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ON A NEW CLASS OF p-VALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS
DEFINED BY CONVOLUTION

M. K. AOUF - A. O. MOSTAFA - A. Y. LASHIN - B. M. MUNASSAR

In this paper, we introduce a new class of analytic p-valent functions
defined in the open unit disc by using convolution and obtain some results
including coefficient inequality, distortion theorems, Hadamard products,
radii of starlikeness and convexity and closure theorems of functions in
this class.

1. Introduction
Let S, denote the class of functions of the form
f@=2+Y ad" (p<k pkeN={1,2,...}), (1)
n=k

which are analytic and p-valent in the open unit disc U = {z:| z|< 1}. A func-
tion f belonging to the class S, is said to be p-valent starlike of order & in U if
and only if

%{Z}C/(S>}>a O<a<p;zel). )
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Also a function f belonging to the class S, is said to be p-valent convex of order
o in U if and only if

R 1+Zf ) >0 (0<a<p;zel). 3)
f'(2)

We denote by S, (o) the class of all functions in S, which are p-valent starlike

of order ¢t in U and by K), () the class of all functions in S, which are p-valent

convex of order o in U. We note that S, (0) = S7, ST (@) = 5" («), K}, (0) = K},

Ki(a) =K (&), and

/

f (2)
P

f2) eK,(a) <= €S, (a). 4)

The classes S, (&) and K, () were studied by Patil and Thakare [11] and Owa
[10]. For f € S, given by (1) and g € S,, given by

(@) ="+ Y bud" (bn20), 5)
n=k
the Hadmard product (or convolution) of f and g is given by
(f*8)(2) =2+ Y anbp?" = (g% f) (2). (6)
n=k

Denote by S, (f,g,7,8,8) (0<p< 1,% <& <1,0<y<5) the subclass of
Sp, where f and g are given by (1) and (5), respectively and satisfies

(f*g) () .
z(f (f*g) z(f ) <P ?
xg) (2) xg)
24 (f+g)(2) y] [ (f*g)( p]

For g = = )k p+1,p€Nin (7), the class S, (f,g,7,8,§) reduces to the

class S, (f, @, Y, B, §> =S, (7,B,&) (see Kulkarni et al. [9]). Let7, denote
the subclass of S, consisting of functions of the form

fR)=2" =Y and.ay > 0:2€U. ®
n=k

Further, we define the class T, (f,8,7,8,&) by
T,(f.87.B8,5)=S,(f.87.B,)NT,
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We note that:

i (ree B (PR )

n=p+1
=T (A,0,7,B,&) (A>0:£>0:peN; meNU{0})

has been defined and studied by Aouf et al. [1], where I}'(1,¢) is the Catas
operator (see [3]); also we note that:

D T (£ B.E) = Ty (1.B.€)

o (@)
fGTP: /()f(z> /() <B7
zf (z zf (z
25[f<z> _y]_[f(z) o7

0<y<5,0<B<1,3<E<1,peN,zeU y,

which for p = 1 reduces to the class T* (7, B, &) studied by Kulkarni [8];

2) T, <f,Zp+n_§+l<Z)mz”,y,B,§> (meNo) =S, (m,7,B,8)

D f (2)

D (z)

. DI f(2) Dy f(2)
[ Drf(2) } Dy f(2)

0<y<5,0<B<1,1<E<1,peN,zeUy,

-p

fETp: <Ba

-p

where the operator D)) has been studied by Kamali and Orhan [6] and
Aouf and Mostafa [2];

3) T; <f7zp+ E |:P+A(”—P)}mzn7,yjl3’§> ()L > 0; mGNO)

n=p+1 P
:S;; (m72/7’}/7ﬁ’5)
z (Dl’ﬁlf(z)>

m -P
= fGTpi Df”lf(Z) 7 <B7

(@) | |2(Ps)
D f || D@

28 -p
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0<y<5,0<B<1,3;<E<1,z€U

where the operator D;” 4 has been studied by El-Ashwah and Aouf [5];

