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q-WEIERSTRASS TRANSFORM ASSOCIATED
WITH THE q-FOURIER BESSEL OPERATOR

SOUMAYA CHEFAI - KAMEL BRAHIM

This work deals kernels in Hilbert spaces. Namely, we study the
Weierstrass transform in quantum calculus related to the Fourier Bessel
transform and we give the appropriate best approximations of the inver-
sion.

1. Introduction

The present paper develops a general theory of integral transforms in the frame-
work of Hilbert spaces. We consider the following integral transform in quan-
tum calculus called q-Weierstrass transform connected with the q-Bessel Fourier
transform :

Wν
q,t( f ) = ϑt ∗q f ; ν >

−1
2
,

where ϑt is the Gauss kernel [1] and ∗q is the q-convolution product operator
related to the q-Bessel Fourier transform.

This paper is devoted first to study the q-Weierstrass transform related to
the q-Bessel Fourier transform and second to give its properties on some Hilbert
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space H and finally to use the theory of reproducing kernels to obtain the best
approximation of its inversion.

On the other hand, if the space of departure is a Sobolev space included in
H, we lose the surjectivity of this q-transform, which leads us to study approx-
imation of its inversion via the theory of Saitoh ([7], [8]) to characterize the
extremals functions in the approximations.

This paper is organized as follows.
In section 2, we recall the main results about the q-harmonic analysis.
Section 3 is devoted to define the q-Weierstrass transformation associated with
the q-Fourier Bessel transform and we establish its properties. We deal with a
bounded linear operator and some of its properties acting in the Hilbert spaces

Hβ = { f ∈H |
(
1+λ

2) β

2 Fν ,q ( f )(λ ) ∈H}, β ∈ R,β > ν +1,

equipped with the inner product

〈 f | g〉
β ,q =

∫ +∞

0

(
1+λ

2)β Fq,ν ( f )(λ )Fq,ν (g)(λ )λ 2ν+1dqλ ,

and Hβ ,ξ the space Hβ equipped with the inner product

< f | g >β ,ξ ,q= ξ < f | g >β ,q +<Wq,t ( f ) | Wq,t (g)>ν ,q,

where < | >ν ,q is the inner product on the Hilbert space H defined by

< f | g >ν ,q=
1

(1−q)

(
q2ν+2,q2

)
∞

(q2,q2)
∞

∫ +∞

0
f (x)g(x)x2ν+1dqx.

Then applying Saitoh’s Theorem [7], we estimate the extremal functions
and their properties.

2. Preliminaries

Throughout this paper, we will assume that 0 < q < 1.
We refer to [4] for the definitions, notations and properties of the q-shifted

factorials, the Jackson’s q-derivative and the Jackson’s q-integrals.

2.1. Basic symbols

Let a ∈ C, the q-shifted factorial is defined by

(a;q)0 = 1, (a;q)n =
n−1

∏
k=0

(1−aqk), (a;q)∞ =
∞

∏
k=0

(1−aqk).
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We also denote for x ∈ C

[x]q =
1−qx

1−q
and [n]q! =

(q;q)n

(1−q)n .

The q-derivative of a function f is given by

Dq f (x) =
f (x)− f (qx)
(1−q)x

if x 6= 0,

and
Dn

q f (x) = Dn−1
q (Dq f )(x) ∀n > 0.

The q-Jackson integrals from 0 to a and from 0 to ∞ are defined by∫ a

0
f (x)dqx = (1−q)a

∞

∑
n=0

f (aqn)qn,

∫
∞

0
f (x)dqx = (1−q)

∞

∑
n=−∞

f (qn)qn,

provided the sums converge absolutely.
We denote by

• R+
q =

{
qk,k ∈ Z

}
.

• dµν ,q the measure defined on R+
q by

dµν ,q (x) = c
(
ν ,q2)x2ν+1dqx,

where

c
(
ν ,q2)= 1

(1−q)

(
q2ν+2,q2

)
∞

(q2,q2)
∞

.

