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q-WEIERSTRASS TRANSFORM ASSOCIATED
WITH THE ¢-FOURIER BESSEL OPERATOR

SOUMAYA CHEFAI - KAMEL BRAHIM

This work deals kernels in Hilbert spaces. Namely, we study the
Weierstrass transform in quantum calculus related to the Fourier Bessel
transform and we give the appropriate best approximations of the inver-
sion.

1. Introduction

The present paper develops a general theory of integral transforms in the frame-
work of Hilbert spaces. We consider the following integral transform in quan-
tum calculus called g-Weierstrass transform connected with the g-Bessel Fourier
transform :

W(;/,t(f) =Uxf3 V> 50
where 1 is the Gauss kernel [1] and =, is the g-convolution product operator
related to the g-Bessel Fourier transform.

This paper is devoted first to study the g-Weierstrass transform related to
the g-Bessel Fourier transform and second to give its properties on some Hilbert
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space H and finally to use the theory of reproducing kernels to obtain the best
approximation of its inversion.

On the other hand, if the space of departure is a Sobolev space included in
H, we lose the surjectivity of this g-transform, which leads us to study approx-
imation of its inversion via the theory of Saitoh ([7], [8]) to characterize the
extremals functions in the approximations.

This paper is organized as follows.
In section 2, we recall the main results about the g-harmonic analysis.
Section 3 is devoted to define the g-Weierstrass transformation associated with
the g-Fourier Bessel transform and we establish its properties. We deal with a
bounded linear operator and some of its properties acting in the Hilbert spaces

Hp ={fcH| (1+)Lz)%fv,q(f)(7L)GH}, BeRB>v+1,

equipped with the inner product

o0
B S
{f18)pq= /0 (1+2%)" Fov (f) (M) Fov (8) (M)A F A,
and Hg ¢ the space Hg equipped with the inner product

<fle>pe, =8 <fle>pqg+ < Wu ()| Wi () >vg
where < | >y, is the inner product on the Hilbert space H defined by
1 (q2v+2’q2) /+o<, S
= f(x)g(x)x*¥d, x.

—g) @) b T !

Then applying Saitoh’s Theorem [7], we estimate the extremal functions
and their properties.

<f\g>v,q=(

2. Preliminaries

Throughout this paper, we will assume that 0 < g < 1.
We refer to [4] for the definitions, notations and properties of the g-shifted
factorials, the Jackson’s g-derivative and the Jackson’s g-integrals.

2.1. Basic symbols
Let a € C, the g-shifted factorial is defined by

n—1 oo

(@qo=1, (a:q)a=]](1—-ad"), (a:q)e=]](1-aq").

k=0 k=0
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We also denote for x € C

1—¢" (4:9)n
X|g = and |n|,! =
[]q l—q []q (1_q)n
The g-derivative of a function f is given by
fx)—flgx) .
D =————" if 0
qf(x) (l—q)x 1 x# )

and
D} f(x) =D (Dgf)(x) ¥n>0.

The g-Jackson integrals from 0 to a and from O to oo are defined by

oo

| @)= -ga Y flaga

n=0

[ rwd=-9) ¥ 1@

n=—oo

provided the sums converge absolutely.
We denote by

o R = {d"keZ}.
e dyy , the measure defined on ]R;r by

diy 4 (x)=c (v, qz) xzv+]dqx,

where
1 ( V2, ‘12)00
1-q9) (¢*,4%).

o Ly ,(RJ) is the space of measurable functions f on R/}, p > 1, satisfying

¢ (V7q2) = (

1A Wv.qp = (/]R+ |f ()P dpy g (x)) " < oo (1)

e Coq (R}) is the space of restriction on R} of even continuous functions
f such that

[fllcog = sup [f (x)]

xeR;
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and

lim f(x) =

x| =00
The g-Bessel operator A,y is defined on RZIF by

2v+1

2v+1 2 1 l—¢q
Agyf(x) = Dyf (¢~ x)—l—i(l—q)q*lx

The g-modified Bessel function j, of the first kind is defined by

Dyf (¢ 'x). (2)

v (s ) = Y e M”m . ©)
, 0 (q2v+2’q2)n ( )n

n=

For A complex, the function x — j, (lx;qQ) is the unique even solution of the
following problem:

Agwy(x) = =A%y (x), y(0)=1.
Definition 2.1. The g-Bessel Fourier transform J, y is defined by (see[1 — —3,
6])

