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ON SOME POSITIVE EMBEDDINGS OF P
d

FRANCESCA INCENSI - HELENA SOARES

We prove that any two embeddings P
d ∼= Y �→ X1, P

d ∼= Y �→ X2,
d ≥ 3, in two n-folds projective varieties X 1, X2 with normal bundle
NY |X1

∼= XY |X2
∼= (n − d)OPd (1) are formally equivalent i.e. X 1/Y

∼= X2/Y .
Moreover, we see that Y is G2 in both X 1 and X2. As an immediate
consequence of this result and if furthermore Y is G3 in both X 1 and X2

then we deduce that the two embeddings are Zariski equivalent.

1. Introduction.

The aim of this work is to study embeddings Y �→ X of a d-
dimensional projective space Y = P

d into a projective n-fold X of
dimension n ≥ 2 with normal bundle NY |X of Y in X isomorphic to

(n − d)O
P
d (1) := O

P
d (1)⊕n−1,

i.e. to the normal bundle of a d-dimensional linear subspace of P
n .

If d = 1 then Y is called a quasi-line in X , and the geometry
of projective manifolds carrying quasi-lines was studied in [2], see also
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[1], chapter 14. It turns out that there are many interesting examples of
complex projective manifolds carrying quasi-lines (some of which are
Fano manifolds, see loc.cit.).

Throughout this paper we shall deal with the case with the case
d ≥ 2. When studying this kind of embeddings, formal geometry turns
out to be a fruitful tool. In fact, the formal completion X /Y of X along Y
is a very suitable object to study the given embedding and is an analogue
of the concept of a tubular neighborhood of a submanifold of a complex
manifold.

The theory of formal functions was introduced by Zariski to prove
his famous connectedness theorem [14]. Later on, Grothendieck extended
this theory and developed the language of formal schemes which gave
him important tools to prove the fundamental Grothendieck’s existence
theorem [8] and other related questions (see [6] and [7]). Formal
geometry has proven its importance not only for its strong connection
with connectedness theorems but also for its relation with the question
of extending meromorphic functions. For instance, besides allowing to
prove Zariski’s connectivity theorem mentioned above, it gave a new
interpretation of Fulton-Hansen’s connectedness theorem, providing a
proof to a significant improvement of it as well as to some other
applications (see e.g. [3], or [1], chapter 11). Also, the extension problem
for meromorphic functions can be solved if it can be solved for formal
functions (see [1], chapter 10).

The paper is organized as follows. In Section 2 we recall the main
definitions and results that will be needed. In Section 3 we give an example
of an embedding of Y = P

d , with d ≥ 2, in a projective manifold X
of dimension n ≥ 2d + 1 such that NY |X

∼= (n − d)O
P
d (1), which is

formally equivalent (but not Zariski equivalent) to the linear embedding
P
d �→ P

n . This example leads us to the general setting of Section 4
of whether any two embeddings P

d ∼= Y �→ Xi , i = 1, 2, with normal
bundles NY |Xi ,

∼= (n − d)O
Pd (1), d ≥ 1, are formally equivalent and

Zariski equivalent. When d = 1, this is a well-known case, see [2], or
also [1]. In fact in this case Y is called a quasi-line, and there are a lot
of examples of quasi-lines on projective n-folds which are very far from
being formally equivalent to a line in P

n . As far as the case d ≥ 2 the
situation is a lot more rigid. In fact our main theorem treats the case
d ≥ 3 and is the following:
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Theorem 1.1. Let P
d ∼= Y �→ X1, P

d ∼= Y �→ X2, with d ≥ 3, be two
embeddings in two n-folds projective varieties X 1, X2 with normal bundle
NY |X1

∼= NY |X2
∼= (n − d)O

Pd (1). Then the two embeddings are formally
equivalent i.e. X1/Y

∼= X2/Y . Moreover, Y is G2 in both X1 and X2.

As a corollary of this result we get the following:

Corollary 1.2. Under the same hypothesis of Theorem 1.1, if furthermore
we assume Y is G3 in both X1 and X2, then the two embeddings are
Zariski equivalent. In particular, X 1 and X2 are rational.

