exponents o; (i =1,...,n) and B; (j = m+
1,...,q) & N be given and satisfy the condition

omax[7,{*] < R(p) +min [0,R(a—B), R(a+ o'+ —7y)]. (55)
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Then the fractional derivative D BBy of the product H-function and Sy’ b, ()
exists and the following relatzon holds:

<ngra/’ﬁ‘ﬁ/’y [tpflﬁgi’; (at")Sﬁ’“(l;r,s,q,A,B,m,k,l)}) (x)
m+n m4n i i 5 .
— xP—YHatd +l(mtn)—1 pgnym-tn (1—1x)™ Z Z (=1)'(=p)e(=i) (a)i

L ) (ke ()
(I-a—i); \ 7 » l man \ 1 —TX B
—m,n+3 [ax6| (ajaAj;aj)Lw(aijj)n-HJw

xH
pr3qts (0sBj) 1 > s B Bi) i1 45

(6,0),(06—a—o' —B'+7v,0),(0—o+B,0) ]
(9*06*(1/+’}/,G),(9*06+’)/fﬁl76),(9+ﬁ,6)

Proof. Using (30), we have from (56)

(56)

(Dgf BBy [tp_lﬁ;i’; (at")Sfl’b’f(t;r,s,q,A,B,m,k,l)}) (x)

d* :
d % (1 —o =Btk =Btk [l‘p len( tc)SZ7b7T(t;rasyquanm7k7l>:|) (X)
X

where k = [R(y)+1].

lWW%Z%ii Pe(=i),(@) -

p=0e=0 i=0 j=0w= 'l']'@'
—da — . — / i —
L () () g (1Y i
(I—a—i); \ © » l i B w!
d - 271- /x JrOt —o,—pB'+k,—B,— 'y+ktp+63+rw+rp+l(m+n)+z l) (x)ds.
X 1

Applying (37) to (57), we obtain

e S CU 0@
p=0e=0 i=0 j=0w=0 ‘l‘J'e'

x(_a_qn)j (b—sn> <j+k+re>
(l—a—i)j T » l mn
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x(—1)P7" <2)i(_s’1‘j!'mwzlm/L%(s)as

- 1-60+o0s,1-0—y+a+a +p +0s,1—-60—B+a+os
1-0—y+k+a+d +0s,1—0—y+a+p +05,1-0—+0s
xd—kxa+a/77+k*6+csds
dxk '
Using j;,, X" = F{ﬂg’f:i)l)x’"—”, where m > n in the above expression, we obtain
:xp—y+a+a’+l(m+n) 1Bqnlm+n i i i i i (_l)](a)i

!,v el

(—a—qn); (b j+k+re — \? [Ax\' 1
X | — —sn —_— - - 7./%(5)
(I—a—i);\ 7 » l man L1 —Tx B ) 2miJL
r 1—-0+0s,1—-0—y+oa+a' +p' +0s5,1-0—+o+o0s
l1-6—-y+a+do' +0s,1-0—y+a+p +0s,1-0—F+0s
x (ax®)’ds. (58)
Which is the required result. O

The relation (35) indicates that Theorem 4.1 reduces to the following result:

Corollary 4.2. Let o, 3,1 € C,R() > 0. Further let the constants m,n,p,q €
No,aj,bj € C,Ai,B; e Ry (i=1,...,p;j=1,...,q), peC,0 € Ry, |arga| <
7Q, Q> 0 and the exponents o (i=1,...,n) and B; (j=m+1,...,q) ¢ N be
given and satisfy the condition

o max|t, ] <‘ﬁ(p)+min 0,R(a+1+B)]. (59)

Then the fractional derivative D " of the product H-function and sb: )
exists and the following relation holds.

(DL | Yy (@) S (5.0, 4. Bk D)| ) (6)(60)

min pomtn i (_qyi(_ NN
:xp+ﬁ+l(m+n)let1nlm+n (1 . Txr)sn Z Z Z ( ) ( 'p')e'( ‘l)j(a)l
p=0¢=0 i=0 j=0 pliljle!