1

400
Foa(NA)= [ f&)jv (Ax;q%) dy,, (), vE-s. @

Definition 2.2.
1) Let f € L’qu(Rq*), the g-Bessel translation operator is defined by [1-3]:

D)= [ FoalF) 0400, 0., 1)
2) Letfand g in L;/ 4,(R7"), the g-convolution product is defined by:
e v
Frag@)= [ ()15 (8) (1), (1) (5)

The g-Bessel Fourier Transform satisfies the following properties:

o For fe L (RF),
Fvyg (Tq\:xf) (A)=jv (AX;QZ) Fvg (f) (l) . (6)
e For f,gin Lbl/q(R;r),

Fug(f*q8)(A) =Fvg(f)(A) Fvq(g) (). (7
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e For f € Ly ,(R}),p> 1, the function 7., f belongs to the space LY, (R
and

TNy o <Al ®)

v7q7p

Theorem 2.3. ( g-inversion formula ) Let f € Ll,’q(R;) such that Fy,f €
L‘l,yq(]R;r), then for all x € R; and v > —%, we have:

~+oo

F= [ Fea(H)A)jv (Ax;q%) dy,, (A). )

Theorem 2.4. ( g-Plancherel theorem )The operator Fy , can be extended to
an isometric isomorphism from L%’q(R;) onto itself. In particular for all f,g in

L3 (R}), we have

o0

@80, ) = [ Foa () 0P @ W, (). (10)

Theorem 2.5. The g-Bessel Fourier transform satisfies:

I For f e Ly ((RF), Fr,f(x)=f(x), VxeRj.
+

2. For f € L\zx,q(Rq ), H]:q,foq,Z-,V = Hf”q-,Z-V'
3. Let f e L} ((R)) and g € Ly, ,(R}) then fx,g € L}, ,(R}) and

Fav(fx48)(x) = Fou () (x) x Fon(8)(x), VxeR],

1 1 1
where — 4+ — — 1= —.
p r s

In the remainder, we denote by H the space L%vq(R;) which is a Hilbert
space with the inner product

<Flgsva= [ 78Ry ().

3. On g-Weierstrass transform associated with the Fourier Bessel opera-
tor

In the literature we find many g-analogue of the exponential function, here we
just recall that we needed namely the g-exponential function defined by

oo

v 2 _ 1 b
“q) _,,ga[n]q! (1= q)z:9)e 4l < 1—q
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We introduce the following Hilbert space

B
Hp = {feH\ (1+2%)2 Fuv () (A) eH}, B>v+l1,
equipped With the inner product
o0
F19pe= [ (1423 o (D) Fon A4,

and the norm

||f”ﬁ7q: <f’f>ﬁ,q

Proposition 3.1. For x € R;, the space Hg admits the reproducing kernel ICE
given by

KB ( ):/+°° (A% ) oA, 8 5 v o
AR (14+12)° ”

Proof. we shall prove
feHg =< fIKP >5 = f(x),VxeR].

(It’s called the reproducing property )
Indeed, a simple computation shows that

B _iv(Ax,q%) B
Fra (Kx>(l)—(l+/12)ﬁ — K e H. (11)

Furthermore,

feHﬁ:<f]IC’3 >5.4
—/ ]:Vq( JTVq( ) )duy 4 (A

_ [ 2 (Axg?) |
= R P ) )
~+oo

[ R W)k (2)
=f(x). [
3.1. g-Heat equation
Lemma 3.2. The unique solution of the following q-difference equation
Dp y(x.t) =—xy(x1);  y(x,0)=c(x)
is given in the following form

v(x,1) = c(x)e(—tx?,¢%).
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Lemma 3.3. Let f € Ly, ,(R}) such that Ay f € L, ,(R]) then

Fav[Agvf](x) = —xz}"q,vf(x).
Proof. Let g = F, v f. From the inversion formula we obtain
f=Ff=TFgs

Then
Bg F () = Fyu [y =20 ()

Again, by using the inversion formula we obtain the result. OJ
Definition 3.4. The g-Weierstrass transform is defined as follows:
qu,tf(x):(Gv('at7q2)*qf)(x)7 t>0,

where GV (.,t,q?) is the g-Gauss kernel [1]

q
Gv(x,t,qz) =Fuv|yr— e(—tyz,qz)} (x)=A(r) e (— ; xz,q2> ,
and 242 2 2
(=q”"%t,—q " /1:q°)
(_ta_qz/t;qz)‘x’