4 (f,zu y (":l,:l)zn,y,ﬁ,é> (A > -p) =T; (A.7.B.£)

n=p+1
(D} ()
‘ (D) "
= feT,: , — | <B,
P y z(D;f(z)) ) z(Dﬁf(Z)) B
(D5f(2) (DEr) "

0<y<?¥% O<[3<1 <&E<1l,peN;zeU

which for p = 1 reduces to the class 7* (1,7, ,&) studied by Khairnar
and Rajas [7];

(al)nfp"' a‘{ n—p n
5) <f’z * Z—l—l (Bl)n—p"'((ﬁs))n—p . (njp)!z 7’}/71376)
n=p

(al>071_]77q,l3]>07.]:17 S.q<s+];qas€N0)
2(Hpgs(ou) f ())
Hpq(041) f(2)
2(Hpgs (@) £(2)
Hp g5 (o) f(2)

0§y<§,0<ﬁ§1 <§<1,peNz€U}

feT,:

28

where H, ; (@) is the Dziok-Srivastava operator (see [4]).

2. Coefficient Inequality

Unless otherwise mentioned, we shall assume in the reminder of this paper that
0<pB<I, %g&g 1,0<y< 2 n>k, p<k, gis given by (5) with b, >0
andz € U.

Theorem 2.1. Let the function f be defined by (8). Then f is in the class
T, (f.8,7.B,8) if and only if

oo

Y [(n=p) (1= B)+2BE (n—7)]buan <26B (p—7). ©)

n=k
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Proof. Assume that the inequality (9) holds true. We find from (6) that

2(F8) () - p(f+8) () |- B2 {z(f+8) @ —7(f28) @)}
{20 @ -p(r+) )]

23 [(p -7 - i (n—7) bnanz"]

n=k

-B

Z (I’l p) bnanzn
k

n=

nanz

Y-
Z n—p)+2&B (n—7y) =B (n—p)lbya, —2BE (p—7)
Z

y _B)+2BE (n—17)] buan — 2BE (p—7) < 0

Hence, by the maximum modulus theorem, we have f € T, (f,g,7,8,§) . Con-
versely, let f € T, (f,g,7,B,&) . Then

2(fxg) (2) )
(f+8)(2) <p
d(f0) () | |29 @)
% [ (Feo)t y] [ (F9)) ”]
that is
i (l’l _p)bnanzn
_In=k - <B. (10)
2 (=1 = £ 0 =) b |+ £ (0 =) bt
n=k n=k
Now since Rf (z) < | f(z)| for all z, we have
E (” _P) bya,z"
R ot - <B. (11)
2% (=027~ £ 0 =) baar| + £ 0= p) b

2(f*8) (2)
(fxg)(2)

clearing the denominator in (11) and letting z — 1~ through real values, we

Choose values of z on the real axis so that is real. Then upon
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have
Z (I’L - P) byay,
oon:k — S ﬁ
26 [(p—7) — ;k(” —Y) bpan| + ;k(n —p)baay
That is

oo

Y [(n—p)(1—B)+2BE (n—7)] buan, <28B(p—a). (12)

n=k

This is the required condition, which completes the proof of Theorem 2.1. [

Corollary 2.2. Let the function f defined by (8) be in the class T, (f,8,7,B,&).
Then we have

28B(p—7)
n < , >k). 13
S p P 2BEm pb 7Y
The result is sharp for the function f given by
flz)=2"— 26B(p—a) ' n>k (14)

[(n —p)(1=B)+2BE (n —7)]bn

3. Growth and Distortion Theorems

Theorem 3.1. Let the function f defined by (8) be in the class T, (f,g,7,B,8).
Then for |z| = r < 1, we have

o 26B(p—7) &
P& = = Gy T p) +2BE G 1) e 13

and

25 () .
[(k=p)(1=B)+2BE (k=7)] b~
provided that b, > by (n > k). The equalities in (15) and (16) are attained for
the function f given by

|f(2)| <rP+ (16)

