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MINIMAL EDGE COLORINGS OF CLASS 2 GRAPHS AND
DOUBLE GRAPHS

MARGHERITA MARIA FERRARI - NORMA ZAGAGLIA SALVI

A proper edge coloring of a class 2 graph G is minimal if it contains
a color class of cardinality equal to the resistance r(G) of G, which is the
minimum number of edges that have to be removed from G to obtain a
graph which is A(G)-edge colorable, where A(G) is the maximum degree
of G. In this paper using some properties of minimal edge colorings of
a class 2 graph and the notion of reflective edge colorings of the direct
product of two graphs, we are able to prove that the double graph of a
class 2 graph is of class 1. This result, recently conjectured, is moreover
extended to some generalized double graphs.

1. Introduction

Let G = (V,E) be a finite, simple, undirected graph. A proper edge coloring
of G is a map a from E to a set of colors C such that adjacent edges have
different colors [1]. If | C |=t, then o is a proper t-edge coloring of G. For
every vertex v € V the set Cy(v), or simply C(v), is the set of colors assigned to
the edges incident to v and C(v) = C\ C(v) the set of colors missing in C(v).

The chromatic index x'(G) of a graph G is the minimum number of colors
in a proper edge coloring of G. A famous theorem of Vizing [1], states that the
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chromatic index of any graph G satisfies the bounds A(G) < x'(G) < A(G) +1,
where A(G) is the maximum degree of G. A graph G is of class [ when ' (G) =
A(G) and is of class 2 when ' (G) = A(G) + 1.

Let G be a graph of class 2 and maximum degree A(G) = d. Suppose that
is a proper (d + 1)-edge coloring of G and E;, 1 <i <d+ 1, the color classes of
a. Letm(a) =min{| E; || 1 <i<d+1}. The integer r(G) = mingcc(g)im(®)},
where C(G) is the set of all the proper (d + 1)-edge colorings of G, is defined
the resistance of G [11].

The same parameter is called color-character in [14] and color-number in
[12], where it is investigated in relation to cubic graphs of class 2.

A subgraph F of G is called maximum d-edge colorable if it is d-edge
colorable and contains as many edges as possible. We will refer to edges of
E(G)\ E(F) as F-uncolored edges or simply uncolored.

In [10] it is proved that every simple graph of class 2 contains a maximum
d-edge colorable subgraph such that the uncolored edges form a matching M.
Another result of [10] is that if H is a maximum A(G)-edge colorable subgraph
of a simple graph G, then A(H) = A(G), i.e. H is class 1.

This implies that the resistance of G denotes the minimum number of edges
that should be removed from G in order to obtain a graph F of class 1, with
2/ (F) = A(G).

A proper (d + 1)-edge coloring o of G having a color class L of cardinality
r(G) is called a minimal (d 4 1)-edge coloring and a color class of a minimal
coloring having cardinality r(G) is called a-minimal or simply minimal. The
edges of a minimal color class are still called uncolored.

If u and v are adjacent vertices of G, we write u ~ v and we denote uv the
corresponding edge.

Let e = uv be an uncolored edge of a minimal color class of G. Assume

that a € C(u), b € C(v). Since F is a maximum d-edge colorable subgraph of
G, we have that a € C(v) and b € C(u). Let P(a,b) the alternating path starting
from the vertex v. By the assumption on F, the path P ends in u; on the contrary
we exchange the colors of P(a,b) and obtain a minimal coloring with a missing
also in C(v). Thus P is an even path, which together with the edge ¢ forms an
odd cycle, denoted C;, , and called the (a,b)-minimal cycle associated with the
edge e. If it is not necessary to mention the colors a,b we may simply call the
cycle C° as a minimal cycle associated with the edge e.
The direct product G x H of two graphs G = (V,E) and H = (W, F) is the graph
with vertex set V(G x H) =V x W and edge set E(G x H) = {(a,v)(b,w) :
ab € E, vw € F}. This product, also called tensor product, Kronecker prod-
uct, categorical product and conjunction, is commutative and associative (up to
isomorphisms).
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The direct product of a bipartite graph by any other graph is bipartite.

Recall [8] that the double graph of a graph G is defined as D[G] = G x T,
where T is the total graph on 2 vertices, i.e. the graph obtained by the complete
graph K, by adding a loop to each vertex.