Proposition 3.5. For A € R} and f on L3, ,(R}), we denote

A(r) =

1 X

6. f(x) = Wf(ﬁ)v

we have immediately the following properties:
1180 fllv.g = [l fllv.g:

2' ‘Fq’val - 5%.7%\/,

3- qux6l = 5,1Tqv_ X,

AVHI

therefore, for f € L%,q (R) and x € R}, we get

Wi (G = 8 (W, F) ().
Proof. Fort > 0, we have
2 2 1 I 2 2
Favle=07. ) 0) = S5 Fav (5% le(—mm3y 4 )])
1

t
= W&l (.qu [e(_wyzng)]>
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Then for all x € ]R;]*, we have

W;,z(s/lf)(x)
=G"(.,1,4%) %4 8. f (x)

= / (81F) ()G (0,1,47)d 1y ¢ (¥)
T 20? / +(O1f) 81 [e(_ﬁyzqu)Ddﬂv,q()’)
:W /0 (T, o N0 (F, [e(—ﬁyaqz)])duw(y)

1 °° y I 2 9
= W/@ Tqv,ﬁf(w)(}—q,v [e(—WY .4 )])dqu(y),

by the change of variable y = zAV*!, we get the desired result. O

In the following we denote by ¥ the g-Gauss kernel
19;()6) = Gv(-xat?qz)a

which satisfies

Proposition 3.6. For all f € L%,ﬂ (Ry) and t > 0, the q-Weierstrass transform
associated with the Fourier Bessel operator is satisfying

lim W), (f) = f,in L (R}).

t—0t

Forallt >0, B> v+1,and for all f € HY, the bounded linear operator W,
satisfies

Was (Dl < 15154

Proof. According the Ramanujan identity [1]

2
s (bz, %Z,qz;q2>m

Y oy =
@GP (b Gig?)
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we obtain
oo g2
c,“,/o e <— . xz,q2> PV, x
—(1— (2v+2)n _szv w2
=(1—q)cgv Y. q el ——q™q
nezl !
(2v+2)n
q
= (1—=q)cgv Z v
nEZ( t2 q 7q2>oo
7(1_ ) (_qz/ta_taqz;qz)m
= q)Cqv (_q_zv/t7q2v+27_q2v+2t;q2)m
_ nde
(=g /t, =4 °1:%)
1
At
therefore

|G (t.a)],., =1,

v.q,1

which implies that for # > 0, the kernel (G" (x,,4%)),_, is an approximate iden-
tity, in particular for f € L2 vqa(RS), we get

lim G¥(.,t,¢*) %o f = f.in L} ,(R)).

t—0t

By using the inequality of Young, the properties of the convolution product and
g-Plancherel theorem, we deduce for f € Hg

Was (Dl g2 = 1054 ], 4.2
= H]:\hq Uy xq f) H

v.q,2
= [[(e(=12%.8) Fraf)l, 42
< He —Mzaq Hv’%l ”f”v,q,z X HfHﬁ,q- [

Proposition 3.7. The unique solution of the g-heat equation

Agvu(x,t) =Dpu(x,t), Vx€Ry
limu(x7t) = f(x)’ fe L%q(R;)v
t—0 ’
x> u(x,t) e Ly (RF), Vi>0
is

u(x,t) =Wy f(x) = 0 %4 f(x).
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Proof. Let
W) = Foo [u(0)] ().

From the following equation

Agvu(x,t) = Dpu(x,t),

we have

Agou(.s1) € L} (R)).

Lemma 3.3 implies that

Fov [Aq,vu(.,z)} (x) = —2F, [u(.,t)} (x)

and
Fow|[Dpu(0)] (9) = D Py [u.0)] ().
The function y satisfies
DqZW(x?t) = 7x2ll/(xat)v limW(xvt) :]:q,vf(x)‘
t—0
From Lemma 3.2 and Theorem 2.5 we see that

W(x,t) = e(—12,6) Fy () = Fyo [ 8] () % Py f ) = o [02 | ).

Therefore
u(x,t) = x4 f(x),

which completes the proof. O

3.2. Practical real inversion formulas for W, ;

For B € R, > v+ 1, we denote Hpg ¢ the space Hg equipped with the inner
product

<fle>pe, =8 <fle>pqg+ <Wyu ()| Wi (8) >vg

and the norm

1713 e g = E IR, + [IWas (I, -

Proposition 3.8. For x € R}, the space Hg ¢ admits the reproducing kernel

/CE & given by

ey [T v(Axq?)jv(Ay,4%)
Kx (J’)—/O §(1+12)B Fe(—tA%q?)