26B(p—7) 2
[(k=p)(1=B)+2BE (k=7)] b~

at z =r and z = re'> V% (n > k).

fle)=2"—

a7



ON A NEW CLASS OF p-VALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS 27

Proof. Since forn >k,

(k= p) (1 B) +2BE (k—7)] b Y a

n=k

oo

< ) [(n=p)(1=B)+2BE (n—y)]bran <28B (P~ 7).

n=k
then

V< 28 (p—7)
=T k=p)(1=B)+2BE (k—7)] b

From (8) and (18), we have

(18)

26B(p—7) K
[(k—p)(1=B)+2BE (k—7)] bk

|f(Z)‘er*’kian > P —
n=k

and

rP rk - a rP 25[3([)_&) rk
f@I <"+ E"S T ) (0 —B)+2BEh—p)] br

This completes the proof of Theorem 3.1. 0

Theorem 3.2. Let the function f defined by (8) be in the class T (f,g,a,B,&).
Then for |z] =r < 1,

, 1 2kEB (p—7) -1

(f (z)] 2P T k= p) (1= B) +2BE (= 7)] bkrk )
and

e 1o ST

[(k=p)(1=B)+2B& (k=7)] bx
The equalities in (19) and (20) are attained for the function fgiven by (17).

Proof. Forn > k, we have
F@|<pr =Y nan, @D
n=k

and by Theorem 2.1, we have

. 2kEB (p—7)
L1 S (1= B) +2BE k= Tlor

(22)
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From (21) and (22), we have

‘f'(Z)‘ > pr” ! =Y na,
n=k

2kEB (p—7) el
[(k—p)(1=B)+2BE (k—7v)] bx

>pri -

and

@] <pr A Y nay
n=k

2kEB (p—7) k=1
[(k=p)(1=B)+2BE(k=7)] b~

This completes the proof of Theorem 3.2. O

>prP 4

4. Radii of Starlikeness, Convexity and Close-to-Convexity

In this section we obtain the radii of p-valent starlikeness, p-valent convexity
and p-valent close-to-convexity for functions in the class T, (f,g,7, B, ).

Theorem 4.1. Let the function f defined by (8) be in the class T, (f,8,7,B,8).
Then f is p-valent starlike of order 8,0 < § < p in disc |z| < R}, where

1
- (p=8)[(n—p)(1-P)+2B¢ (n—}’)]bn}"”
R; = inf . (23)
‘ n>k{ 2BE(p—7)(n—8)
The result is sharp, with the extremal function fgiven by (14).
Proof. 1t is sufficient to show that
@) < p-—2éfor |z] <Ry, (24)
f()

where R; is given by (23). Indeed we find, again from (8) that

oo

_ n—p
N ‘ L (n=p)anld
@) 1= X anlz"?
n=k
Thus
2/ (2)
- )
i rjrs
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if
. (n_ 6) n—p
’;C e 2" < 1. (25)

But, by Theorem 2.1, (25) will be true if

(n—9) o < [(n —p)(1=B)+2BE (n — V)] bn
(p—9) - 2BE(p—7) ’

(26)

that is, if

(p—8)[(n—p) (1— ) +2BE (n— )b
'Z'<{ 2BED—7) (1 5)

Theorem 4.1 follows easily from (27). O

}"”, n>h). @7

Theorem 4.2. Let the function f defined by (8) be in the class T, (f,g,7,B,5).
Then f is convex of order 8,(0 < 8 < p) in the disc |z| < Ry where

1

p(p—8)[(n—p)(1—B)+2BE(n—7)]by ™"
{ 2BEn(p—7)(n—9) } : (28)

The result is sharp for the function f given by (14).

