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SECOND HANKEL DETERMINANT FOR BI-STARLIKE
FUNCTIONS OF ORDER j

SAHSENE ALTINKAYA - SIBEL YALCIN

Making use of the Hankel determinant, in this work, we consider a
general subclass of bi-univalent functions. Moreover, we investigate the
bounds of initial coefficients of this class.

1. Introduction

Let A denote the class of functions f which are analytic in the open unit disk
U ={z:|z] < 1} with the form

f@) =2t Y. ()
n=2

Let S be the subclass of A consisting of the form (1) which are also univa-
lent in U. The Koebe one-quarter theorem [9] states that the image of U under
every function f from S contains a disk of radius %. Thus every such univalent
function has an inverse f~! which satisfies

1 (fR) =z (zeU)
and

Pt ) =w (Wl<nl) =),
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where
f! (w)=w —aw* + (Za% —a3)w3 — (Sa% —Sazaz +a4) wha.o.

A function f € A is said to be bi-univalent in U if both f and f~! are univa-
lentin U.

For a brief history and interesting examples in the class X, see [24]. Exam-
ples of functions in the class X are

1 1
%’ —log(1—2z), Elog <H>

11—z

and so on. However, the familiar Koebe function is not a member of X. Other
common examples of functions in S such as

Z2 4

Y and 1-22

are also not members of X (see [24]).

Lewin [15] studied the class of bi-univalent functions, obtaining the bound
1.51 for modulus of the second coefficient |ay|. Netanyahu [18] showed that
max|ay| = § if f(z) € L. Subsequently, Brannan and Clunie [5] conjectured
that |ap| < V2 for f € X. Brannan and Taha [6] introduced certain subclasses of
the bi-univalent function class X similar to the familiar subclasses. S$* () and
K (B) of starlike and convex function of order § (0 < 8 < 1) respectively (see

[18]). By definition, we have

of (2)
f(2)

S*(ﬁ)z{féS:iK( >>B; 0§B<1,z6U}

and

zf (2)
f'(2)

K(B):{feS:SK(lJr >>[3; 0§B<1,zeU}.

It readily follows from the definitions

fEK(B)=zf €5 ().

The classes S5 (B) and Ky (B) of bi-starlike functions of order & and bi-convex
functions of order f3, corresponding to the function classes S* () and K (),
were also introduced analogously. For each of the function classes S5 (8) and
Ks (B), they found non-sharp estimates on the initial coefficients. Recently,
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many authors investigated bounds for various subclasses of bi-univalent func-
tions ([1], [4], [11], [16], [24], [25], [26]). Not much is known about the bounds
on the general coefficient |a,| for n > 4. In the literature, the only a few works
determining the general coefficient bounds |a,| for the analytic bi-univalent
functions ([2], [7], [13], [14]). The coefficient estimate problem for each of
la,| (n e N\{1,2}; N={1,2,3,...}) is still an open problem.

The Fekete-Szego functional ‘a3 — ,ua%‘ for normalized univalent functions
f2) =z+a+--

is well known for its rich history in the theory of geometric functions. Its origin
was in the disproof by Fekete and Szegd of the 1933 conjecture of Littlewood
and Paley that the coefficients of odd univalent functions are bounded by unity
(see [10]). The functional has since received great attention, particularly in
many subclasses of the family of univalent functions. Nowadays, it seems that
this topic had become an interest among the researchers ( see, for example, [3],
(211, [27]).

The q’h Hankel determinant for n > 0 and ¢ > 1 is stated by Noonan and
Thomas ([19]) as

Qn an+1 °°° Qpg-1
an+1 Apy2  ° dptg

Hy(n) = . . . . (a1 =1).
Ant+q—1 Ant+q “°°  Qn+2g-2

This determinant has also been considered by several authors. For example,
Noor ([20]) determined the rate of growth of H,(n) as n — oo for functions
f given by (1) with bounded boundary. In particular, sharp upper bounds on
H,(2) were obtained by the authors of articles ([22], [20]) for different classes
of functions.

Note that
ay az 2
H>(1) = =a3—a
2(1) & as 3—a;
and
a as 2
Hy(2) = @ = aras — a;.