• Lp
ν ,q(R+

q ) is the space of measurable functions f on R+
q , p≥ 1, satisfying

‖ f‖
ν ,q,p =

(∫
R+

q

| f (x)|p dµν ,q (x)
) 1

p

<+∞. (1)

• C0,q
(
R+

q
)

is the space of restriction on R+
q of even continuous functions

f such that
‖ f‖

∞,q = sup
x∈R+

q

| f (x)|
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and
lim
|x|→+∞

f (x) = 0.

The q-Bessel operator ∆q,ν is defined on R+
q by

∆q,ν f (x) = q2ν+1D2
q f
(
q−1x

)
+

1−q2ν+1

(1−q)q−1x
Dq f

(
q−1x

)
. (2)

The q-modified Bessel function jν of the first kind is defined by

jν
(
x;q2)= ∞

∑
n=0

(−1)n qn(n+1)

(q2ν+2;q2)n (q2;q2)n
x2n. (3)

For λ complex, the function x 7→ jν
(
λx;q2

)
is the unique even solution of the

following problem:

∆q,νy(x) =−λ
2y(x) , y(0) = 1.

Definition 2.1. The q-Bessel Fourier transform Fq,ν is defined by (see[1−−3,
6])

Fν ,q ( f )(λ ) =
∫ +∞

0
f (x) jν

(
λx;q2)dµν ,q (x) , ν ≥−1

2
. (4)

Definition 2.2.
1) Let f ∈ Lp

ν ,q(R+
q ), the q-Bessel translation operator is defined by [1–3]:

T ν
q,x f (y) =

∫
∞

0
Fν ,q ( f )(t) jv(yt,q2) jv(xt,q2)dµν ,q (t) .

2) Let f and g in L1
ν ,q(R+

q ), the q-convolution product is defined by:

f ∗q g(x) =
∫ +∞

0
f (t)T ν

q,x (g)(t)dµν ,q (t) . (5)

The q-Bessel Fourier Transform satisfies the following properties:

• For f ∈ L1
ν ,q(R+

q ),

Fν ,q
(
T ν

q,x f
)
(λ ) = jν

(
λx;q2)Fν ,q ( f )(λ ) . (6)

• For f ,g in L1
ν ,q(R+

q ),

Fν ,q ( f ∗q g)(λ ) = Fν ,q ( f )(λ )Fν ,q (g)(λ ) . (7)
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• For f ∈ Lp
ν ,q(R+

q ), p≥ 1, the function T ν
q,x f belongs to the space Lp

ν ,q(R+
q )

and ∥∥T ν
q,x f
∥∥

ν ,q,p
≤ ‖ f‖

ν ,q,p . (8)

Theorem 2.3. ( q-inversion formula ) Let f ∈ L1
ν ,q(R+

q ) such that Fν ,q f ∈
L1

ν ,q(R+
q ), then for all x ∈ R+

q and ν >−1
2 , we have:

f (x) =
∫ +∞

0
Fν ,q ( f )(λ ) jν

(
λx;q2)dµν ,q (λ ) . (9)

Theorem 2.4. ( q-Plancherel theorem )The operator Fν ,q can be extended to
an isometric isomorphism from L2

ν ,q(R+
q ) onto itself. In particular for all f ,g in

L2
ν ,q(R+

q ), we have

∫ +∞

0
f (x)g(x)dµν ,q (x) =

∫ +∞

0
Fν ,q ( f )(x)Fν ,q (g)(x)dµν ,q (x) . (10)

Theorem 2.5. The q-Bessel Fourier transform satisfies:

1. For f ∈ Lp
ν ,q(R+

q ), F2
q,ν f (x) = f (x), ∀x ∈ R+

q .

2. For f ∈ L2
ν ,q(R+

q ), ‖Fq,ν f‖q,2,ν = ‖ f‖q,2,ν .
3. Let f ∈ Lp

ν ,q(R+
q ) and g ∈ Lr

ν ,q(R+
q ) then f ∗q g ∈ Ls

ν ,q(R+
q ) and

Fq,ν( f ∗q g)(x) = Fq,ν( f )(x)×Fq,ν(g)(x), ∀x ∈ R+
q ,

where
1
p
+

1
r
−1 =

1
s
.