Finally, the case d = 2 seems to be a more delicate one and we are
able to prove that:

Theorem 1.3. Let P
2 ∼= Y �→ X1, P

2 ∼= Y �→ X2 be two embeddings in
two n-folds projective varieties X1, X2 with normal bundle NY |Xi

∼= (n−

2)O
P2(1), i = 1, 2. Denote by Y ( j)i the j -th infinitesimal neighborhood

of Y in Xi , i = 1, 2. Then Y (2)1 ∼= Y (2)2 (inducing identity on Y ).
Moreover, the embeddings Y ⊂ X1 and Y ⊂ X2 are formally equivalent
if and only if Y (3)1 ∼= Y (3)2 (inducing identity on Y ).
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2. Background material.

Let us start by recalling some of the basic concepts and results that
we will need in the sequel. Let X be an irreducible projective variety
over an algebraically closed field k and let Y be a closed subvariety of
X corresponding to an ideal sheaf I of the structural sheaf OX of X .
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Consider the formal completion X /Y of X along Y , that is,

X/Y := dir lim
n≥0

Y (n) =

∞�

n=0

Y (n),

where Y (n) := (Y, OX/In+1) is the infinitesimal neighborhood of order
n of Y in X .

Definition 2.1. Let Y1
i1

�→ X1 and Y2
i2

�→ X2 be two closed embeddings
of projective varieties Y1 and Y2 into projective varieties X1 and X2,
respectively. Then i1 and i2 are said to be Zariski equivalent if there exist
open subsets U1 ⊂ X1 and U2 ⊂ X2 containing Y1 and Y2 respectively,

and an isomorphism ϕ : U1
∼
→ U2 such that ϕ(Y1) = Y2.

The two embeddings are said to be formally equivalent if there exists
an isomorphism X1/Y1

∼= X2/Y2 between the formal completions X1/Y1

and X2/Y2 .

As usual, denote by K (X ) the ring of rational functions of X and
by K

�
X/Y

�
the ring of formal-rational functions of X along Y . Then

there is a canonical morphism X/Y → X which induces a natural ring
homomorphism

αX,Y : K (X ) −→ K
�
X/Y

�
.

Definition 2.2. (Hironaka-Matsumura, [13]). Let X be a projective
irreducible variety over an algebraically closed field k and let Y be
a closed subvariety. We say that Y is G3 in X if the canonical map
αX,Y : K (X ) → K

�
X/Y

�
is an isomorphism of rings. We say that Y is

G2 in X if K
�
X/Y

�
is a field and the map αX,Y makes K

�
X/Y

�
a finite

field extension of K (X ).

In particular, if Y is G3 in X then K
�
X/Y

�
is a field. Moreover,

being G3 means that every formal-rational function of X along Y can
be extended to a usual rational function on X . Obviously, G3 condition
implies G2 condition.

Theorem 2.3. (Hironaka-Matsumura, [13]). Every positive-dimensional
connected subvariety on the n-dimensional projective space P

n (n ≥ 2)
over an algebraically closed field k is G3 in P

n .

Proposition 2.4. (Gieseker, [5]). Let f : X � → X be a finite morphism
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of algebraic varieties. Let Y be a closed subvariety of X such that the
inclusion i : Y �→ X lifts to an embedding i � : Y �→ X � such that
f ◦ i � = i . Then f is étale in a Zariski open neighborhood of Y in X �

if and only if the morphism of formal schemes �f : X �
/Y → X/Y is an

isomorphism.

The next result, due to Hartshorne [12], is very important in what
follows.

Theorem 2.5. (Hartshorne). Let X be an irreducible projective variety
of dimension ≥ 2 and let Y be a closed connected subvariety of X of
dimension ≥ 1. Suppose Y ⊂ Reg(X ) (i.e. Y is contained in the smooth
locus of X ) and Y is a local complete intersection in X . Then, if the
normal bundle NY |X of Y in X is ample then Y is G2 in X .