Let V(T2) = V(K2) = {u1,uz}. Notice that D|G] = G x T is the union of
G X K3 and the edge disjoint subgraphs G x S(u;u;), for i = 1,2, where S(u;u;)
denotes the subgraph induced by the loop u;u;. This is the canonical decompo-
sition of D[G] [9]. In particular, if G is d-regular, then D[G] is 2d-regular.

For any k € N, k > 1, the generalized double graph of a graph G is defined
as Di[G] = G x T, where T;, = K} is the total graph [5]. The generalized double
graphs were introduced in [7] as graphs G[mK, |, where G[H| denotes the com-
position of graphs G and H, also known as the lexicographic product. Recall
that the composition of graphs G and H is the graph G[H] with the vertex set
V(G[H]) =V (G) x V(H) and the edge set E(G[H]) = {(u,v)(«',V) : either (u=
u and v ~V') oru ~u'}. It was also defined as strong tensor product [2].

The main result of this paper is Theorem 3.3 which states that if G is a simple
class 2 graph, then G x T3 is of class 1. This result was conjectured in [9]. In
the second section it is introduced the notion of reflective edge colorings of the
direct product of graphs. The third section is dedicated to the proof of Theorem
3.3, while last section contains similar results for the generalized double graphs
G x Ti, distinguishing the cases of k even or odd.

2. Reflective colorings

In this section we introduce a particular edge coloring of the direct product
of a simple graph G by K5 or T5.
An edge coloring & of the graph G X K3 is said to be reflective if

o((vyur)(wyuz)) = a((vyuz)(w,uy)), vw € E(G).
Moreover an edge coloring 3 of the graph G x T3 is said to be reflective if

B((vur)(w,u2)) = B((v,u2)(w,u1)), vw € E(G).

and
B((V7u1)(wvu1)) - ﬁ((V, uz)(W, u2)>7 W e E(G)

These definitions can be immediately extended to the direct product of two
more general graphs.

Because G x K is bipartite and A(G x K») = A(G), then x'(G x K) <
x'(G).

For every v; € V(G), denote z; = (v;,u1) and z; = (vi,u2).



20 MARGHERITA MARIA FERRARI - NORMA ZAGAGLIA SALVI

If z,-z’j € E(G x K»), then also zjz; € E(G x K3). The vertices z;, z; of G x K»
and the edges z;7, 7z, are said corresponding.

Theorem 2.1. If G is a graph of class 1, then G X T, admits a proper, reflective
2A(G)-edge coloring.

Proof. Assume that G = (V,E) is of class 1. Then there exists a proper edge
coloring & of G which uses A(G) colors. Let D be the set of colors.

To every edge e = v;v;, i < j, of G we associate the edges e; = (vj,u1)(vj,u2)
and ep = (vj,u2)(vj,u1) of G x K>. We assign to the edges e; and e, the same
color a(e). Note that adjacent edges (v;,u1)(vj,uz) and (vi,u;)(vp,uz) are as-
signed the distinct colors given by « to the adjacent edges v;v; and v;v;,. Thus we
obtain an edge coloring &’ of G x K, which turns out to be proper and reflective.

Now denote 3 : E — D’ a proper edge coloring of G which uses the A(G)
colors of a new A(G)-set D' disjoint from D. Then we assign to the edges
(vi,u1)(vj,ur) and (v;,u2)(v;j,u2), which belong to the subgraphs G x S(uju;)
and G x S(upuy) respectively, the same color f(e). Thus we have two new
edge colorings B; : G x S(uju;) — D' and B, : G x S(upuy) — D' such that
Bi((vi,ur)(vj,u1)) = Ba((vi,u2)(vj,u2)) = B(e). The union of the colorings o/,
B1 and B, determines a proper reflective 2A(G)-edge coloring of G X T5. O

Denote M?(G) the multigraph obtained from G by replacing every edge
with a pair of two edges in parallel; in other words every edge e = v;v; of G is
replaced by different edges e; and e;, with the same vertices v;,v;.

Proposition 2.2. There exists a bijection between the set of proper edge color-
ings of M*(G) and the set of proper reflective edge colorings of G x T».

Proof. Let o be a proper edge coloring of M?(G). Denote &' the edge coloring
of G x T, defined in the following way: for every edge v;v; of G we have

o' ((viur) (vj,ur)) = o ((vi, u2) (vj,u2)) = fen),
and

o ((viur) (vj,u2)) = o (v, u2) (vj,u1)) = at(ea).
The edge coloring of G x T, turns out to be proper and reflective.

