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EXPANSION FORMULAS FOR APOSTOL TYPE Q-APPELL
POLYNOMIALS,
AND THEIR SPECIAL CASES

THOMAS ERNST

We present identities of various kinds for generalized g—Apostol-
Bernoulli and Apostol-Euler polynomials and power sums, which resem-
ble g—analogues of formulas from the 2009 paper by Liu and Wang. These
formulas are divided into two types: formulas with only g—Apostol-
Bernoulli, and only g—Apostol-Euler polynomials, or so-called mixed for-
mulas, which contain polynomials of both kinds. This can be seen as
a logical consequence of the fact that the g—Appell polynomials form a
commutative ring. The functional equations for Ward numbers operat-
ing on the g—exponential function, as well as symmetry arguments, are
essential for many of the proofs. We conclude by finding multiplication
formulas for two g—Appell polynomials of general form. This brings us
to the g—H polynomials, which were discussed in a previous paper.

1. Introduction

In the second article on g—analogues of two Appell polynomials [4], the Apostol-
Bernoulli and Apostol-Euler polynomials, focus was on multiplication formulas
and on formulas including (multiple) A power sums. In this article we will find a
corresponding multiplication formula for a more general g—Appell polynomial,
which is a generalization of both g—Apostol-Euler and g—Apostol-H polynomi-
als.

Entrato in redazione: 4 settembre 2017
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There are many new formulas on this subject, both Apostol-Appell and sim-
ilar Appell, which have recently been published; in all cases the limit A — 1
is straightforward. Sometimes we write g-analogue of etc., not bothering about
the above dichotomy.

This paper is organized as follows: In section 1 we give a general introduc-
tion och the definitions. In section 2 we present formulas with only g—Apostol-
Bernoulli, and only g—Apostol-Euler polynomials. In section 3 we present
mixed formulas for these polynomials. In section 4, two general polynomi-
als are defined, which generalize the g—Apostol-Bernoulli and g—Apostol-Euler
polynomials. Then multiplication formulas for these polynomials are proved,
which specialize to the g—Apostol-H polynomials.

We now start with the definitions. Some of the notation is well-known and
can be found in the book [1]. The variables i, j,k,[,m,n,v vill denote positive
integers, and A, u will denote complex numbers when nothing else is stated.

Definition 1.1. The Gauss g—binomial coefficient are defined by

n\ {n}y! B
<k>q = i gk O e (1)

Let a and b be any elements with commutative multiplication. Then the NWA
g—addition is given by
n

(a®yb)'=Yy <Z> & n=01,2,.... )
k=0 q

If0 < |g| < 1 and |z| < |1 —¢|~', the g—exponential function is defined by

E = . 3
= L o

The following theorem shows how Ward numbers usually appear in appli-
cations.

Theorem 1.1. Assume that n,k € N. Then
k
)= X ( ) : @)
my+...+m,=k mi,...,My q
where each partition of k is multiplied with its number of permutations.

Theorem 1.2. Functional equations for Ward numbers operating on the q—
exponential function. First assume that the letters m, and n, are independent,
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i.e. come from two different functions, when operating with the functional. Fur-
thermore, mnt < llfq. Then we have

Ey(myngt) = Eq(mngt). &)
Furthermore,
Eq(jmq) = Eq(jq)m = Eq(ﬁqy- (6)
Compare with the semiring of Ward numbers [1, p. 167].
Proof. Formula (5) is proved as follows:
E (myngt) = EBy((1@g 1 ®g -+ g 1)Agt), (7N

where the number of 1s to the left is m. But this means exactly E,(7,¢)", and
the result follows. O

Definition 1.2. The generalized NWA g—Apostol-Bernoulli polynomials

%ﬁ;@m, Lv./q(x) are defined by
i (xt) itv N ) |t +logA| <2 ®)
——— EB, () =y ——2201 " |t 4 logh| < 2.
(AE () —1)n 4 2 (v, £

Definition 1.3. The generalized NWA g—Apostol-Euler polynomials

fg&A Avg (x) are defined by
(n)
2" = 1 P awas g )
———E ()= Y ——2 " i tlogh| < . ©)
(AEq(r)+ 1) VZ::() {v}!
Definition 1.4. The generalized NWA ¢g—57 polynomials
are defined by
(n)
(21)" 2 1 AWy q('x)
—————E,(xt) = — , [t+1logh| < m. (10)
(AE (1) +1)» V;O {v}g!
Definition 1.5. The generalized JHC g—# polynomials
are defined by