Remark 2.6. Under the hypothesis of Theorem 2.5, Y need not to be
G3 in X in general. We will see this fact in an example below. However,
Harshorne conjectured in [10] that if Y is smooth, NY |X is ample and
dim(Y ) ≥ 1

2
dim(X ) then Y should be G3 in X . The case when X is a

homogeneous space is already proved (see [1], chapter 13).

Theorem 2.7. (Gieseker). Let (X1, Y1) and (X2,Y2) be two pairs each
consisting of an irreducible projective variety X i and a closed subvariety
Yi , i = 1, 2. If Yi is G3 in Xi , i = 1, 2, and (X1,Y1) and (X2,Y2)

are formally equivalent then (X1,Y1) and (X2, Y2) are also Zariski
equivalent.

One of the key tools that we will use in the next pages is the following
result (see [9], Proposition (4.5)), whose proof makes essential use of
Grothendieck’s obstruction theory (see [7], éxp. III):

Theorem 2.8. (Grothendieck). Let Y be a smooth projective variety of
dimension d ≥ 1, and let N be a vector bundle on Y such that the
following condition holds:

(1) H1(Y, TY ⊗ Sm(N ∗)) = H1(Y, N ⊗ Sm+1(N ∗)) = 0, ∀m ≥ 1,

where S(N ∗) :=

∞�

m=0

Sm(N ∗) is the symmetric OY -algebra of the dual

N ∗ of N . Then any nonsingular formal scheme X with reduced scheme
of definition Y and with normal bundle N , is isomorphic to the formal
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completion of the geometric vector bundle V(N ∗) := Spec(S(N ∗)) along
its zero-section.

A consequence of Theorem 2.8 is the following:

Corollary 2.9. Let (Y, N ) be a pair as in Theorem 2.8 satisfying the
cohomological conditions (1), and let Y �→ X i , i = 1, 2 be two closed
embeddings, with X1 and X2 smooth varieties, such that the normal bundle
of Y in Xi is isomorphic to N , i = 1, 2. Then the two embeddings are
formally equivalent.

3. An example.

Let us now give an example in order to better understand the problem
we want to study. Let X � := P

n be the n-dimensional projective space
over C and let G :=< ξ > be the cyclic group, where ξ is a n + 1
primitive root of the unity. Consider the action of G over X � given by

G × X � −→ X �

(ξ, [x0 : . . . : xn]) �→ [x0 : ξ x1 : ξ 2x2 : . . . : ξ nxn].

Let U � be the open subset of X � where G acts freely. Consider

the d-linear subspace L ∼= P
d ⊂ X �, with 1 ≤ d ≤

n − 1

2
defined by

equations

L :






x0 = x1

x2 = x3

. . .

x2d = x2d+1

x2d+2 = . . . = xn = 0.

It is clear that if we consider the n + 1 d-linear subspaces
L , ξ L , . . . , ξ nL, these are pairwise disjoint and ξ i L ⊂ U � for all
0 ≤ i ≤ n.

Let π : X � = P
n → X := P

n/G be the canonical morphism onto the
quotient X and set U := π(U �) and Y := π(L). Thus the restriction π|U � is

an étale morphism of degree n+1, U is smooth and π|L : L ∼= P
d ∼

−→ Y .
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P
d ∼= L

� π|L

��

�
�

�� U �

π|U �

��

�
�

�� X �

π

��

∼= P
n

Y
�
� i �� U

�
�

�� X ∼= P
n/G .

Moreover π is an étale neighborhood of Y in X �, i.e. the inclusion
i : Y �→ U lifts to an inclusion i � : Y �→ X � such that π ◦ i � = i
and π is étale at every point of i �(Y ). Hence, by Proposition 2.4, the
formal completions X �

/Y and X/Y are isomorphic, so the pairs (X,Y )

and (X �, Y ) are formally equivalent. Nevertheless they are not Zariski
equivalent since every open subset V ⊂ U containing Y is not simply
connected.