On the contrary, let 3 be a proper, reflective edge coloring of G x T>. Denote
B’ the edge coloring of M?(G) such that

B'(e1) = B((vi,ur)(vj,ur)),
and

B'(e2) = B((viyu1)(vj,u2)).
Because the coloring S is reflective, then the coloring 8’ is proper and the result
follows. =
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3. Double graphs

In this section G denotes a simple class 2 graph. In [10] it is proved the
following result.

Theorem 3.1. Let H be any maximum A(G)-edge colorable subgraph of a
graph G and let E(G)\E(H) ={e; =uvi | 1 <i<n=r(G)}. Assume that
H is properly edge colored with colors 1,...,A(G). Then there is an assignment
of colors oy € C(uy),B1 € C(vy),...,0 € C(uy), By € C(vy) to the uncolored
edges such thatE(Cz;,«,ﬁf) ) =0, forall 1 <i,j<r(G).

NE(C ;.B;
In other words there exists a minimal proper edge coloring of G whose min-
imal cycles are edge-disjoint.

Proposition 3.2. Let & be a proper minimal edge coloring of a class 2 graph
G C = Caei_bl and Cy = CZ;_bz minimal edge-disjoint cycles corresponding to
the distinct uncolored edges ey and ey, where ay,an,by,by are colors of a. If

{a1,b1} N{az,br} # 0, then Cy and C, are vertex-disjoint.

Proof. Assume that {a;,b;} N{az,by} # 0; in particular a; = a, = a. Let us
assume there is a vertex v € V(C;) NV (C,). Since the cycles are edge-disjoint,
we have the impossible condition of two distinct edges incident to v, which have
the same color. 0

In [8] all the graphs of class 2, which are specified, have a double of class
1. Thus we suggested that all double graphs are of class 1. In [9] many other
results confirmed the supposition and the related conjecture was stated.

Theorem 3.3. Let G be a simple class 2 graph; then G x Ty is of class 1.

Proof. Let G be a graph of class 2, with maximum degree A(G) = d. Denoted
D=1{1,2,...,d} U{x} aset of d+ 1 colors, let & : G — D be a proper mini-
mal edge coloring of G, which uses the colors of D. Let A be a color class of
cardinality r(G) of a. We assume that the color x is assigned to the edges of A.

Recall that G x T is the union of the subgraphs G x K>, G1 = G X S(uju;)
and G, = G x S(upuy). Consider the coloring ) : G; — D which assigns to
the edge (v,u;)(w,u;) of Gy, where vw € E(G), the color a(vw) and the col-
oring o : G, — D which assigns to the edge (v,uz)(w,uz) of G, again the
color a(vw). In particular or(vw) = x, if vw is uncolored, i.e. it is an ele-
ment of A. Moreover consider the coloring o3 : G x K — D', where D' =
{1+d,2+d,...,2d} U{x'} and X’ # x, the coloring which assigns to the edges
(v,u1)(w,uz) and (v,uz)(w,u; ) the same color a(vw) +d, if vw is not uncolored,
and the color X, if vw is uncolored. Then the coloring a3 of G x K; is reflective
and also the coloring o’ of G x T, union of o, 05, 03, is reflective.
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LetA = {ej,e2,...,e,c)} and C1,(Cy, ..., Cy () be minimal cycles of G asso-
ciated with ey, es,...,e,(g) respectively. By Theorem 3.1 we assume that these
cycles are edge-disjoint.

Denote V(Cy) = {v1,Vv2,...,vn} the set of vertices of Cy; in particular C; =
C;',» e1 = v1v, is uncolored and 7 is odd.

Denoted z; = (vi,u1), z; = (vi,uz), 1 <i < n, we associate with C; the 3
cycles: Hy 1 = (z1,22,---y2n)s Hip = (24,2, -..,2,), and Hy 3 = (21,25, - - -, 2ns 2} »
22,25,---,2,). See Fig. 1.

Figure 1: (n=15)

The cycles Hj 1,H, > are colored using the colors a,b and x; in particular
the edges z1z2 and 7|2} are colored a, the edges z,—1z, and z,, ,z,, are colored
b while the edges z;z, and 7z, are colored x. The cycle H; 3 has a reflective
coloring which uses alternatively the colors p = a+d,q = b+ d for the edges
distinct from z;z), and z}z,, which are colored x’. In particular the edges z;z}
and 7z, are colored p, while the edges z/,_,z, and z,_,z, are colored g.