The Hankel determinant H>(1) = a3 — a3 is well-known as Fekete-Szego func-
tional. Very recently, the upper bounds of H,(2) for some classes were discussed
by Deniz et al. [8].
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Definition 1.1. A function f € ¥ is said to be in the class S% (), if the following
conditions are satisfied:

1-A pr
m(m>>ﬁ, 0<B<1, A>0,z€U 2
z
and
w! =g’ (w)
R 7[g(w)]1_’1 >B, 0<B<1, A>0,weU. 3)
whereg:f_l.

In this paper, we get upper bound for the functional H>(2) = ayas — a% for
functions f belongs to the class S (B).

In order to derive our main results, we require the following lemma.

Lemma 1.2 ([23]). If p(z) = 1 + p1z+ paz® + p3z> + -+ is an analytic function
in U with positive real part, then

lpn| <2 (neN={1,2,...})

and

2
<o_ 1] .

2 = 2

2

Lemma 1.3 ([12]). If the function p € P, then
2p2 = pi+x(4—pp)

4p3 = pi+2(4 = pi)pix— pi(4— p)x® +2(4 — p7) (1 = x)z

for some x, zwith |x| < 1and |z] < 1.

2. Main results

Theorem 2.1. Let f given by (1) be in the class B(a,B), 0 < a < 1 and
0<B<1.Then

‘a2a4 —a%‘ <
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2 1
Ew) e T =yl

8(1-B)* [(/1+2)(1—l3)

B e [0,13(

1+7L)(3+/l)+(1+)L)\/9(3+)L)2+24(2+)L)(3+)L)(5+4/1+/12)}
(1-B {547
3[(A245A+6) (1-B)+ (A3 +522+101+6)]° }

PV N e W B

BT A)2(B3+A) (AT +3A+2) (1-B)2—3(1+A)2(2+A) 31 A) (1—B)—3(1+A P (A2+4A+5)]

1
X G A) } ’

1 3(1+7L)(3+7L)+(1+/l)\/9(3+/l)2+48(2+/1)3(3+/1)1
kBE o 8(2+1)2(3+1) U

Proof. Let f € St (B). Then

i;3ﬁ3=ﬁ+a—ﬁm@> @
L) B -t ©
where p,g € Pandg = f 1.

It follows from (4) and (5) that
(I+A)az=(1-P)p1, (6)
(2+A>a3—(1_’1)2(2+ma%=<1—ﬁ)p2, @)
(3+x)a4—(1—1)(3+z)a2a3—(1_”(’1;2)(“3)@:(1—/3)p3 ®)
—(I+A)a=(1-B)q, ©)
6”’;”26@—(2”)@:(1—B)q2 (10)
(12474 + AP azas — (34 A)ag + (1;/1)(30+13/1+7Lz)—5(3+/1) a

=(1=B)gs. (11)

From (6) and (9) we obtain

P1=—q1. (12)
and (1-p)
12 P (13)

a) =
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Subtracting (7) from (10), we have
(=B, (1-B)
(+a7" 22+ 2)
Also, subtracting (8) from (11), we have

1-) (@) (1-8)° 3 5(1—-B)2
: )65(1+7L)(3 : 1+4(1JEA)(2)+;L)P1 (P2—q2) +

(P2 —q2)- (14)

bk (=3, (15

as =

Then, we can establish that

_ 4+7L (lfﬁ)4 (1-B)’
|was —a3| = H (1+A)4p?+ 4(1+x)2(2+x)p% (p2—q2)

(16)
( 2 2

1-B) (1-B) 2
TG Pl (P3—q3) — 22 (P2—q2)
According to Lemma 1.1 and (12), we write

2

2p2 = pi +x(4—p}) } 4-pp
S p—qp=—Pl(x— (17)
2=t +y—qi) | TPy ()

and
4ps = pi +2(4— ph)pix— pi(4— ph) +2(4— p1) (1 — |x[*)z
Ags =g, +2(4— gDy —qi(4— q)y* +2(4—g) (1= y[)w
P3—q3= Ij A (42_ i (x+y)— p1(44_ 7 (*+%)
P Py — ] a8)
Then, using (17) and (18), in (16),
|aray —a3| = (19)
—(24344+4%) (1-B)* 4 (1-B)* _ o24-pt

o it amar @0l )

1-B)* 1-B)* 4 1 2 (4—p})
+4(1(+x)ﬁ8+/1)l"1t+ (1(+/1)ﬁ(3)+/1)l’% L (x+y) - (1(+/1)ﬁ(3)+/1)l’1 T2 +y?)