In the remainder, we denote by H the space L2
ν ,q(R+

q ) which is a Hilbert
space with the inner product

< f | g >ν ,q=
∫ +∞

0
f (λ )g(λ )dµν ,q (λ ) .

3. On q-Weierstrass transform associated with the Fourier Bessel opera-
tor

In the literature we find many q-analogue of the exponential function, here we
just recall that we needed namely the q-exponential function defined by

e(z,q) =
∞

∑
n=0

zn

[n]q!
=

1
((1−q)z;q)∞

, |z|< 1
1−q

.
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We introduce the following Hilbert space

Hβ =
{

f ∈H |
(
1+λ

2) β

2 Fq,ν ( f )(λ ) ∈H
}
, β > ν +1,

equipped With the inner product

〈 f | g〉
β ,q =

∫ +∞

0

(
1+λ

2)β Fq,ν ( f )(λ )Fq,ν (g)(λ )λ 2ν+1dqλ ,

and the norm
‖ f‖

β ,q =
√
〈 f , f 〉

β ,q.

Proposition 3.1. For x ∈ R+
q , the space Hβ admits the reproducing kernel Kβ

x

given by

Kβ
x (y) =

∫ +∞

0

jv(λx,q2) jv(λy,q2)

(1+λ 2)β
λ

2ν+1dqλ .

Proof. we shall prove

f ∈Hβ ⇒< f | Kβ
x >β ,q= f (x),∀x ∈ R+

q .

( It’s called the reproducing property )
Indeed, a simple computation shows that

Fν ,q

(
Kβ

x

)
(λ ) =

jv(λx,q2)

(1+λ 2)β
⇒Kβ

x ∈Hβ . (11)

Furthermore,

f ∈Hβ ⇒< f | Kβ
x >β ,q

=
∫ +∞

0

(
1+λ

2)β Fν ,q ( f )(λ )Fν ,q

(
Kβ

x

)
(λ )dµν ,q (λ )

=
∫ +∞

0

(
1+λ

2)β Fν ,q ( f )(λ )
jv(λx,q2)

(1+λ 2)β
dµν ,q (λ )

=
∫ +∞

0
Fν ,q ( f )(λ ) jv(λx,q2)dµν ,q (λ )

= f (x) .

3.1. q-Heat equation

Lemma 3.2. The unique solution of the following q-difference equation

Dq2,tψ(x, t) =− x2
ψ(x, t); ψ(x,0) = c(x)

is given in the following form

ψ(x, t) = c(x)e(−tx2,q2).
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Lemma 3.3. Let f ∈ L2
ν ,q(R+

q ) such that ∆q,ν f ∈ L2
ν ,q(R+

q ) then

Fq,ν [∆q,ν f ] (x) =−x2Fq,ν f (x).

Proof. Let g = Fq,ν f . From the inversion formula we obtain

f = F2
q,ν f = Fq,νg.

Then
∆q,ν f (x) = Fq,ν

[
y 7→ −y2g(y)

]
(x)

Again, by using the inversion formula we obtain the result.

Definition 3.4. The q-Weierstrass transform is defined as follows:

Wν
q,t f (x) = (Gν(., t,q2)∗q f )(x), t > 0,

where Gν(., t,q2) is the q-Gauss kernel [1]

Gν(x, t,q2) = Fq,ν

[
y 7→ e(−ty2,q2)

]
(x) = A(t) e

(
−q−2ν

t
x2,q2

)
,

and

A(t) =
(−q2ν+2t,−q−2ν/t;q2)∞

(−t,−q2/t;q2)∞

.

Proposition 3.5. For λ ∈ R+
q and f on L2

ν ,q(R+
q ), we denote

δλ f (x) =
1

λ (ν+1)2 f
( x

λ ν+1

)
,

we have immediately the following properties:
1- ‖δλ f‖ν ,q = ‖ f‖ν ,q,
2- Fq,νδλ = δ 1

λ

Fq,ν ,

3- T ν
q,xδλ = δλ T ν

q, x
λν+1

,

therefore, for f ∈ L2
ν ,q(R+

q ) and x ∈ R+
q , we get

Wν
q,t(δλ f )(x) = δλ

(
Wν

q, t
λ2ν+2

f
)
(x).