This way we may consider the following diagram

K (X )

π∗

��

�
� αX,Y

�� K (X/Y )

�π∗�

��

K (X �)
∼

αX �,Y

�� K (X �
/Y )

By Theorem 2.3 of Hironaka-Matsumura, Y is G3 in X � and therefore
K (X �) ∼= K (X �

/Y ) is a field isomorphism. On the other hand, we have
just seen that we have an isomorphism X �

/Y
∼= X/Y between the formal

completions which implies that �π ∗ is an isomorphism of fields. Since π ∗

is a field extension of degree n + 1, we have that αX,Y is a finite field
extension of the same degree. That is, Y is G2 in X , but not G3.

X �

π

��
P
d ∼= Y

�
�

G3
��

�
�

�
�

�
�

�
�

�

�
�

G2
�� X .

Note also that the normal bundles of Y in X and of Y in X �, NY |X

and NY |X � , are both ample and isomorphic to (n−d)O
Pd (1). In particular,

Hartshorne’s Theorem 2.5 implies that Y is G2 in X and X �.

Remark 3.1. The above example is a generalization of an example of
Hartshorne [12], page 440, corresponding to the case d = 1 and n = 3.
Subsequently Hartshorne’s example has been extended to the case d = 1
and n ≥ 3 by Bădescu, Beltrametti and Ionescu in [2] to provide one of
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the non-trivial examples of an almost-line on a manifold of any dimension
n ≥ 3.

4. Results.

The above example lead us to the more general setting: given two
embeddings P

d ∼= Y �→ Xi , i = 1, 2, where Xi is a projective n-fold and
NY |Xi

∼= (n − d)O
Pd (1), are they always formally equivalent? And what

can we say about Zariski equivalence?

If d = 1, i.e. if Y is a smooth connected curve Y ∼= P
1 in a smooth

projective variety X with normal bundle NY |X
∼= (n−1)O

P
1(1) then Y is

called a quasi-line. The example above shows that there are quasi-lines
formally (but not Zariski) equivalent to a line in P

n . Furthermore, there
are also examples of quasi-lines in a smooth projective complex variety
of dimension 2n − 1 (n ≥ 2) which are not even formally equivalent to
a line in P

2n−1. See [2], cf. also [1], Chapter 14, for a thorough analysis
of this case.

We first consider the case d ≥ 3. As a first result we have the
following:

Theorem 4.1. Let P
d ∼= Y �→ X1, P

d ∼= Y �→ X2, with d ≥ 3, be two
embeddings in two n-folds projective varieties X 1, X2 with normal bundle
NY |X1

∼= NY |X2
∼= (n − d)O

Pd (1). Then the two embeddings are formally
equivalent i.e. X1/Y

∼= X2/Y . Moreover, Y is G2 in both X1 and X2.

Proof. The key tool of the proof is Corollary 2.9 of Grothendieck’s
Theorem 2.8. Since NY |Xi

∼= (n − d)O
Pd (1) is ample, we only need to

check the cohomological vanishing conditions (1) required in the theorem:
(2)
H1(Y, TY ⊗ Sm(N ∗)) = H1(Y, N ⊗ Sm+1(N ∗)) = 0, for all m ≥ 1,

where S(N ∗) :=
�∞

m=1 S
m(N ∗) is the symmetric OY -algebra of the dual

N ∗ of N .

First observe that Sm(N ∗) =
�m+n−d−1

m

�
O

Pd (−m). Now consider the

Euler sequence of P
d :

0 −→ O
P
d −→ (d + 1)O

P
d (1) −→ TY −→ 0.
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Tensoring it by Sm(N ∗) we get the exact sequence

0−→O
Pd ⊗ Sm(N ∗)−→(d+1)O

Pd (1)⊗ Sm(N ∗)−→TY ⊗ Sm(N ∗)−→0.

Denoting µm :=

�
m + n − d − 1

m

�

, the previous exact sequence can be

rewritten as

0−→µmO
Pd (−m)−→(d+1)µmO

Pd (1−m)−→µmTY ⊗O
Pd (−m)−→0.

Computing the exact sequence of cohomology, we get

(3)
. . . → µm(d + 1)H1(Y,O

Pd (1 − m)) →

µmH
1(Y, TY ⊗ O

P
d (−m)) → µmH

2(Y,O
P
d (−m)) → . . . .