! (4-p) LB (-3
e (1= 1) = (1-0F) o] = 5 S
2434+42) (1-B)* 1-8 B)?
<! 6 )§1+A;4p?+4(1(+1)(§+x)P1+2(1(+/1)(§+;L)P1(4 p1)

1-)° 4-p 4-p
+ | el et L + et | (e o)
1-p (4-p1) 1-p (4=
+{ (1(+;L)(;+/1)P% 7 _2(1(+/1)(§+x)l’ pl} (el + 1)
_BY
B S (] + )2
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Since p € P, so |p1| < 2. Letting | p;| = p, we may assume without restriction
that p € [0,2]. Forn = [x| <1 and u = |y| < 1, we get

\was—a3| < T+ M+ B+ (M2 +u2) B+ (n+u)’ T = G(n, 1)

where, setting 7; = T;(p), i = 1,2,3,4

2
- (1=B) [((12+3A+2)(1[3)2+2 1 >p4 1 %+3 4 1so

2(1+2) 31447 G+a))P Ta3xal TaEal =
ne =B 5 ?) [ + 7] 2 0
24t P2t TaA) =

_ (-py
L= s i P)P-2 <0

_ (=) G-

C4(2+4)7 4 =0

We now need to maximize the function G(n, i) on the closed square [0, 1] X
[0, 1]. We must investigate the maximum of G(n, i) according to p € (0,2), p=
0 and p = 2 taking into account the sign of Gyn.Gpy — (Gn#) .
Firstly, let p € (0,2). Since T3 < 0 and T3 + 27, > 0 for p € (0,2), we con-
clude that
GG — (Gnu)” < 0.

Thus the function G cannot have a local maximum in the interior of the square.
Now, we investigate the maximum of G on the boundary of the square.
Forn =0and 0 < u <1 (similarly g =0 and 0 <1 < 1), we obtain

G(O,u) =H(u) = (T3 + T)pu* + o+ Th.

i. The case T3 + T4 > 0 : In this case for 0 < u < 1 and any fixed p with
0 < p <2, itis clear that H'(u) = 2(T3 + Ty)u + T» > 0, that is, H(u) is an
increasing function. Hence, for fixed p € (0,2), the maximum of H () occurs
atu =1, and

maxH(u)=H(1)=T1+ T+ T+ Ts.

ii. The case T35+ Ty < 0 : Since T, +2(T3+ Ty) > 0 for 0 < p < 1 and any fixed

pwith0 < p <2, itisclearthat T, +2(T3 +T4) < 2(T3+ Ty)u + T < T, and so

H'(u) > 0. Hence for fixed p € (0,2), the maximum of H () occurs at 1t = 1.
Also for p = 2 we obtain

_8(1-B) [(A+2)(1-PB)? 1
G.1) = =177 30442 T 2B+4) 0)
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Taking into account the value (20), and the cases i. and ii., for 0 < u <1 and
any fixed p with 0 < p <2,

maxH(u)=H(1)=T1+ L+ T+ 1.
Forn=1and 0 <u <1 (similarly y =1 and 0 < n < 1), we obtain
G(l,u)=F(u) = (G+T)u* + (L+2T)u+T + L+ T3+ T
Similarly to the above cases of 73 + T4, we get that
max F () = F(1) =T +2T» +2T3 +4T,.