Now in the cycle H;, we exchange the colors a and b and in the path
Z},22,2, - - -, 2, contained in the cycle H, 3, the colors p and g. The new coloring
is again proper; moreover the sets of colors of the vertices z;, z§ for2<i<n-—1,
z1 and z, have not changed, but the sets C(z}), in which p is replaced by ¢ and
a by b, and C(z),), in which the color g is replaced by p and b by a.

In the 4-cycle (z2,23,25,2}), which after previous change is alternatively
colored b and g with the edge z>z3 colored b, we exchange the colors b and g;
finally we exchange the colors a,b in the edges of the path z;,22,2].

The new coloring is proper; in particular the sets of colors of the vertices of
G x T, have not changed, but C(z;), in which a is replaced by b, C(z}), in which
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p is replaced by ¢ and C(z},), in which g is replaced by p and b by a.

In conclusion we notice that:

1. C(z1) and C(z,) are missing of a, which will be assigned to the edge z;z,;

(1) )
2. C(7)) and C(z},) are missing of b, which will be assigned to the edge 7| z,;
(z1) ) are missing of g, which will be assigned to the edge z;7,;
) )

(

(
3. C(z1) and C(z,
C(zy (

We have obtained a proper edge coloring of the subgraph Hy = H,  UH; » U
H; 3 where the colors x, assigned to the edges z 1Zn7Z/1Z;l, and x/, assigned to the
edges zlz;,z’lzn, have been replaced by elements of the set {1,2,...,2d}. See
Fig. 2.

and C(z,) are missing of p, which will be assigned to the edge z} z,.
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Figure 2: (n=15)

Notice that the edge coloring of G x T, in which H; has the new coloring,
is proper. Moreover the coloring of the subgraph (G x T») \ H; is not changed.
Let C; = CZ?JJ, another minimal cycle of G, edge-disjoint from C; by Theorem
3.1 and H, the subgraph formed by the cycles H; 1,H>>,H>3. By Proposition
3.2, either C; is vertex-disjoint from C; or {a,b} N{d’',b’'} = 0. In the first case
H, is vertex-disjoint from Hj; in the second case the new coloring of H; has not
consequences on the coloring of H;.

We repeat the same procedure and obtain that also the subgraph H, = Hj 1 U
H, » UH, 3 is colored using colors of DUD' distinct from x and x". By continuing
we obtain a proper edge coloring of G x T using the 2d colors of DU D' without
the colors x,x’. Thus G x T5 is of class 1. O



24 MARGHERITA MARIA FERRARI - NORMA ZAGAGLIA SALVI

3.1. Generalized double graphs

Recall that, for any k € N, k > 1, the generalized double graph of a graph G
is defined as Dy[G] = G x Ti, where T = K} is the total graph [5].

Proposition 3.4. Let k > 2 be even and G a simple graph of class 2; then G X Ty,
is of class 1.

Proof. Letk =2h, where h > 1. The graph K3, is the union of 2/ — 1 matchings
M, M, ... ,My, 4, of cardinality h. Denote M the subgraph obtained from M
by adding a loop to each vertex. For every edge uv € My, denote T,,, the graph,
isomorphic to 7>, formed by the edge uv, by adding a loop to u and v. Thus M} =
Uwem, Tuy- Then G x Ty, is decomposed into G x M and Gx M;,2 < j<2h—1.
In particular G x M7 is the union of the vertex-disjoint subgraphs G x T,,, for
uv € M. By Theorem 3.3 G x T,,, is of class 1. Denote Aj,A»,...,Ay, disjoint
d-sets of colors. We assign to G x T,,,, for every edge uv € M, a same proper
edge coloring which uses 2d colors; in particular the colors of the sets A; and
App,. Then we assign to G X M;, 2 < j < 2h— 1, which is a bipartite graph of
maximum degree d, a proper edge coloring which uses the colors of A;. Thus
G x T, has a proper edge coloring which uses 2dh colors, where 2dh is the
maximum degree of G X T»;,. In other words G x Ty, is of class 1. O

Proposition 3.5. Let G be a d-regular graph of odd order and class 2. Fork > 1
odd, G X Ty is of class 2.

Proof. The simple graph G x T} is kd-regular and has an odd number of vertices.
It follows immediately [1] that G x T} is of class 2. O]
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