Sdpty g (1)



q-WEIERSTRASS TRANSFORM 91
Proof. We shall prove
feHge=<f] KB >pe=f(x),Vx e R}

(It’s called the reproducing property )
The following computation proves that

iv(Ax,q%)
Fog (KBS) (1) = Juireg = KBS eHg ..  (12)
()@ E(1422) te(-12% %)’ '

Let f be in HB £ then we have

)

<FIKES >pe =& < FIKES >p 4+ <Wei ()| Wya (’CE“):) >v.g»

Indeed, we see that

o (14200 (Ax,¢?

o &1 —i—?Lz)ﬁ +e(—t12;q2)2]_—"*q (f) (A)dpiy 4 (1)

Was (KB9) () = 9% KBS (1)
iy (XY, e (—ty* q?
A, J()’Qﬁ) (-0%4%) .
E(1+y2)" +e(—1y%:47)
Similarly, we have

Waa (f) () = Frg (e (=12%:47) Fug (f)) ().

Therefore according to the Parseval theorem we get

< W (F) | Was (KB) v
=< FvgWar (f)| Fv.gWV, (’C)[cm) >vyg
Jr(Ax,q%)e (—tlz;qz)
B 2] ~va
E(14+22)" +e(—1A%4%)

/+°° tﬂ,q )2 iv(Ax,q?)
(1+22)P 4 e(—122;¢2)’

By the inversion formula for Fy ,, we get the desired result:

=< fv,q (ﬁt)]:v,q (f)) ‘ (

Fvg(f) (A)diy 4 ().

oo
<IIES (3) >peg= [ 3R Fog (1) (R dtiny (A)
=f (). -
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In the following section we are interested by extremal functions to solve the
problem of inverse approximation. We use reproducing kernel Hilbert spaces
to give the best approximation for the bounded linear operator W, ,. Using the
Saitoh’s Theorem [7] we obtain the following results :

3.3. Extremal function for W,

Theorem 3.9. LetE >0, >v+landge L%,,q (R)). Then the approximation
problem

inf (E1115,+ls=Wa (N3, (13)

feHg

is solvable and

F406) =< 8| Wy (KE2) >y,

is the element of Hg with the smallest Hg-norm where the infimum (13) is at-
tained.

For g € L}, ,(R}}), the function

solves the problem of approximation

2
}gﬁl!g War (D4

Remark 3.10. Applying Parseval’s equality, the g-analogue of extremal func-
tion fg ¢ is also written as

fg*.,g() <g|Wq,<lC 5) >v,g
too
_ / M)Wy (KB (A dity g ()

_ \F Iy, q)e (—1y*:4%) )Adv Y
g q(i( ( (A)duy4(2)

022’
e Ju( ),x q (—tA%q%)
/ ( sy ( e ) ) ditg ()
Jv(Ax,q*)e (—tA%;q?)
= o -qu( )( ) 5(1 —|—lz) (—[AZ;qZ)Zdqu ()L)

) e(—1A% %) ;
=Fvq (J:Vvq (&) (4) E(1+22)° +e(—t12;q2)2> "
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which implies that
e (~1A% %)
E(14+A2)F +e(~2022%)

Corollary 3.11. LetE >0, >v+1landg € L%,g(R;). The g-extremal func-
tion fg . satisfies
‘ Jes

where ¢ (&,3,V) is constant.

Fra(fig) 2) = Fra®) ). (4

2
g C(évﬂ?") ||g||v,q,27

‘2
v.,q,2

Proof. Holder’s inequality and integrating over x lead to

Since a® + b?> > 2ab and by the Plancherel theorem and Remark 3.10 we get

129

v.q,2

2

<l g [Was (5)

2
V.4, v,q,2 '

fé’:g

2
oo Ji(Ax,q%)e (—12%; 47
§/ Fvyg ( ) N2 ()| diy 4 (1)
’ (E(1+22) +e(i224))
1 Fee 1
< |
(4:4°)8 70 (1+A2)
=c(§,B,v). O
Corollary 3.12. Let £ >0, > v+ L.Forall g,,g, € L%7q(R;), we have

Proof. From Remark 3.10, we get
(f2.g — f2.6,) (%)
~+o0
= [ (e=e) 00 Wi (KKE4) () davy )

oo iv(Ax,q%)e (—tA%; ¢>
Z/O+ (gl_gZ)(y)]:v,q< JolAx e (A% 0) 2>(Y)dﬂv,q()’)
o0

B dan-,q (l)

2
2 ler—gllvgn
Ba 4¢ '

fgvgl - fg7g2

E(1+A2)P +e(—1A%42)
Jv(Ax,q*)e (—tA%;¢%)
E(1+A2)P e(—1A2%42)

= ) erq(gl_gZ) ()’) zduqu(l),
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and
e (—tlz;qz)
E(1+A2)P fe(-122%02)

Since 2ab < a? + b*, we deduce

Fra(fg—fiw) M) = s Frg(81-82) (A).