(n)

2t)" A (x)
(lEl((t))—i—l)"Eq(Xt) =) % t+logh| <m. (11
- v=0 q:
q
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Definition 1.6. The generating function for Hl(\}l\)VA’v’ ,(%) is given by

(n)
21\ > VH X
LEq(xt) =Y M’ 1| < 2. (12)
(Eq(r) +1)" = v
Definition 1.7. The generating function for H%)C,V-, ,(%) s given by
(n)
(2t)" °° vHJHCv ey
————FE,(xt) = —— |t] < 2m. 13
CHOES A M 1 A

q
The polynomials in (12) and (13) are g—analogues of the generalized H poly-
nomials.

Definition 1.8. The polynomials bsl")v , (%) are defined by

n oo tvb( ”) X
tg() Z qu(>. (14)
(AE, (1) — = {vid!
Definition 1.9. The e polynomials are defined by
2g(1) = Ve, (v)

(;LEq(t)H)nEq(x’):v;O V]!

The f polynomials are more general forms of the JHC ¢g—.77 polynomials.

15)

Definition 1.10. The f polynomials f(ln.)wq (x) are defined by

2'%81) g ) = i IVfEI)vq(X)

(AE (1) + 1) 1 = {v}!
q

(16)

Definition 1.11. A g—analogue of [7, (20) p. 381], the multiple g—power sum is
defined by

(l) _ l k (7\m
CNTOED) (;)l (kq) ™ (7
1=t
where k= j1 +2jo+---+(n—1)j,-1, Vj; > 0.

Definition 1.12. A g—analogue of [7, (46) p. 386], the multiple alternating g—
power sum is defined by

onsmg® =1 T (5) 21 )" )

|jl=t
where k= ji +2jo0+--+(n—1)ju,—1, ¥Vj; > 0.
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Theorem 1.3. A symmetry relation for the generalized q—7¢ numbers.

(=1)YHnc a1 vy = RwWadv.g- (19)

Proof. A simple computation with generating functions shows the way:

i (=1)" Hncatvg _ —2t _ —2AE,(1)
= {v},! ATIE (—t)+1  AE,(r)+1
1 (20)
=tV IR 1
— —l Z NWA,A.,'V,L]( ) .
v=0 {V}Q'
Equating the coefficients of ¥ gives (19). 0

Theorem 1.4. Assume that g(t) in (15) and (16) are equal and even functions.

Then

f(”)

) = (—l)v/l"egi)v’q(ﬁq O ). @1

This implies a complementary argument theorem for the generalized g—7#
polynomials.

Theorem 1.5.
Hrper g @ = (LA, (7 ©qx),n even. (22)
a%ﬁgéww(x) = (_1)v+1;1n%§§@&%m(ﬁq S¢x),n 0dd. (23)

Definition 1.13. The following functions named the g—power sum, and the al-
ternate g—power sum (with respect to A), were introduced in [4].
n—1 . n—1 ko
SNWA A m,q (1) = Z A% (kg)™ and ONwa A m,q(1) = Z (=) A% (k)™ (24)
k=0 k=0

Their respective generating functions are

- " A"E,(7gt) — 1
B m,q\1 = (25)
mgo NWA A, ,q( ){m}q‘ lEq([) 1
and
> m —1)"HA"E, (1) + 1
Y. Onwadmg(n) 1) o) (26)

m=0 {m}q' N A’Eq(t) + 1
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2. The first expansion formulas

Theorem 2.1. A triple sum of NWA g-Apostol-Euler polynomials is equal to
another triple sum of NWA g—Apostol-Euler polynomials.

n\ - = -
Z ({,’) (lq)VI (] )VZJIEW)VA Aivig (qu) CgfIEII;VAl)lJ V2.9 (lqy) ONWA,AJ,v3, q( )(.]q)
V|=n q
n\ 2w oy D) N gmqym
:Z (lq) (]) ‘/NWA}LJn vq( )ZO)L ( )
q m=
(k) - jm
‘g.NWA,/li,v,q <]qx Bq l-:) .
(27)

Proof. Define the following function, note that f,(¢) is symmetric when i, j have
the same parity.