Proof. For t > 0, we have

Fq,ν
[
e(−ty2,q2)

]
(y) =

1
λ (ν+1)2Fq,ν

(
δ 1

λ

[
e(− t

λ 2ν+2 y2,q2)
])

=
1

λ (ν+1)2 δλ

(
Fq,ν

[
e(− t

λ 2ν+2 y2,q2)
])

.
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Then for all x ∈ R+
q , we have

Wν
q,t(δλ f )(x)

= Gν(., t,q2)∗q δλ f (x)

=
∫

∞

0
T ν

q,x(δλ f )(y)Gν(y, t,q2)dµν ,q (y)

=
1

λ (ν+1)2

∫
∞

0
T ν

q,x(δλ f )δλ

(
Fq,ν

[
e(− t

λ 2ν+2 y2,q2)
])

dµν ,q (y)

=
1

λ (ν+1)2

∫
∞

0
δλ (T

ν

q, x
λν+1

f )(y)δλ

(
Fq,ν

[
e(− t

λ 2ν+2 y2,q2)
])

dµν ,q (y)

=
1

λ 3(ν+1)2

∫
∞

0
T ν

q, x
λν+1

f (
y

λ ν+1 )
(
Fq,ν

[
e(− t

λ 4ν+4 y2,q2)
])

dµν ,q (y) ,

by the change of variable y = zλ ν+1, we get the desired result.

In the following we denote by ϑt the q-Gauss kernel

ϑt(x) = Gν(x, t,q2),

which satisfies

F(ϑt)(x) = e(−tx2,q2).

Proposition 3.6. For all f ∈ L2
ν ,q(R+

q ) and t > 0, the q-Weierstrass transform
associated with the Fourier Bessel operator is satisfying

lim
t→0+
Wν

q,t( f ) = f , in L2
ν ,q(R+

q ).

For all t > 0, β > ν +1, and for all f ∈Hν

β
, the bounded linear operatorWq,t

satisfies ∥∥Wq,t ( f )
∥∥

ν ,q ≤ ‖ f‖
β ,q .

Proof. According the Ramanujan identity [1]

∑
s∈Z

zs

(bq2s;q2)
∞

=

(
bz, q2

bz ,q
2;q2

)
∞(

b,z, q2

b ;q2
)

∞

,
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we obtain

cq,ν

∫
∞

0
e
(
−q−2ν

t
x2,q2

)
x2ν+1dqx

= (1−q)cq,ν ∑
n∈Z

q(2ν+2)ne
(
−q−2ν

t
q2n,q2

)
= (1−q)cq,ν ∑

n∈Z

q(2ν+2)n(
−q−2ν

t q2n,q2
)

∞

= (1−q)cq,ν
(−q2/t,−t,q2;q2)∞

(−q−2ν/t,q2ν+2,−q2ν+2t;q2)∞

=
(−q2/t,−t;q2)∞

(−q−2ν/t,−q2ν+2t;q2)∞

=
1

A(t)
,

therefore ∥∥Gν(., t,q2)
∥∥

ν ,q,1 = 1,

which implies that for t > 0, the kernel
(
Gν(x, t,q2)

)
t>0 is an approximate iden-

tity, in particular for f ∈ L2
ν ,q(R+

q ), we get

lim
t→0+

Gν(., t,q2)∗q f = f , in L2
ν ,q(R+

q ).

By using the inequality of Young, the properties of the convolution product and
q-Plancherel theorem, we deduce for f ∈Hβ∥∥Wq,t ( f )

∥∥
ν ,q,2 =

∥∥ϑt ?q f
∥∥

ν ,q,2

=
∥∥Fν ,q (ϑt ?q f )

∥∥
ν ,q,2

=
∥∥(e(−tλ 2,q2)Fν ,q f

)∥∥
ν ,q,2

6
∥∥e(−tλ 2,q2)

∥∥
ν ,q,1 ‖ f‖

ν ,q,2 6 ‖ f‖
β ,q .