R2 = inf
n>k

Proof. We must show that

"

zf ()

H f'(2)

—p| <p-38, for |z| <Ry,

where R; is given by (28). Indeed we find from (8) that

) Y n(n—p)anls"”
1—|—Zf/(Z)—p§n:k _
/') p— X nay|z""
n=k
Thus
ZJJ:,((ZZ)) +(1-p)l| <1-8,
if )
Y man 2" P < 1. (29)
n=2
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But, by Theorem 2.1, (29) will be true if
1=8) | ey 0 =p)(1=B)+2BE (0 —7)] b

p(p—9) 2BEn(p—7) ’
that is, if
p(p—8)[(n—p)(1—B) +2BE (n—7)]ba )| 77
o< e UL
Theorem 4.2 follows easily from (30). O

Corollary 4.3. Let the function f defined by (8) be in the class T, (f,8,7,B,&).
Then f is p-valent close-to-convex of order 6,(0 < 8 < p) in the disc |z| < R,
where

1

(p—8)[(n—p)(1—B) 1 2BE(n—P)ba | ™7
{ 2BE(p—7) } - O

The result is sharp, with the extermal function f given by (14).

R3 = inf
n>k

5. Closure Theorems
m

Theorem S.1. Let u; >0 for j=1,2,...,m, and Y, u; < 1. If the functions
Jj=1

f;j defined by

fj(Z):Zp_zan,jzn(an,jz();j:1727-"7m)7 (32)
n=k

are inthe class T, (f,8,7,B,8), for every j=1,2,...,m, then the function h(z)
defined by

h(z) =2 - Z(Zu]aru)

is in the class T (f,8,7,B,§&).

Proof. Since f; € T; (f,8,7,B,&), it follows from Theorem 2.1, that

Y [(n=p) (1= B)+2BE (n— )| buan; < 26B (p— ),

forevery j=1,2,...,m. Hence

oo

Y. [(n—p)(1—B) +2BE (n—7) <2u,an,>:

n=k
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- i]‘u-i< i [(”l—p)(l—ﬁ)—i-Zﬁg (n_?/)}bnan,j>

n=k—1

A WIEL H O

By Theorem 2.1, it follows that h(z) € T, (f,g,7,B:;&), and so the proof of
Theorem 5.1 is completed. O

Theorem 5.2. Let f;1 (z) = z" and

K T T YT 2 T
Then f is in the class T, (f,8,7,B;&), if and only if it can by expressed in the
Sform

=Y wfulz (34)
=k—

n 1

where U, >0 (n>k—1) and i W, = 1.
k

n=k—1

Proof. Assume that

S P 28B(p—7) n
:Xk: tihn 2] =2 nzzk[(n —p)(1=B)+2BE(n — 7)) ba' ™
Then it follows that
i[(ﬂ —p)(1-P)+2BS(n —7)] bn 28B(p—7) i
n=k 2§ﬁ(p_’}/) [(n _p)(l_ﬁ)—i_Zﬁg (I’l _’Y)] bn "

= Zﬂnzl—ﬂkq <l
n=k

So, by Theorem 2.1, f € T, (f,8,7,B,&). Conversely, assume that the function
f defined by (8) belongs to the class T, (f,g,7¥,8,&). Then

28B(p—7)
[(n —p) (1= B)+2BE (n —7)] by (n2k).

ap <

Setting
1y = [(n —p)(1=B)+2BE (n —¥)] bn
! 28B(p—7)

a, (n>k),
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and

P =1=Y iy,
n=k

we can see that f can by expressed in the form (34). This completes the proof
of Theorem 5.2. 0

Corollary 5.3. The extreme points of the class T, (f, 8,7, B,&) are the functions
fi—1 =1z and f, (n > k) given by (33).

6. Hadamard Product

For the functions

fi(@)=2" =Y anjd" (an; > 0;j=1,2;p,k €N), (35)
n=k

we denote by (fi * f») the modified Hadamard product (or convolution) of the
functions f and f5, that is,

(fixf2)( Zanlan 27" (36)

Theorem 6.1. Let the functions f;(j=1,2), defined by (35) be in the class
T, (f,8:7.B,S). Then (fi* f2) € Ty (f, 8,1, B, &), where

2ﬁé@—ww%k—pnm—ﬁ>+2ﬁa .
[(k—p) (1—B)+2BE (k— )] by — 4B2E2 (p— )’

The result is sharp.