_ Eg(ij,(x@y)) (=)™ AVE (ij,) +1) |y
fo(t) = (fE () + DFUE, Gt )+q1) =2""%E, (ij,(x®y)1)

(4
2 k 5 k—1 (_1)i+1liqu<i7th)+l
(Aqu(iqt)H) AITEq(jgt) +1 AIBy(j 1) +1 '

By using the formula for a geometric sequence, we can expand f,(¢) in two
ways:

N o -y g Ug!)"
£,(0) by(26.9) 7 1-2k (Z ‘/IEII;)VA,/V,W( ) ‘({V[})q ) (Z ONWA A/ m.g (1) {{n}q )

v=0 m=0

Y ()" _ 12k 2¢
(; wa g () {l}q!) -2 (AE,(igt) +1)"
2k—1

. m)\.
- D"AIEy | | Jx @y jy®g =2 | igt
()z (o )i

~ 1[ -
1-2k m m (’q)t (k) = ‘]mq
=2 Z Al Z I ;‘gNWA,/lf,l,q J¥DPq =
=0 \rq: lq
(jq) J(k 1)

« {n},! T NWAA ngllad):
n=

(28)

(29)

The theorem follows by equating the coefficients of {n’—;, O
/!
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Theorem 2.2. Almost a g—analogue of [5, p. 3351]. Assume that i and j are
either both odd, or both even. Then we have

(= (k—1) imy
)3 <v> (Jg)" (ig)"" vﬁNWAl’n v (Jg?) Z A (= mﬁNWAAIVq (’qX@q 7
q

q
w n i — \n— K
- (v) ) G F s vy ()
q

v=0

; . 7,
jm m

Z)’ '/NWAl’vq Jr®q =

m=0 Iy

(30)

Proof. This follows from the previous proof, and then using the symmetry for i
and j. O

Theorem 2.3. A triple sum of NWA g-Apostol-Bernoulli polynomials is equal
to a double sum of NWA g—Apostol-Bernoulli polynomials.

n - - — k—1
| <V> (1(1)‘/1 (]q)vz (]q)VS‘%l(\]V)VA Aivig (-] X) ‘%l(\IWA))LJ Va.q (lqy) SNWA, AT V37‘I(l)
V|=n q

" i—1 im

_ M\ s v v k1) im ggk) j ]

_ Z <v> (lq)V( q) v‘%jNWA An-vg lqy) ZOQL] ‘@NWAJU,V,L] (]qX@q iqﬂ)
q m=

(3D

Proof. Define the following symmetric function

Eq(ijy (x ®y)0) (AVE(ijyt) — 1) "
(A'Eq(igt) = DH(AE,(j 1) — 1)*

(it ) Jg O\ (ARG =)
AE,(igt) —1) \ ME (1) — 1 ME () =1 ) (ig)k(j )t

(32)

9y (1) = = By(ij,(x®y)t)

By using the formula for a geometric sequence, we can expand ¢, (¢) in two
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ways:

<Z NWA,AL v q ) J(le? > (Z SNWA, A/ m,q( ) E{Z}l)

(k1) (i (jgt)' t1 % (ig)"*
(Z%NWA/VJ,Q y) {l} ) (ig)*(J a (A’E (lql‘)—l)

Gt ZN’"E J X By J,y By = |igt | =——=—— tl:Zk
(Aqu(]q )—l)k 1m ! 1 ‘1 iq ! (iq)k(jq)k71

-2 i—1 i (i) ]an
NOLAE Zf L {z}q A (T i
m—
q
n=0 {”}q! NWAA g
(33)
The theorem follows by equating the coefficients of {n’—;q, O

Theorem 2.4. A g—analogue of [12, p. 2994], [11, p. 551].

s = k-1 - ,
Z <v> (i)™ (.]q) 2(J )"395’1(\1\3% Avig (.]q ):@I(\IWA)JL_,M’{] (lqy) sNWA7lj7v37q(l)
V|i=n

q
n — k— — .
= HZ <v> (g)"" (ig )vz(’q)vg'%)l(\l\awx A vig (iq) '%)I(\Iw}x),w,vz,q (]qy) SNWA A1, v3,9 (/)
V|=n q