Proposition 3.7. The unique solution of the q-heat equation
∆q,νu(x, t) = Dq2u(x, t), ∀x ∈ R+

q
lim
t→0

u(x, t) = f (x), f ∈ L2
ν ,q(R+

q ),

x 7→ u(x, t) ∈ L2
ν ,q(R+

q ), ∀t > 0

is
u(x, t) =Wν

q,t f (x) = ϑt ∗q f (x).
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Proof. Let
ψ(x, t) = Fq,ν

[
u(., t)

]
(x).

From the following equation

∆q,νu(x, t) = Dq2u(x, t),

we have
∆q,vu(., t) ∈ L2

ν ,q(R+
q ).

Lemma 3.3 implies that

Fq,ν

[
∆q,νu(., t)

]
(x) =−x2Fq,ν

[
u(., t)

]
(x)

and
Fq,ν

[
Dq2u(., t)

]
(x) = Dq2Fq,ν

[
u(., t)

]
(x).

The function ψ satisfies

Dq2ψ(x, t) =−x2
ψ(x, t), lim

t→0
ψ(x, t) = Fq,ν f (x).

From Lemma 3.2 and Theorem 2.5 we see that

ψ(x, t) = e(−tx2,q2)Fq,ν f (x) = Fq,ν

[
ϑt

]
(x)×Fq,ν f (x) = Fq,ν

[
ϑt ∗q f

]
(x).

Therefore
u(x, t) = ϑt ∗q f (x),

which completes the proof.

3.2. Practical real inversion formulas forWq,t

For β ∈ R,β > ν + 1, we denote Hβ ,ξ the space Hβ equipped with the inner
product

< f | g >β ,ξ ,q= ξ < f | g >β ,q +<Wq,t ( f ) | Wq,t (g)>ν ,q,

and the norm
‖ f‖2

β ,ξ ,q = ξ ‖ f‖2
β ,q +

∥∥Wq,t ( f )
∥∥2

ν ,q .

Proposition 3.8. For x ∈ R+
q , the space Hβ ,ξ admits the reproducing kernel

Kβ ,ξ
x given by

Kβ ,ξ
x (y) =

∫ +∞

0

jv(λx,q2) jv(λy,q2)

ξ (1+λ 2)β + e(−tλ 2;q2)2 dµν ,q (λ ) .
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Proof. We shall prove

f ∈Hβ ,ξ ⇒< f | Kβ ,ξ
x >β ,ξ= f (x),∀x ∈ R+

q .

( It’s called the reproducing property )
The following computation proves that

Fν ,q

(
Kβ ,ξ

x

)
(λ ) =

jv(λx,q2)

ξ (1+λ 2)β + e(−tλ 2;q2)2 ⇒K
β ,ξ
x ∈Hβ ,ξ . (12)

Let f be in Hν

β ,ξ
, then we have

< f | Kβ ,ξ
x >β ,ξ ,q= ξ < f | Kβ ,ξ

x >β ,q +<Wq,t ( f ) | Wq,t

(
Kβ ,ξ

x

)
>ν ,q,

Indeed, we see that

< f | Kβ ,ξ
x >β ,q=

∫ +∞

0

(
1+λ 2

)β jv(λx,q2)

ξ (1+λ 2)β + e(−tλ 2;q2)2Fν ,q ( f )(λ )dµν ,q (λ ) .

Wq,t

(
Kβ ,ξ

x

)
(λ ) = ϑt ?qKβ ,ξ

x (λ )

= Fν ,q

(
jv(xy,q2)e

(
−ty2;q2

)
ξ (1+ y2)β + e(−ty2;q2)2

)
(λ ) .

Similarly, we have

Wq,t ( f )(x) = Fν ,q
(
e
(
−tλ 2;q2)Fν ,q ( f )

)
(x) .