H=p— (37)

Proof. Employing the technique used ealier by Schild and Silverman [12], we
need to find the largest u such that

i [(n —p)(1=B)+2BE (n —p)] bn
n—k 2éﬁ(p_l~t)

Since f; € T; (f,8,7,B,8) (j = 1,2), we readily see that

o |[(n — 1-— 2 n —7v)|b,
nzk[( p)(1-B)+2BE(n —v)]

an,10n2 <1 (38)

<1, 39
2EB(p—1) 1 59

and

i [(n —=p)(1=B)+2BE (n —Y)] bn

26 (p—7) 2=t “
n=k
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By the Cauchy-Schwarz inequality, we have

Thus it is sufficient to show that

[(n =p)(1=B)+2BE(n —w)] b

n=k

2B (p— 1) i
[(n —p)(1=B)+2BE (n —7)] ba
< 25[3 (P_Y) Vn,10n2 (n > k), 42)

that is, that

(p—w)[(n —p)(1-B)+2BE (n —7)]
Va2 = 0 0 = p) (1= B) +2BE (n — )

From (41) we have

(n>k).  (43)

2B (p—7)
VA BE = (1 )+ 2BE (7] e |

Consequently, we need only to prove that

26B(p—7)
[(n —p)(1=B)+2BE(n —7)] by
cp=w)[n =p)(1=B)+2BE (n — )]

n>k).  (44)

= =7l —p)(1-B)+28E (0~ *
or, equivalently, that
[(n —p)(1=B)+2BE(n — 7)) by —4B>E*(p—7)
Since

2
oy BEL-V-pl-pr2pE
(=) (1= B)+2BE (n — 7)) bu—4BE2 (p—7)

is an increasing function of n (n > k), letting n = k in (47), we obtain
2BE (p—7)°[(1 - B) +2B¢]
[(k—p) (1= B)+2BE (k—7)]* b —4B2E%(p— )

which proves the main assertion of Theorem 6.1. Finally, by taking the functions
i (@) (j=1,2) given by

fi@) =2 -

p<®k =p-

5, (48)

2B (p g
Gpi-p+peie-p o U= @

we can see that the result is sharp. O
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Theorem 6.2. Let the functions f; (j = 1,2) defined by (35) be in the class

T; (f:gnuj:ﬁvg)' Then (fl *fZ) € T; (fvguu7ﬁ7é)’ where

26B (p— ) (p— o) (k—p) [(1 - B) +2B5]

# :p_Al (ulvpvﬁvgvk)'AZ(.LLZapaBaéak) bk_4§2ﬁ2(p_.ul)(p_.u2)

and

Ar (1,p,B,6,k) = [(k—p) (1= B) +2BG (k— )]
Az (M2, p, B, 6, k) = [(k—p) (1= B) +2B¢ (k— )]

Proof. We need to find the largest y such that

i [(n =p)(1=B)+2BE(n —p)] b

n
an,10n,2 <L

n=k 2§ﬁ([9—,u)
Since
(fi €T,(f.8,m,B,8) and f> € T (f,8,12,B,5),
then
o [(n —p)(1=B)+2BE(n — )] by
L 258 (p— ) a1 =1
and

i [(n —p)(1=B)+2BE (n — )] by
n—k 26B (p—u2)

Therefore, by the Cauchy-Schwarz inequality, we obtain

= 41 (1.9 B.&.n))* (Ao (ta.p B Em)] by [
ZZ 28/ (p— ) (p—2) 2 =

app < 1.