(34)
Proof. Use the symmetry in ¢,(t). O
Theorem 2.5. A g—analogue of [12, p. 2996]. We have
—1j-1 7
m( f. )i = J
Z < > Z Z)LH (g v’@l(\l\z\/A/l w,(qu@q-q)
v=0 q1=0m=0 lq
(k) lm
‘@NWA,l,nfv,q (’qy Dq 7q )
o _ (35)
c n o I+m = \V /3 n v 2k = ilq
=) Y ) AT, () Brawarvg |\ ieXSg =
v=0 q 1=0 m=0 Jqg

(k) = My
BNWAA V.4 (qu@q i )
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Proof. We can expand the following symmetric function (pq’(t) by using the for-

mula for a geometric sequence:

o, (t) = Eq(Uq(x@y)t)(liEq(qut) — 1)(2’qu(7qu) _ l)ﬂk—z
o (AEq(igt) — l)k(quGqf) — 1)k
1
=Ey(ij,(xDy)t )W

( i )“ 7ot CHORE ) — 1 [ AE () 1
AE,(igt) — 1 lEqut) -1 AEq(th) -1 AE,(igt) —1
_ _ - k—1
— = 112:1 Al-&-m < iqt >k : J:IZ
NG 2k kil 1=0m=0 AE (’qt)_l AE(jgt)—1
3 ﬁq = im
E, Jx g = |igt | Eq lqy @q = ]q
i ]q
1 w0 e )" e = jl
= =T Al . %, Jx®g =t
(’q)k_l(/q)k_l (,;’) VlZ:() {vi}g! NWAAvig | T lq

o > ()" im,
Am q {@(kfl) i VP = g )
(Z V;O {v2}q! NWA A, vo,q | "4 q jq

m=0

(36)

The theorem follows by using the symmetry in ¢é () and changing k — 1 to
k. O

Theorem 2.6. A g—analogue of [12, p. 2997]. We have

n n i-1 _
Z( ) G o v ()

v=o \Y/ ¢i=0
A‘H—m(%; = & _
Z—'o NWAA v, | Ja¥ Pa i ©gmy
" n i1 (37
_ n = \V (7 \n—Vv gz(k)
= Z <v> Z(.)(J Y(ig)"™ NWA A n— Vq(]qy)
m 7
Z AT NWA)L v.a < i Dy = By mq)
Jq
O

Proof. Similar to above.
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Theorem 2.7. A g—analogue of [11, p. 552]. We have

1 - n T \m (s \n—m
sz::o <m> (iq) (.]q)

(k=1) 1 (k) ﬁ
%NWAlfn mq(l‘ly)lgkj <%NWA)L’mq (qu@q ;q >

e

(k—1) SN N B i7q
%NWA7ll,n—m7q (]qy) ]ZOAI %NWA7AJ7m7q (qu @q j) '
- q

(38)

Proof. We can expand the following symmetric function y,(z) by using the
formula for a geometric sequence:

Ey(ij,(x@y)t) (AVEq(ijgt) = 1) 5 ij(x 1
VE, ()~ DB, ) —DF — olla @00 Eaes

(ig)* (jg )"
< iyt >k i\ (AE(G —1
2B G —1) \ WG —1 AIE, (1) — 1
5 k = k=1,
_ 1 < | igt > | th Z?L’j
(ig)* ()=t \AEy(igt) — 1 AIBy(jgt) — 1 1=0
A -
E, <<que9q lq) lcﬂ) Ey ((igy) Jot)
q
1 i—1 e (2 )vltvl ® 7
=== Al 4 P i xXBg =
(ig)*(jig)E! (z;) vlzz'o {vi}y! TNWAAg ",

I 7 ) AR 1 - n\ ©
vzzz'o {va},! Prwaasing i) = (ig) ()" L <Z <m> X

]q n=0

V(1)

il 1= — ( ) = ]l (k*l) i tn
AT (i)™ ()" " Brwa Aimg (qu@q T ) ‘%)NWA,M,n—m,q (’qy)) {(n},
The theorem follows by using the symmetry in v, (t). O