Since H1(Y,O
Pd (1 − m)) = H2(Y,O

Pd (−m)) = 0, then we get the
first vanishing:

H1(Y, µmTY ⊗ O
Pd (−m)) = 0,

for all m ≥ 1.

As far as the second vanishings in (1) are concerned, we have:

H1(Y, N ⊗ Sm+1(N ∗)) = µm+1(n − d)H1(Y,O
P
d (−m)) = 0

for all m ≥ 1. So by Gieseker’s Theorem we have X1/Y
∼= X2/Y , i.e. the

two embeddings are formally equivalent.

For the last statement in the Theorem, just apply Hartshorne’s result,
Theorem 2.5, for NY |X1

∼= NY |X2
∼= (n − d)O

Pd (1) is ample and so Y is
G2 in both X1 and X2. �

Theorem 4.1 has some immediate consequences.

Corollary 4.2. Under the same hypothesis of Theorem 4.1, if furthermore
we assume Y is G3 in both X1 and X2, then the two embeddings are
Zariski equivalent. In particular, X 1 and X2 are rational.

Proof. We have

X1

P
d ∼= Y

�
�

G3
��

�
�

�
�

�
�

�
�

�

�
�

G3
�� X2.

By Theorem 4.1, X1/Y
∼= X2/Y , and thus we can apply Gieseker’s

Theorem 2.7 to conclude that the two pairs are Zariski equivalent.
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Now consider the embedding Y �→ P
n . Then by Hironaka-Matsumura

Theorem 2.3, Y is G3 in P
n and applying Theorem 4.1, we also have

that (Pn, Y ) is formally equivalent to (Xi , Y ). Therefore,

K (Pn) ∼= K
�

P
n
/Y

�
∼= K (Xi/Y ) ∼= K (Xi),

and so X1 and X2 are rational. �

Corollary 4.3. Let P
d ∼= Y

i
�→ X be an embedding of d-linear

projective space (d ≥ 3) into a n-fold projective variety X , with
NY |X

∼= (n − d)O
Pd (1). Then X is unirational.

Proof. By a Theorem of Hartshorne and Gieseker (see [5], Theorem
4.3, or also [1], Corollary 9.20), there exists a finite, surjective morphism
f : X � → X of degree [K (X/Y ) : K (X )], where X � is a normal projective
variety, such that the inclusion i lifts to an inclusion i � : Y �→ X � such
that f is étale in a neighborhood of i �(Y ) and i �(Y ) is G3 in X �. Hence
by the previous Corollary, X � is rational and since f is a finite, surjective
morphism, X is unirational. �

Remark 4.4. The previous Corollary is valid in a more general setting
than Corollary 4.2: in particular it says that under our usual hypothesis
about the normal bundle of Y in X and if Y is not G3 in X , then X is
unirational.

Now we conclude with some remarks concerning the case d = 2,
which is somewhat more complicated.

According to the proof of Theorem 4.1, we see that the first
cohomological vanishings (1) required in Grothendieck’s Theorem 2.8
hold only for d ≥ 3. In fact, assume d = 2 and rewrite the cohomological
sequence (3):

(4)
0 → µmH

1(P2, T
P2 ⊗ O

P2(−m)) → µmH
2(P2,O

P2(−m)) →

→ 3µmH
2(P2,O

P2(1 −m)) → µmH
2(P2, T

P2 ⊗ O
P2(−m)) → 0

For m = 1 or m = 2, we have H2(P2, O
P2(−m)) = 0. As a

consequence H1(P2, T
P2 ⊗ O

P2(−m)) = 0, for m = 1, 2.

Let us now compute the dimension of the last cohomology group
in the above sequence (4), h2(P2, T

P2 ⊗ O
P2(−m)): by Serre’s Duality,

this is equal to h0(P2, T ∗

P
2 ⊗ O

P2(m − 3)). By a simple observation of
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linear algebra, this is equal to h0(P2, T
P2 ⊗ O

P2(m− 6)). Using the Euler
sequence for P

2 and tensorising it with O
P2(m − 6), we get

0 → O
P2(m − 6) → 3O

P2(m − 5) → T
P2 ⊗ O

P2(m − 6) → 0.