=

where

Ar (1, p, B,5,n) = [(n—p) (1-B)+2BE (n— )]
Az (M2, p, B, &) = [(n—p) (1= B) +2BE (n— )]

Thus we only need to find the largest ¢ such that

i [(n —p)(1—B)+2BS(n —p)] b
n—k 2§ﬁ (P—Ii)

= 41 (1,9 B &))" (Ao (t.p B Em)] b [
S,;c 28/ (p— ) (p— 2) i

n
an,10n2

(50)

GV

(52)
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or, equivalently, that

cpn M) (B En)
S Vom0 —p) (1= +2BE(n — )]

Hence, in light of inequality (52), it is sufficient to prove that

288/ (p— 1) (p— 1)
[Al (nl'l’hp?B?é?n)]% [A2 (H2,p,ﬁ,§,l’l)]%bn

o el A (pBE ) A (o, p, BLE )]

V- (p-m) [ —p) (=) +2BE(n —p)]
It follows from (53) that
B 268 (p =) (p— o) (n—p) [(1 = B) +2B¢]

Aj (nul?paﬁ?éan) Az (“27p7ﬁ7€7n)bﬂ _4§2B2 (p_nul) (p_.UQ)'

Now, defining the function ® (n) by

B 288 (p— 1) (p— ) (n—p) [(1 — B) +2B¢]
Ay (’JlapnBaéJl) A (NZapaﬁvéan)bn_4€2B2(p_.u1)(p_.u2).

We see that ® (n) is an increasing function of n (n > k). Therefore, we conclude
that

n=2(k)

(Sl

n>k).

(53)

H=p

D (n)=

e 26B (p— ) (p— o) (k—p) [(1 — B) +2B&]
Ay (Hl,p,ﬁ,g,k)'Az(,uz,p,ﬁ,é,k)bk—ngzﬁz (p_.ul)(p_.uZ)’

where A (U1, p,B,&,k) and A, (Us, p, B, &, k) are given by (51), which evidently
completes the proof of Theorem 6.2. O

Theorem 6.3. Let the functions fj(j=1,2) defined by (35) be in the class
T, (f,87:B,&). Then the function

oo

h(z)=2"=Y (a5, +an,)2" (54)
n=k

belongs to the class T, (f,g,7,B,5), where
ABE (p—y)* (k—p)[1— B+2B¢]

[(k—p) (1= B)+2BE (k =) b —8B2E2 (p—7)*
The result is sharp for the functions f; (j = 1,2) defined by (49).

T=p— (55)



36 M. K. AOUF - A. O. MOSTAFA - A. Y. LASHIN - B. M. MUNASSAR

Proof. By virtue of Theorem 5.1, we obtain

o [[(n—p) (1= B)+2BE (n —7)] bu]”
L |

ek 2&13 (P - 7/) "l
2
= [(n—p)(1-B)+2BE(n — )] by
< [Zk 26 (r—7) S
and
- [[(n ~p)(1-B)+2BE(n ~) bnra2
n—k 2513 (P - Y) "2
2
= [(n—p)(1-B)+2B& (1~ )] by
- [Zk 2B (p—7) ] ="

It follows from (56) and (57) that

o 1 [[(n =p)(1=B)+2BS (n —7)] b
22[ 286 (r—7)

Therefore, we need to find the largest 7 such that

[(n —p)(1=B)+2BE(n —7)] by
26B (p—1)

[[(n —p)(1-B)+2BE(n —Y)]bnr
26B(p—7)

2
} (ail +ai’2) <.
n=k

< (n=>k),

1
2
that is, that

B 4BE(p—7) (n—p)[1 - B+2PBE] |
[(n —p) (1= B)+2BE (n — 1) bu—8B%E> (p—7)°

4BE (p—7)* (n—p)[1 - B+2B¢]
[(n —p) (1= B)+2B& (n = )] by —8B2E2 (p—7)°

is an increasing function of n (n > k), we readily have

4BE (p—1v)* (k—p)[1 - B+2B¢]

D(n)=p-

T<D(k)=p—

and Theorem 6.3 follows at once.

[(k—p) (1= B) +2BE (k—7)]* b — 86262 (p—1)*’

(56)

(57)

(58)

(39

(60)
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Remark 6.4. Putting g(z) = 27 — E‘, (Mynz” (A>04>0;peN;
k

p+Y
n—=

m € NU{0}) in all the above results, we obtain the results obtained by Aouf et
al. [1].
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(2]
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(11]

[12]
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