3. Mixed formulas

This is a continuation of the very similar computations in [4], to which we will
refer.
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Corollary 3.1. A g—analogue of [10, (31) p. 314]. Ifi is even then

lmq
Zl FNWAL—1g | 1 Dg = 5
m=0 q

{n}q(22q)"1 i (Z)q (i‘{) (Eq)n—k@NWA,;Lgkﬂ (Z]x) GNWA,7L2,;1—k,q(i)

l

k
2 (i)" 2 5 2my
=- = - (=D"A™ Bxwaring | 2B = | -
{n}e(2g)" " i mZ:"O T,
(40)
Proof. Put j =2 in formula (56) [4], and multiply by —W. 0
nyq\2q
Corollary 3.2. A g—analogue of [10, (32) p. 314].
: m+1lym 2m
Z( D" A" Bawarng | XPg = 5
o o 0
n B m m
— Zl FNWAA - 1q(x€9qq>-
( ) m=0 2(1

Proof. Put i =2 in formula (40), replace x and A2 by % and A, and multiply

q
b {”}q( q) O
( )n *

Corollary 3.3. A g—analogue of [10, (33) p. 314].

1 Tm n—1
m Jm, n n—1
Z Am %NWA’IZ"q(]qX@qzq):—{}qZ( ] )
q

—0 (29)" =
(J q)k( ) lc/’NWA/Ifkq(qu) SNWA A2 n—k—1,4(J) (42)
n o . 2m
= 4 }Z;( IZAZ FNWAL n-14 | 20X Bg = | -
(267) m=0 q

Proof. Puti =2 in formula (56) [4], and multiply by (jz)n .
q

The following formula is a generalization of [4, (57)].
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Theorem 3.1. A g—analogue of [5, (3.9) p. 3356].

- k - -1
) (ig) " (Jq)"ze%’l(\nav/x,af,vl g (Jg) ﬁIEIWA,)M,vz,q (i) Oxwa A1 vs (1) ()™

:M
oY
<l 3

n i—-1
=3 (0) @G A ) T A1

m=0
(*) = My
‘@NWA,l",v,q (qu@q i) .

q
(43)
Proof. Define the following function
_ Egijx@nn)((=1)" AVE (ij0) +1) 217k -
=R G - FGR G + F Gt e
( iy >'< 2 (DA, + 1
AE,(igt) — 1 AE (jt)+1 AE (jt)+1 '

(44)

By using the formula for a geometric sequence, we can expand g,(f) in two
ways:

ylk [ e _ L Ggt)Y (Jgt)
0" o (Z Honsina 02 (37 ) <mz "Nw“’mq”{]m}q)
= ) (Gt 2k 7 k
(;)JNWA )L/l,q( ) {13, ) o (igt)k (AiEq(th)_ 1)
2 Z (=) A, [ { Fx @y Ty B ot ) iyt
()LJE (]q)+1)k1 gt VaJqr a Iy q
-k il ERY _ jm,
( ) Z( )mljmzo({’I})> ‘%SCV)VA,/V,I,Q (jqx@qjl,qq>
= (Jg)""

~ {I’l} ! NWA)Lan( q)’)

(45)

The theorem follows by equating the coefficients of {n’—;, O
/!
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Theorem 3.2. A g—analogue of [5, p. 3353]. Under the assumption that i is
even, we have

L k - k—1 -
||Z' <V> (ig)" (J‘I)vz‘@I(\I\)VA7/l'}v1 q (Jq )‘/IEIWA)M Vaq (iqy) SNwa 47 vs g (i )(Jg)"”
V|=n q

DHG v (171 o g e '
:_ng_]( v )q(lq> ()" (g) ‘%}lgcwi)xtvlq(hly)

k - .
flsfv)vA,M,vZ,q (qu) SNWA,A7,vs,9(J)-

(46)

Proof. We can write g,(t) as follows:

m=0 {m}
3 7 2k _ H k—1
(;)91&\/;),1/,1# (iy) ijlq}) ) — (;q;)kflEq(ijq(X@y)t) (qt)1>

AE,(igt) —
> C(AE(T,0) —1 wyes
AJE (7qt)+1 AE (igt)—1 )
- = G (Jgt)"
’qt <vzo v () {‘f} )
a N > (k- N
(n;OSNWA7li,m,q(]) {,/Z}q,) (l_o‘@l(\fW/l\)ﬂi,l,q (qu) {lq}q1> :

1—k o0 ; \Y
84(1) PELE (Zlqt)k (A%S&A,Ai,v,q (Jg¥) Evt})q ) <Z SNWA, LI g (I )(]q " >

(47)