Since H(1) < F(1) for p € [0,2], max G(n, i) = G(1, 1) on the boundary of the
square. Thus the maximum of G occurs at 7 = 1 and y = 1 in the closed square.
LetK:[0,2] - R

K(p) =maxG(n,u) = G(1,1) = T} + 2T, + 2T; + 4T;. Q1)

Substituting the values of 77,7;,73 and T in the function K defined by (21),
yield

. 2 [ ((A2+3A+2)(1-B)* 1-B 1 1 4
K(p)=(1-PB) { ( 6(1+2)7 T IHAREHA) 2B T 4(2+/1)2) p

lfﬁ 2 3 2 4
+ ((1+/1)2(z+/1) “mart (1+/l)(3+l)) Pt Gy } :

Assume that K(p) has a maximum value in an interior of p € [0,2], by elemen-
tary calculation

. 2 [ (2(A2+432+2)(1-B)? 1-B 5440 4+A2 3
K'(p)=(1-B) {( A (FAPeA) (1+x)(+2+/1+)2(3+/1)>l’

2(1-B) 2(6-+4A+22)
+ ((1+/1)2(2+/1) + (1+7L)(2+)L)2(3+/l)> P} :

As a result of some calculations we can do the following examine:

2(A2+431+2)(1-B)? 1-8 54+4A+A2
Case 1. Let ( 3(1+A4)7 T ALY (1+;L)(2+/1+)2(3+/1)> > 0. There-

3(144) B4+A)+(1+4)1/9(3+A)2 424 (2+4) 3+ ) (5+4A+A2
M%EPJ—()()( WA A0 A)OHAX )me@b
0 for p € (0,2). Since K is an increasing function in the interval (0,2), maxi-
mum point of K must be on the boundary of p € [0,2], that is, p = 2. Thus, we
have

- _8(1-B)* [(A+2)(1-B)? 1
maxK(p) =KQ) = =5~ | 30+ +2(3+7L)]'
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2(A2434+2)(1-B)° 1-B 5+4A+A2 ,
Case 2. Let ( AT OFAPCHA) (1+/1)(+2+x)2(3+x)) < 0. that is,
_3(14A)BHA)+(144)1/9(B+A )2 +24(2+4) (3+A) (5+4A+A2)

424 2)2(3+A)
0 implies the real critical points pg; = 0 or

oc (1 ,1>.ThenK’(p):

_ —6[(A2+54+6) (1-B)+(1+4) (A2+4A+6) | (1+A)*
po2 202+ (B+A) AT H3A+2)(1-B)7=3(1+A 2 (2+A) B3+A) (1-B) —3(1+A )3 (A7+4A+5) -

‘When

(144) [3(3+x)+\/9(3+/1)2+24(2+/1)(3+/1)(5+4A+/12)]
ae|l- A2 AP A) ,

(1+M[3(3+A)+\/9(3+A)2+4s(2+z)3(3+z)]
- 821 A)2(31A) )

we observe that pypy > 2, that is, pgy is out of the interval (0,2). Therefore
the maximum value of K(p) occurs at pg; = 0 or p = pg, which contradicts
our assumption of having the maximum value at the interior point of p € [0,2].
Since K is an increasing function in the interval (0,2), maximum point of K
must be on the boundary of p € [0,2], that is, p = 2. Thus, we have

8(1—[3)2{(/1+2)(1—I3)2 1 ]
) 30402 T 26+4)]°

3(141) (3+A)+(142) /9312 2+48(242 ) (3+A)
- 82+ A)2(3+A)

po2 < 2, that is, pgy is interior of the interval [0,2]. Since K”(pg;) < 0, the
maximum value of K(p) occurs at p = pg,. Thus, we have

K(p) = (1-B)°{ 55—

3[(A24+52+6)(1-B)+(1+4) (A2+44+6)]” }

maxK(p) =K(2) =

When o€ (1

, 1) we observe that

(14 2) (22 A A) 22 A) B A) (1—B)2—3(1+2) (24 2) 34+ A) (1-B)—3 (1142 (A2 +44+5)]

This completes the proof. O

Remark 2.2. Putting A = 0 in Theorem 2.1 we have the second Hankel deter-
minant for the well-known class S2(8) = Sx(j8) as in [8].

Remark 2.3. Let f given by (1) be in the class S5:(f) and 0 <8 < 1. Then
WBP (45255 +3) e [o,254)

a2a4fa%} <
2_ p— /
(1 B)z (}zngéggé) B = (29732137’0
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