T
_figz

_/ +12 }-Vq<fggl_fggz) (l)rd“\’,q(l)

§/+w (1+23) e (=127

48 (1+22)P e (—122;2)?

sz4gté+wyf>g<g«—g»<1>|duvg<x>

‘ v.q (81— &2) )|2dﬂv,q(l)

1 2
= z¢ lan—e2llvge M

Corollary 3.13. Let & >0, B > v+ 1. Forall g1, € L;, ,(R}), we have

~fialy < St gl
Proof. We have
2 2 2
~fio ~Fally, (a0
2 2
7fg782 B + 7fg7gz B
SRV A

Apply again the fact that a®> + b > 2ab and by the relation (14) we obtain
2 oo

= [ (23
Ba Jo

- 6_2.22
/+(H%ﬂﬁ (—1A%:4?) 3| Fra (81— g2) (1) diy 4 (A)
’ (E1+22 +e(-122:02)?)

sﬂzéwvw%r£DMWWwﬂM

Fra(feg—Fi) )] ditvg ) =

- fg7g2

_ 1 2
= g1 =820l 42
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and we deduce that

5 +1 2
<—%g1— & .

" 2
- fé‘,gZ ﬁ

O

Corollary 3.14. Let & > 0,8 > v+ 1. Forall f € Hg, and for g = Wy, (f) we
have

fes~ W

‘g’ﬁO+

Moreover, (fg g)é o converges uniformly to f as & — 0.
8/ E>

Proof. 1f f € Hg, then we have g = W, (f) € L} ,(R}). On the other hand,
simple computation and Remark 3.10 show that

FogW () (A) =e(—12%q") Fy g (f) (A), (15)

and
_ _e(-12%g%) Frg(g) (A)
]:v,q (fe;‘,gl f) ()L) - 5(1+12)ﬁ ( tlz q2)2

_ e(*MZ;q )]:Vq(Wt () A)
N E(1+22)P +e(~1A%42)° ~FalHW)
B —&(1 +/12)’3
CE(1 A e(—ia2g)

—Fvg(N)A)

Fvg(F)(A),  (16)

then
" 2
e =11,
oo 2
:/O (1422 | Foy (fg = £) Q)] divy ()
2
e B —& (1+7Lz)ﬁ
_/0 (147 (1+/12)B e(—t/lz;qz)sz(f) W] dtva®)
oo (1+22)%
—/ 1) 5 [Fva () () ditv g (2).

E(1+A2)P (—tlz;q2)2>
For A € R; we have,
2 1 AZ 3B
lim+ & ( + )
0 (B2 e (—iazg2))

5 | Foa (M) =0,
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and
£2 (1 +)Lz)3ﬁ
(601422 +e(-a2q?)

Fog (B Q)< (142 P | Fug (1) Q)]

Since f € Hg, then the function

(14222 | 7y (D )P

is integrable with respect to the measure dly, 4. So, according the dominated
convergence theorem, we deduce that

lim
E—0t

2
fo= 1|, =0

Remark 3.10 and the relations (14), (15) and (34) clearly show that the function
Fvg ( fg e f) belongs to L},,q (]R;), therefore it satisfies the inversion formula,

namely for all x € R/, we have

2@ = @I =] [ Foa(f24=F) D)y (o), (3]

= =& ( +’12) Fvg(£)A) .
‘ / (1422)P (—t/lz;qz)z]v (A2:47) i, (1) ‘

oo g(1+12)ﬁ
s /o E(14+22)P e(—122¢2)

[Fog (1) (W) iy, (2)

and
§(1+7ﬁ)ﬁ
E(1+A2)P re(—1a2;¢2

which is integrable with respect to the measure diiy 4. Then, the result follows
from dominated convergence theorem. O

7 | Fvq () ()] < |Fog () (A)]
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