The theorem follows by equating the coefficients of {Yi—;,

Theorem 3.3. A g—analogue of [5, p. 3353]. Under the assumption that i is
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even,
L n = \V /3 \n—v g(k—1) A’Jﬂ‘l m
Zf) v (’q) (.]q) JNWA)Un Vg l’ly Z
v= q
(k) = JT"q
PBawariv.g (JqX@q i )
_ {”}q(;q)k = n—1 : \n—k—1 k(@(k 1) . = )’im
- 2(i, )k Z k (ig) (. q) NWA, Al n—k— 1q(qu) Z
q k=0 q m=0
Q i g im
‘O}\NWA,l/,k,q (qu@q q>> .
Tq
(48)
Proof. We can expand g,(t) as follows:
by(44) 27K —
gq(t) = —WEq(Uq(X@Y)t)
q
_ _ k L
igt - 2 AYE(ij t) —1
AE,(igt) — 1 AIEq(jgt) +1 AE,(igt)—1 |~
B 2k igt =
(i) \AE, (igt) — 1 (49)
2k j—1 % -
AMBy | | igx Dy =2 | Jot | Eg(ij,yt)
(ME( >+1) L (( ' fq> ) o
j=
— lm .
T )Rt Zo Z {l} ! NWszzq(qu)
)" im
7, (igx @ =7).
r;) {n},! 7 NWAL ng et j,
The theorem follows by equating the coefficients of {nt—’}l, 0
J!

Theorem 3.4.

n : - - _ k— - -
Z (V) (ig)"" (Jq)"z( )v%ﬁISIV)VA Aivig (]qX) '%)I(\IW/i),/lf,vz,q (lqy) SNWA A vs.q(0)
v|=n q

=y (") GrG,vaky v im0 - m
N Z <V) (lq) ( ) vggNWA Ad n— Vq( ) ZOA'] ﬁNWA Aiv.g (]qX@q qu>
7 m=
(50)
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Proof. Define the following function

_ By(ij,x@y)t) AVEy (i) 1) o —
q( ) = (liEq(eq) + l)k(leq(th) — l)ktk = Eq(lfq(x@)’)f)

S 51
< 2 >k 7 ARG -1\ 2k oD
AEy(ig) +1) \ AEq(jgt) =1 AEg(jgt) =1 ) ()"

By using the formula for a geometric sequence, we can expand W, (z) in two
ways:

\Pq(t) by(:25) (i QIEII%A,Z",V,(] (7- ) il‘(j?v> (Z SNWA A/ m,q( )(]q ) )

v=0 {m}q!

G )\ 2% 2
(Z%NW“”W ){l} )() b (B () - 1)

(-]q )k ! il - 3 -]m i3 27](
MBy | | XDy jy By =2 |igt | = (52)
(AJ'E (]q)_l)klz U R 4 Jo )kl

m=| q

lzkkijO(f)ll ) 77’)’1
7, o | Jx g =
mzo G)E 1?{1}; NWA, i g 3
I i .
g, a0

The theorem follows by equating the coefficients of {%i; O

The following example illustrates that similar formulas with .7# polynomi-
als can easily be constructed.

Theorem 3.5.

n = - k d k—1
% () G G G s Gat) Pl () 50000000
=n q

o < *. v k—1) = jimq
- Z()( > ()" ‘@NWAl/n Vg (iqy) Zl]m%WAqu (JqX@q i>
v=

q
(53)

Proof. Use W,(t) again. O

Theorem 3.6. A g—analogue of [5, (3.11) p. 3356].
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n\ - _
Z ( ) (ig)" (Jq)VZ(JqWJIEW)VA Aivig (Jg%) %gcw/lx)w Vo (i) nNwa 2 vs ()

<

q
i n *' n v%(k 1) )gkjmg;(k) = D jimll
v (ig)" (Jg) NWA, L/ n—v.q (iqy ) NWA AL v.g | Jo¥ a5
q m=!

v=0 q
(54
Proof. Define the following function
_ Byl (x®y)) (AVEy(ij,1) — 1) & —
PO g 1O G - P 55

2 ¢ Jgt AUE(ij 1) — 1 1
AE,(igt) + 1 MEq(th) -1 MEq(th) -1 2"@1)"—1
By using the formula for a geometric sequence, we can expand f,(¢) in two
ways:

v

igt)" (Jg!)"
(Z NWA?L'vq ) gzt})q ) (Z NWA)L/m,q( ){Z}q,

m=0

- 1 2k
(Z%&,,q(' DI b

22 (AR, () + 1)
(.] t)k71 il im - - ‘]7m = 1
j.[ 1 ) AE, JqX@quy@qTq Iqt (7, )1 (56)
q