Therefore according to the Parseval theorem we get

<Wq,t ( f ) | Wq,t

(
Kβ ,ξ

x

)
>ν ,q

=< Fν ,qWq,t ( f ) | Fν ,qWq,t

(
Kβ ,ξ

x

)
>ν ,q

=< Fν ,q (ϑt)Fν ,q ( f )) |
(

jv(λx,q2)e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2

)
>ν ,q

=
∫ +∞

0

e
(
−tλ 2;q2

)2 jv(λx,q2)

ξ (1+λ 2)β + e(−tλ 2;q2)2Fν ,q ( f )(λ )dµν ,q (λ ) .

By the inversion formula for Fν ,q, we get the desired result:

< f | Kβ ,ξ
x (x,y)>β ,ξ ,q =

∫ +∞

0
jv(λx,q2)Fν ,q ( f )(λ )dµν ,q (λ )

= f (x) .



92 SOUMAYA CHEFAI - KAMEL BRAHIM

In the following section we are interested by extremal functions to solve the
problem of inverse approximation. We use reproducing kernel Hilbert spaces
to give the best approximation for the bounded linear operatorWq,t . Using the
Saitoh’s Theorem [7] we obtain the following results :

3.3. Extremal function forWq,t

Theorem 3.9. Let ξ > 0, β > ν +1 and g ∈ L2
ν ,q(R+

q ). Then the approximation
problem

inf
f∈Hβ

(
ξ ‖ f‖2

β ,q +
∥∥g−Wq,t ( f )

∥∥2
ν ,q

)
(13)

is solvable and
f ∗
ξ ,g(x) =< g | Wq,t

(
Kβ ,ξ

x

)
>ν ,q

is the element of Hβ with the smallest Hβ -norm where the infimum (13) is at-
tained.

For g ∈ L2
ν ,q(R+

q ), the function

f (x) = lim
ξ→0

f ∗
ξ ,g(x)

solves the problem of approximation

inf
f∈H

∥∥g−Wq,t ( f )
∥∥2

ν ,q .

Remark 3.10. Applying Parseval’s equality, the q-analogue of extremal func-
tion f ∗

ξ ,g is also written as

f ∗
ξ ,g (x) =< g | Wq,t

(
Kβ ,ξ

x

)
>ν ,q

=
∫ +∞

0
g(λ )Wq,t

(
Kβ ,ξ

x

)
(λ )dµν ,q (λ )

=
∫ +∞

0
g(λ )Fν ,q

(
jv(xy,q2)e

(
−ty2;q2

)
ξ (1+ y2)β + e(−ty2;q2)2

)
(λ )dµν ,q (λ )

=
∫ +∞

0
g(y)Fν ,q

(
jv(λx,q2)e

(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2

)
(y)dµν ,q (y)

=
∫ +∞

0
Fν ,q (g)(λ )

jv(λx,q2)e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2 dµν ,q (λ )

= Fν ,q

(
Fν ,q (g)(λ )

e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2

)
(x) ,
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which implies that

Fν ,q

(
f ∗
ξ ,g

)
(λ ) =

e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−2tλ 2;q2)

Fν ,q (g)(λ ) . (14)

Corollary 3.11. Let ξ > 0, β > ν +1 and g ∈ L2
ν ,q(R+

q ). The q-extremal func-
tion f ∗

ξ ,g satisfies ∥∥∥ f ∗
ξ ,g

∥∥∥2

ν ,q,2
6 c(ξ ,β ,ν)‖g‖2

ν ,q,2 ,

where c(ξ ,β ,ν) is constant.

Proof. Hölder’s inequality and integrating over x lead to∥∥∥ f ∗
ξ ,g

∥∥∥2

ν ,q,2
6 ‖g‖2

ν ,q,2

∥∥∥Wq,t(Kβ ,ξ
x )

∥∥∥2

ν ,q,2
.

Since a2 +b2 > 2ab and by the Plancherel theorem and Remark 3.10 we get∥∥∥Wq,t

(
Kβ ,ξ

x

)∥∥∥2

ν ,q,2

6
∫ +∞

0

∣∣∣∣∣∣∣Fν ,q

 j2
v(λx,q2)e

(
−tλ 2;q2

)2(
ξ (1+λ 2)β + e(−tλ 2;q2)2

)2

(y)

∣∣∣∣∣∣∣dµν ,q (λ )

6
1

(q;q2)2
∞

ξ

∫ +∞

0

1

(1+λ 2)β
dµν ,q (λ )

= c(ξ ,β ,ν) .