X(—a—qn)j —b jt+k+re —1x" \” zgi
(t—a—iy\t )\ 1 ),.\1-w) \B
—m,n+2 o (a‘/ﬁAj;a‘/)]_n7(a.ivAj)n+1_p’(976)7(9_a_ﬁ_n76)

><Hp+2q+2 a | ' '
(0jsBj)1 > (L) B3 Bj)yyi1 4> (0 —B,0),(6 =1, 0)
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Theorem 4.3. Ler o, 0, B,B’,v € C,R(y) > 0. Further let the constants m,n,
P,q € No, aj,bj € C, Aj,Bj € Ry (i=1,....,p;j=1,....q9), pe C,0 € R,

largal < £Q, Q > 0 and the exponents o; (i =1,...,n) and B; (j = m+
1,...,q) ¢ N be given and satisfy the condition

omin[7, "]+ 1> R(p) +max [R(a+ o' +k—7),R(-B"),R(a'+B—7y)]. (©1)

Then the fractional derivative D** BBy of the product H-function and Sy b, ()
exists and the following relation holds:

ava/7ﬁaﬁ/7y —lgmn a,b, .
(p® [ H (@) S50 (375, ,4,B,m, k1) | ) (x)
Tx
(—a—qn); (—b jt+k+re —x" \? [Ax\'
Xee———L [ — —sn — - —
(I-—a—i); \ 7 » l man L1 —1Tx B

><Hm+33n 5 |ax®| <aj’Aj;aj)lv"’(aj’Aj)nH,p’
p3at (bj7Bj)17m7(bj7Bj;ﬁj)m+l,q’

_ xp—}’—O—Ot-l—Ot'—O—l(m-i—n)—qunlm+n (1 N r)Sn s Z v Z (_l)l(_p)e(_i)j(a)i

(6,0),(6—ax—a' —B+7v,0),(6—c+p,0) 62)
(9*(X*O£,+’}/,G),(9*(X,Jr}/*B,G),(ejLﬁ/,G)
Proof. From (32), we get
k
a7a/7ﬁvﬁ/7’y P*limv" (o3 a,b,f . — (— ki
(D, [z HY' (a1°) S2 (t,r,s,q,A,B,m,k,l)D(x) (D

% (I:ou_fa,fﬁ/_’fBJrkﬁ%k [tp_]ﬁﬁ’; (atG)SZ’b’T(t;r,s,q,A,B,m,k,l)}) (x),
where k = [R(y)+1].

qnlernWininint i (_i)j(a)i
=B
p=0e=0 i=0 j=0w=0 'l']'e'

(ma—an), (—b_m> <j+k+re>
(I—a—i);\ © » [ e

"(—sn W k
X(—T)pTW <2> ( W"’!—p) (_l)ka‘ikzlm/L%(s)as

% (Iof —at,— B —B+k, 7+ktp+0's+rw+rp+l(m+n)+z 1) (x)ds. (63)
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Applying the formula (38), we obtain
m+n m+n i ( i)j(a)i

g Yy Yy y CUCRE

p=0e=0 i=0 j=0w=0

J

x(—T1)Pt" <2>iW;M/L%(S)as

0—a' —a+y—k—os,06—o'—B+y—o0s,06+p" —o0s
0—05.0—0o —a—B+y—0s,0—a +p —os

xI'

d* 'k
X(_l)kkaanr(x Y+k 0+6Sds.