(AEg(jg) —1)" " m=0 Jq
i—1 ) im (l )ltl _ ]Tn
)b gk - q
= Z, i JoXDg =
mgo 2k( )k IZ {l} ! NWA Al g q q iq
n=0 {”}q! NWA A n.q )
The theorem follows by equating the coefficients of {;—’}lq, 0

4. Multiplication formulas

We will now define two quite general g—Appell polynomials, which have some
similarities with the Appell polynomials in [9]. The names are chosen to resem-
ble the Euler and Bernoulli polynomials.
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Definition 4.1. A g—analogue of Lu, Luo [6, p. 4]. The generating function
for the generalized NWA g—Apostol & polynomials of degree v and order n,

éal\(;\%Aj,y,G;vﬂ(x)s is giVen by
21 ! S A ()
<7LEq(f)+1> Blor) = ZO{T}q'gNWA,A,u,e;V,q(X),G eN.  (57)
Ve !

Several g—Appell polynomials in this article are special cases of these poly-
nomials, e.g. the g—Euler polynomial is the case 8 =0, u = 1.

Theorem 4.1. A g—analogue of [6, (2.3) p. 5], first multiplication formula for
g-Apostol-& polynomials

(n) o (mg)Y n\ () k
gNWA,Lm(—);v,q(qu) ~ (m q)G)n Z (—2)¢ (j) ‘gaNWA,/lm,#,e;v,q <X@qq ’

" |fl=n my
(58)
where k= ji +2jo+ -4 (m—1)ju_1, m odd.
Proof.
A
Z NWA)L vl x){v}q! = E,0)+ 1)nEq(qut)
(2“; )ﬂ m—1 . i n -
- —A)'E,(ist) | E,(myxt
(AmE, (mgt) + 1) ;6( )'Eqligr) | Eq(imgxt)

by(6) 214%mg “v (7Y A S
) ((AmEqw)H)) ;n<f>( W/ (o gme ) o

|j]

:i (((mq));)n <’Z>( l)kgp(wzzAwwevq<X@q;Z> {\i;q!'

The theorem follows by equating the coefficients of {v’—;q, O

The following formula only applies for special values of the integers.
Theorem 4.2. A g—analogue of [6, (2.4) p. 5], second multiplication formula
for g-Apostol-& polynomials.

(n) —
ENWA L u.0:v.gMgX)

(—1)"2Kn (m )V —O0n K ( ) P ( kq)
= — A m x@ — 5
W Dol 2 FNG) Ao [+
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where k= j1+2j,+---+ (m—1)j,—1, meven, v> (6 — 1)n.
Proof.

(n) x) v _ (2Ht9)n
L S M) g (R4 1

n m—1 n
T - /‘(L%"lgq()mqt))n (Z (—l)iEq(iqt)> E, (i xt)

i=0
(ot fom) o

B 2H1m,, "

- (egim) L

_ (_1\n(6—D)nrun S (mq)v Y2k %J "
2 L\ Gy & ) A Pwaana (20 ) |

E(myxt)

n
v=0

The theorem follows by equating the coefficients of {\i—;q, 0

Corollary 4.2. A g—analogue of [8, (2.1) p. 49], [6, p. 7], first multiplication
Sformula for generalized q—7¢ polynomials.

W ()" () kg

AW iv.g(Max) = (mj)n ) (=4) <]>%WAAqu<x@qq ;o (62)
|jl=n

where k= j1+2j,+---+ (m—1)j,—1, modd.

Corollary 4.3. A g—analogue of [8, (2.2) p. 49], [6, p. 7], second multiplication
Sformula for generalized q—7¢ polynomials.

w2 my) . 3
%&A,lﬂ@q (qu) = T)nq _Z ( lk) J <%N\VA lm7 x@q 7{1 bl

|jl=n

where k= j1+2js+---+(m—1)j,_1, meven.