Corollary 3.12. Let ξ > 0, β > ν +1.For all g1,g2 ∈ L2
ν ,q(R+

q ), we have

∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q
6
‖g1−g2‖2

ν ,q,2

4ξ
.

Proof. From Remark 3.10, we get

( f ∗
ξ ,g1
− f ∗

ξ ,g2
)(x)

=
∫ +∞

0
(g1−g2)(y)Wq,t

(
Kβ ,ξ

x

)
(y)dµν ,q (y)

=
∫ +∞

0
(g1−g2)(y)Fν ,q

(
jv(λx,q2)e

(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2

)
(y)dµν ,q (y)

=
∫ +∞

0
Fν ,q (g1−g2)(λ )

jv(λx,q2)e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2 dµν ,q (λ ) ,
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and

Fν ,q

(
f ∗
ξ ,g1
− f ∗

ξ ,g2

)
(λ ) =

e
(
−tλ 2;q2

)
ξ (1+λ 2)β + e(−tλ 2;q2)2Fν ,q (g1−g2)(λ ) .

Since 2ab≤ a2 +b2, we deduce∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q

=
∫ +∞

0

(
1+λ

2)β
∣∣∣Fν ,q

(
f ∗
ξ ,g1
− f ∗

ξ ,g2

)
(λ )
∣∣∣2 dµν ,q (λ )

≤
∫ +∞

0

(
1+λ 2

)β e
(
−tλ 2;q2

)2

4ξ (1+λ 2)β e(−tλ 2;q2)2

∣∣Fν ,q (g1−g2)(λ )
∣∣2 dµν ,q (λ )

6
1

4ξ

∫ +∞

0

∣∣Fν ,q (g1−g2)(λ )
∣∣2 dµν ,q (λ )

=
1

4ξ
‖g1−g2‖2

ν ,q,2 .

Corollary 3.13. Let ξ > 0, β > ν +1. For all g1,g2 ∈ L2
ν ,q(R+

q ), we have∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,ξ ,q
6

ξ +1
4ξ
‖g1−g2‖2

ν ,q,2 .

Proof. We have∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,ξ ,q
= ξ

∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q
+
∥∥∥Wt

(
f ∗
ξ ,g1
− f ∗

ξ ,g2

)∥∥∥2

ν ,q,2

6 ξ

∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q
+
∥∥∥ f ∗

ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q

= (ξ +1)
∥∥∥ f ∗

ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q
.

Apply again the fact that a2 +b2 > 2ab and by the relation (14) we obtain∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,q
=
∫ +∞

0

(
1+λ

2)β
∣∣∣Fν ,q

(
f ∗
ξ ,g1
− f ∗

ξ ,g2

)
(λ )
∣∣∣2 dµν ,q (λ ) =∫ +∞

0

(
1+λ

2)β e
(
−tλ 2;q2

)2(
ξ (1+λ 2)β + e(−tλ 2;q2)2

)2

∣∣Fν ,q (g1−g2)(λ )
∣∣2 dµν ,q (λ )

6
1

4ξ

∫ +∞

0

∣∣Fν ,q (g1−g2)(λ )
∣∣2 dµν ,q (λ )

=
1

4ξ
‖g1−g2‖2

ν ,q,2 ,
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and we deduce that∥∥∥ f ∗
ξ ,g1
− f ∗

ξ ,g2

∥∥∥2

β ,ξ ,q
6

ξ +1
4ξ
‖g1−g2‖2

ν ,q,2 .

Corollary 3.14. Let ξ > 0, β > ν +1. For all f ∈Hβ , and for g =Wq,t ( f ) we
have

lim
ξ→0+

∥∥∥ f ∗
ξ ,g− f

∥∥∥2

β ,q
= 0.

Moreover,
(

f ∗
ξ ,g

)
ξ>0

converges uniformly to f as ξ → 0+.