2 ple(-i)j(a)

=BT Y Y Y ) Z .,, ot

p=0e=0 i=0 j=0w=0

X(_a_qn)j <_b—sn> (j—i—k—i—re)
(I-a—i); \ 7 » l i

< (T @)(—Wﬂ?);r [ 260

60— —a+y—k—o0s,06—a' —B+y—0s,0+p —o0s
XF / / /
0—0s,06—0'—a—B+y—0s,0—a'+p' —os

x(0—o —a+y—k— Gs)kx“+°"*7*9+“~*ds,

— xp—y+a+a’+l(m+n)—1Bqnlm+n (1 _ Txr)sn Z i

et (7o), ()L ER) ()

J

L/ ar| @-@—a+y—os6—a'—f+y-0s6+p —0s
2mi X 0—0s,0—0o —a—B+y—0s5,0—a'+p' —o0s

X (ax®)’ds. (64)

Which is the required result. O
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Corollary 4.4. Let a,,n € C,R(a) > 0. Further let the constants m,n,p,q €
N(),a,',bj eC, Ai,Bj 69{4_ (i: L,...,p; j= 1,...,6]), p GC,GE%_;_, arga] <
7Q, Q> 0 and the exponents o; (i=1,...,n) and B; (j=m+1,...,q) € N be
given and satisfy the condition

omin[7,*|+ 1> R(p) + max [—R(a+n),R(B +k)], (65)

where k = [R(a)] + 1.

Then the fractional derivative Dg’ﬁ T of the product H-function and Sﬁ’b’f(.)
exists and the following relation holds:

a7ﬁ7n —1gmn a,b, .
(D, [ﬂ’ H (at) S f(r,r,s,q,A,B,m,k,Z)D(x) (66)

— PP ) =1 ganpmn (4 _ Txr)m’"+” y & y (=1 (=p)e(=0),(a)i

(—a—qn); <—b > <j+k+re> ( —Tx )P(m)"
X | — —sn —_— - —
(I-a—i);\ 7 » l man \ 1 —Tx B
Xﬁm+227" 5 |a G| (aj’Aj;aj)l,tw(aj’Aj)n+1,p’(97G)7(9_ﬁ+n76) )
Pregt (bjaBj)Lma(bjaBj;ﬁj)m_H’qa(9_B36)7(9+a+n7c)

5. Fractional Integro-Differentiation of the product H-function and subT

polynomial

Theorem 5.1. Ler o, 0, B,B',v € C,R(y) > 0. Further let the constants m,n,
p.q € No, aj,bj € C, Aj,B; e Ry (i=1,...,p;j=1,...,q9), pe C,0 € Ry,
larga|l < £Q, Q > 0 and the exponents o; (i =1,...,n) and B; (j = m+
1,...,q) ¢ N be given and satisfy the condition

omax|[7,{*] < R(p) +min [0,R(y—a—a' — B),R(B' — a')]. (67)

7al7ﬁ7ﬁl77

Then the fractional integral I(;x 1 of the product H-function and
Su,b,‘L'

W () exists and the following relation holds:

(Igia’,ﬁ,ﬁ’,}’ [tpflﬁg:;l (ato)SZ’b’T(t;r,s,q,A,B,m,k,l)}) (x)

m-+n m+n 1 i N\ .
= xPJrY*afa/H(ern)*1Bqnlm+n (1 - ,L.xr)sn Z Z (_1) (_p)e(_l)J(a)l

X(—a—qn)j <b > <j+k+re> ( S >P<Ax)"
AT B R s ) (2
(I—a—i);\ 7 » l man L1 —TX B
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I (aj,Aj300), ,,(a;,Aj)
< H ,n+3 ax® DI o\  n+1,p 0
p+3,q+3[ ‘ (bj’Bj)l,m’(bj’Bj;B./)m+1,q’
(6,0),(6+a+a'+Bp—7v,0),(0+0a —p'0) (68)
(6+a+ao —v,0),(0++B—7,0),(06-p",0)

Proof. To prove (68) using equation (26), which represent integro-differenti-
ation operator, we have