Theorem 4.3. A g—analogue of [8, p. 51], an explicit formula for the multiple
alternating g—power sum:

l _1)\Jjny (n—=1)j+I
) _ N (=1)"4
-2 s 7
=28 ()

vl oy +1 i — I—j
Z ( > '%?\I(QA,Z,m,q ((l’l B I)J + ll]) %aléW/%j,)l,erlfm,m,q’
q

m=0 m

(64)
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Proof. We use the generating function technique. Put k = j; +2jo+ -+ (n—
1)jn—1. Itis assumed that j; > 0,1 < i <n— 1. All zeros are neglected.

v o) R U < DN vy | 2
D (1 AR ﬁz_,(j)( ME

= (ABy(t) = A%Ey(2gt) + -+ (—1)"A" "By (n—1,1))’

(—AYE, (i) AE, ()
01 B0+ )

,.03;>< o) (s )

) (2r) 12<> 1)inp 1 1J+IZ NWA)Lmq(mq) {,:Zq!

(_l)jnl(nfl)jJrl

= - 1\ (=1 =it
z;) NWA/lzq{}v Z[ JZ_%(]) {v+1}y,

v:

v+I v
v+I () i G f
Z < ) «%'j\lévA&m,q <(” —1)j+ lq) %wﬁ,z,wl*m,m,q {T}q!'
q

m=0 m

—

Il
7 N

Il
MN

(65)
The theorem follows by equating the coefficients of {‘i—;, Ul
.

Theorem 4.4. For m odd, we have the following recurrence relation for g—
Apostol-&-numbers.

&Y ey (n> _(m)" e v s . (m),
NWA A,u,0;n,q9 ( )];0 j q((mq)e)l(mq)nfj NWAA™ 11.0;).,q NWA,A,n—],q( )
(66)

where k= j1+2jp 4+ (m—1)j,_1 in 01511\)%,1 n— ]q(m).
Proof.

() by(s8)  (7ig)" k(1Y o0 k
éaNWA,A.,u,(—);n.,q - ((mqq)e)z Z (_M v éoNWA,?Lm,[.L.,G;n,q ﬁi
[v|=t 4

- L (5) 5, () s (i)
= Z <,;>q(mq)n(Tg();q)e)z‘g}lx(Il\)VA,l"’,u,G;m Zl(_l)k <é>(

V=

)nfj byg7)

ky LHS.

(67)
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O

Definition 4.4. The generating function for the generalized NWA g—Apostol €

polynomials of degree v and order n, &

NWA1.0:v.q(%)» 1s given by

0 ' v m
<M3q(f>—1> Byr) = ), v}, T Cawanowg(H), 0 EN. (68)

v=0

Theorem 4.5. Multiplication formula for g-Apostol-€ polynomials

k
(mgx) = ( Zlk<) NWA?L’”GVq(x@qq)’ (69)

|j= Mg

(n)
%NWA,/LG;wq

where k= j1+2jo+---+ (m—1) 1.

Proof.
tV t@n -
VZO NWA)L 0:v.q qu){v}q! = (AB, (1) — l)nEq(qut)

tOn

= (B () — 1 (Z” "”) Balme)

by(6) t9m " n\ RN 1 (70)
B ((lmEq(mqt) - 1)) Z;tn <J_'>;L Eq <(x€9q mq)mqt) (7))

[j]

:Vi_o:o (((,Zq))ev)nx (J>7chg1\(wzfm1mev(1<x@qkq> {\i;q!.

ljl=n

The theorem follows by equating the coefficients of {v’—;, O
q-

5. Discussion

This was the first multiplication formula for a g—Appell polynomial of general
form; the Ward numbers replace the integers in the function argument. Cer-
tainly there are other general g—Appell polynomials with similar expansion and
multiplication formulas.

Many of the proofs use the formula for a geometric sequence in g—form and
the generating function for the g—Appell polynomials and the power sums. The
integers i and j are crucial for the formulas; by the generating function, if A%, v
appears as index in a polynomial, certainly the factor (i,)" will also appear. If
the orders of two polynomials in a formula are k and k — 1, the last one with
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index A/, and argument iy, surely a function Gnwa 2 m.4(i) O Sxwa 27 mq (D)
together with (jq)m will appear. If a polynomial has A/, v as index, it will have

(J,) in the function argument, and vice versa.

These considerations also hold for the case ¢ = 1. Even if the reader is not
interested in g—calculus, this paper is a good summary of the recent trends on
Apostol type Appell polynomials; just put g = 1.
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