Passing to the cohomological sequence we obtain

0 → H0(P2, O
P2(m − 6)) → 3H0(P2, O

P2(m − 5)) →

→ H0(P2, T
P2 ⊗ O

P2(m − 6)) → 0.

In particular,

• h0(P2, O
P2(m − 6)) =

(m − 4)(m − 5)

2
, for m ≥ 4;

• h0(P2, O
P2(m − 5)⊕3) =

3(m − 3)(m − 4)

2
;

• h0(P2, T
P2 ⊗ O

P2(m − 6)) =
3(m − 3)(m − 4)

2
−

(m − 4)(m − 5)

2
=

(m − 2)(m − 4) = h2(P2, T
P2 ⊗ O

P2(−m)) , for m ≥ 4 .

Now we are able to compute h1(P2, T
P2 ⊗ O

P2(−m)). Using the exact
sequence (4), for m ≥ 4 we get:

h1(P2, T
P2 ⊗ O

P2(−m)) = h2(P2,O
P2(−m)) − 3h2(P2,O

P2(1 −m))+

+ h2(P2, T
P2 ⊗ O

P2(−m) =

= h0(P2,O
P2(m − 3)) − 3h0(P2,O

P2(m − 4))+

+ h2(P2, T
P2 ⊗ O

P2(−m)) =

=
(m − 1)(m − 2)

2
−

3(m − 2)(m − 3)

2
+ (m − 2)(m − 4) = 0.

It follows that the vanishing H 1(P2, T
P
2 ⊗Sm(N ∗)) = 0 is verified for

m = 1, 2 and for m ≥ 4. If we denote by Y (m)i the m-th infinitesimal
neighbourhood of Y in X i , i = 1, 2, m ≥ 0, this means that there exists
an isomorphism of schemes

Y (2)1 ∼= Y (2)2

inducing identity on Y . Moreover, from the forth infinitesimal neigh-
borhood on everything works well. So what does happen in the third
infinitesimal neighborhood, i.e. when m = 3? Let us compute the coho-
mological sequence (4) with m = 3:

0 → µmH
1(P2, T

P2 ⊗ O
P2(−3)) → µmH

2(P2, O
P2(−3)) →
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→ 3µmH
2(P2,O

P2(−2)) → µmH
2(P2, T 2

P
⊗ O

P2(−3)) → 0.

Since H2(P2, O
P2(−2)) = 0, then

0 → µmH
1(P2, T

P2 ⊗ O
P2(−3))

∼
−→ µmH

2(P2,O
P2(−3)) → 0,

and

dim
�
µmH

1(P2, T
P2 ⊗O

P2(−3))
�
= dim

�
µmH

2(P2, O
P2(−3))

�
=µm =

�n

3

�
.

So there is an obstruction in constructing the third infinitesimal
neighborhood of Y in X1 and X2 such that they are isomorphic.

Assuming that Y (3)1 ∼= Y (3)2 then it immediately follows that the two
embeddings are formally equivalent. The viceversa is still true, because
of the definition of formal equivalence.

Summing up the above discussion we get the following:

Theorem 4.5. Let P
2 ∼= Y �→ X1, P

2 ∼= Y �→ X2 be two embeddings in
two n-folds projective varieties X1, X2 with normal bundle NY |Xi

∼= (n−

2)O
P
2(1), i = 1, 2. Denote by Y ( j)i the j -th infinitesimal neighborhood

of Y in Xi , i = 1, 2. Then Y (2)1 ∼= Y (2)2 (inducing identity on Y ).
Moreover the embeddings Y ⊂ X1 and Y ⊂ X2 are formally equivalent
if and only if the infinitesimal neighborhoods of order 3 of Y in X 1 and
in X2 are isomorphic, i.e. Y (3)1 ∼= Y (3)2 (inducing identity on Y ).
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