<I&a/’ﬁ’ﬁ/’y [tpflﬁ;n”; (at(’)Sﬁ’b’f(t;r,s,q,A,B,m,k,l)}) (x)

d* /
= (I P o (a r°>sz7“<r;ns,q,A,B,m,k,w}) (x)
X

m+n p m+n i o (—i)j(a)i

=BMMTY Y ) ) Z

p=0e=0 i=0 j=0w=0

d o 27[ /% (t))t+a B+k,B’ }’+ktp+cs+rw+rp+l(m+n)+t l) (x)ds. (69)
X 1

v,v el

Using the formula (37), we obtain
m—+n p n

qn ym-+n e ( i)j(a)i
—prry ¥ Yy y © B

p=0e=0 i=0 j=0w=0

Zm/ x(s < > S”WJ!FP>

1-0+o0s,1-0+y—B—-—a—a' +os,1-0+p —a'+0s

T 1-0+y+k—o—a' +o0s,1-0+y—0o'—B+0s,1-0+p'+o0s
d* :
% ny+k7a7a 76+Gsds‘
Finally using dx,,x”’ = r(n(qmﬂ)l)xm*", where m > n, the above expression be-
comes
— (P Yo+l (mtn)— lel"lern )" £ Z e Z i p)e(—i)j(a);
|,v ile!

p=0e=0 i=0 j=0
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(—a—qn); <—b > (j—I—k—l—re) < —Tx" >p<Ax)i 1
X—— [ — —sn —_— X . — —/x(s)
(I-a—i);\ 7 » l min \1—1x B ) 2rmi /L
I 1-0+0s,1-0+y—-B—-a—o'+0s,1 -0+ —a'+o0s
1-60+y—oa—do'+0s,1—0+y—0o'—B+0s,1—0+p +o0s

x (ax®)*ds. (70)
Which is the required result. O

If we take o' = 0 in (68), we arrive at

Corollary 5.2. Let a,,n € C,R(x) > 0. Further let the constants m,n,p,q €
No,aj,b; € C, A, B; e Ry (i=1,...,p;j=1,...,9), p € C,0 € Ry, |arga| <
2Q, Q > 0 and the exponents o; (i=1,...,n) and B; (j=m+1,...,q) & N be
given and satisfy the condition

omax|[7,{*] < R(p) +min[0,R(n — B)]. (71)

Then the fractional integral Iéx J’rﬁ T of the product H-function and Sﬁ’b’f(.) exists

and the following relation holds:

(12 (o Hy @) Sy (s, A Bk )] ) () (72)

_ xpfﬁJrl(ern)leqnlern (1 o Txr)sn i

(—a—qn); <b > <j+k+re> ( T >P<Ax)"
X—— | — —sn —_— . —
(I—a—i);\ 7 » l man L1 —Tx B
ﬁm,nJrZ ax6| (ajaAj;aj)Ln?(aijj)n+17pa(670-)7(6+ﬁ_nac)
p2.q+2 (ijBj)Lma(bjaBj;ﬁj)mJ,.]’qa(9+B36)>(9_a_n76)

Theorem 5.3. Ler o, 0, B,B’,v € C,R(y) > 0. Further let the constants m,n,
P,q € No, aj,b; € C, Ai,B; € Ry (i=1,....,p;j=1,....,q9), pe C,0 € R,
largal < £Q, Q > 0 and the exponents o; (i =1,...,n) and B; (j = m+
1,...,q9) ¢ N be given and satisfy the condition

omin[7,{* ]+ 1> R(p) + max [R(y— o — ), R(B), R(y—a—a)+k]. (73)

where k = [~R(y)] + 1. Then the fractional integral I* BBy of the product
H-function and Sf,’b’r(.) exists and the following formula holds:

(1P 0 VE Y (@) S5 (137,5,9,4,B,m, )] ) (4)
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m+n p n

m+

/
— yPrr-o-a +l(m+n)— qunlm—i—n sn }: Z Z
p=0e=0 i=0 j=0

Moy (b ) (drkemy (e (ay
(I—a—i);\ © » l man \ 1 —TX" B
(aj,Aj; ), ., (aj,Aj) ,
XHm+33n ; axc‘ VRREN LV VR W) J2 5] n+1,p
p+3.q+ (bj,Bj)Lm,(bj,Bj;Bj)erw,