Proof. If f ∈ Hβ , then we have g =Wq,t ( f ) ∈ L2
ν ,q(R+

q ). On the other hand,
simple computation and Remark 3.10 show that

Fν ,q (Wt ( f ))(λ ) = e
(
−tλ 2;q2)Fν ,q ( f )(λ ) , (15)

and

Fν ,q

(
f ∗
ξ ,g1
− f
)
(λ ) =

e
(
−tλ 2;q2

)
Fν ,q (g)(λ )

ξ (1+λ 2)β + e(−tλ 2;q2)2 −Fν ,q ( f )(λ )

=
e
(
−tλ 2;q2

)
Fν ,q (Wt ( f ))(λ )

ξ (1+λ 2)β + e(−tλ 2;q2)2 −Fν ,q ( f )(λ )

=
−ξ
(
1+λ 2

)β

ξ (1+λ 2)β + e(−tλ 2;q2)2Fν ,q ( f )(λ ) , (16)

then∥∥∥ f ∗
ξ ,g1
− f
∥∥∥2

β ,q

=
∫ +∞

0

(
1+λ

2)β
∣∣∣Fν ,q

(
f ∗
ξ ,g1
− f
)
(λ )
∣∣∣2 dµν ,q (λ )

=
∫ +∞

0

(
1+λ

2)β

∣∣∣∣∣ −ξ
(
1+λ 2

)β

ξ (1+λ 2)β + e(−tλ 2;q2)2Fν ,q ( f )(λ )

∣∣∣∣∣
2

dµν ,q (λ )

=
∫ +∞

0

ξ 2
(
1+λ 2

)3β(
ξ (1+λ 2)β + e(−tλ 2;q2)2

)2

∣∣Fν ,q ( f )(λ )
∣∣2 dµν ,q (λ ) .

For λ ∈ R+
q we have,

lim
ξ→0+

ξ 2
(
1+λ 2

)3β(
ξ (1+λ 2)β + e(−tλ 2;q2)2

)2

∣∣Fν ,q ( f )(λ )
∣∣2 = 0,
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and

ξ 2
(
1+λ 2

)3β(
ξ (1+λ 2)β + e(−tλ 2;q2)2

)2

∣∣Fν ,q ( f )(λ )
∣∣2 6 (1+λ

2)β ∣∣Fν ,q ( f )(λ )
∣∣2 .

Since f ∈Hβ , then the function

(
1+λ

2)β ∣∣Fν ,q ( f )(λ )
∣∣2

is integrable with respect to the measure dµν ,q. So, according the dominated
convergence theorem, we deduce that

lim
ξ→0+

∥∥∥ f ∗
ξ ,g− f

∥∥∥2

β ,q
= 0.

Remark 3.10 and the relations (14), (15) and (34) clearly show that the function
Fν ,q

(
f ∗
ξ ,g− f

)
belongs to L1

ν ,q
(
R+

q
)
, therefore it satisfies the inversion formula,

namely for all x ∈ R+
q , we have

| f ∗
ξ ,g (x)− f (x) |=

∣∣∣∫ +∞

0
Fν ,q

(
f ∗
ξ ,g− f

)
(λ ) jν

(
λx;q2)dµν ,q (λ )

∣∣∣
=
∣∣∣∫ +∞

0

−ξ
(
1+λ 2

)β Fν ,q ( f )(λ )

ξ (1+λ 2)β + e(−tλ 2;q2)2 jν
(
λx;q2)dµν ,q (λ )

∣∣∣
6
∫ +∞

0

ξ
(
1+λ 2

)β

ξ (1+λ 2)β + e(−tλ 2;q2)2

∣∣Fν ,q ( f )(λ )
∣∣dµν ,q (λ ) ,

and
ξ
(
1+λ 2

)β

ξ (1+λ 2)β + e(−tλ 2;q2)2

∣∣Fν ,q ( f )(λ )
∣∣6 ∣∣Fν ,q ( f )(λ )

∣∣
which is integrable with respect to the measure dµν ,q. Then, the result follows
from dominated convergence theorem.
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