(9,6),(9+OC—{—OC/—f—ﬁ,—’}/,G),(G—}—OC—B,G) :|

Z P)e(=i) ()i

|,v el

(9—|—(X—i—ﬁ/—’y,ﬁ),(e—Fa/—l—(X—’}/,G),(B—B,G) (74)

Proof. In view of (28), it follows that
(13"“"" By [IP*IH;?;’ (at®) S0 (1;1,5,q,A, B, m, k, 1)} ) ) (75

d* mn
= (_1)kdxk (Ia GBpT [tp IH (ata)SZ@T(I;r?saq’Aﬂva’k’l)}) (x)

m+n m+n i oo (_i)j(a)i

LA I 3

p=0e=0 i=0 j=0w=0

Ei()<><> (3) e

k dk /% (x o BB +k J/+ktp+0's+rw+rp+l(m+n)+l l) ( )d
dxk 2mi

Applying the formula (38), we obtain

'lv el

S.

m—+n p n

m+-
Bqnlm+n Z Z Z

p=0e=0 i=0 j=0w=0

X(—a—qn)j <—b_sn> <j+k+re>
(I-a—i); \ 7 » l o

<o (5) Cmtr L s

z’: = p)e(—i)j(a);

v,v el

T O6+a+a —y—k—os,0+a+p —y—0s,06—f—o0s
0—o0s,0—y+a+a +p —os,0+0—p—os
d* :
X(_l)k7x7+k*0‘*0‘ 76+Gsds.

dxk
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L o (=p)e(=i)(a)i
y y SR

m+n p n

m+
Bqnlm+n Z Z Z

p=0e=0 i=0 j=0w=0
X(—a—qn)j ( ) (J—i—k—i—re)
(1—a—l)] » mn

<o fHO R @ <2> e

T b+a+a —y—k—os,06+a+p —y—o0s,06 - —o0s
0—o0s,0—y+o+a' +p' —os,0+0—p—o0s

x(0+a+o —y—k— Gs)kxy_a_a/_9+csds.

_ xP+}’—Ot—a/+l(m+n)—qunlm+n (1 _ Txr)sn Z ZI’ (_l)i(_p)e(_i)j(a)i
o e liljle!
p=0e=0 i=0 j=0 Pt

<_a_qn)j —b jtk+re —tx" \? [Ax)’
X—— | — —sn —_— —
(I-a—i); \ 7 » l man \ 1 —TX B
XL/ AT 0+oa+a' —y—k—o0s,06+a+p —y—o0s,0 - —o0s
2mi J X 0—o0s,0—y+a+o' +p' —os,06+0—p—o0s
X (ax)°ds. (76)
Which is the required result. O

If we take o’ = 0 in (74), then the following result holds:

Corollary 5.4. Let a,,n € C, R(a) > 0. Further let the constants m,n, p,q €
No,ai,bj € C,Ai,Bj e Ry (i=1,...,p;j=1,...,q), peC,0 € Ry, |arga| <
2Q, Q > 0 and the exponents o; (i=1,...,n) and B; (j=m+1,...,q) & N be
given and satisfy the condition

omin[t,{*]+ 1> R(p) + max [-R(B) + [R(—a)] +1,-K(n)].  (77)

Then the fractional integral I* apon of the product H-function and SZ’b’T(.) exists
and the following relation holds:

(Ig,ﬁ,n [ P le N ( tG)SZ’b7T(t;r,s,cpA,B,m,k,l)}) (X)
m+n m+n i i -\ X
= xp—ﬁ+l(m+n)—qunln1+n (1 _ ‘L'xr)m Z Z (_1) (_p)f(_l)l(a)l
« (—a—qn); (b Jt+k+re —ox " [Ax\'
Y~ | — —Sn —_—
(I—a—i); \ © » l man \ 1 —Tx" B

XHmizszrz ax6| (ajaAj;aj)l_’na(ajaAj)nJr]’pa(97G)a(9+a+ﬁ+nad)
b= (b/7Bf)1,m’(bj’Bj;ﬁj)m+1,qv(9+ﬁ7o-)7(6+na6)

] . (78)
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