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THE RUBIN’S O-WAVELET PACKETS

SLIM BOUAZIZ - KAMEL MEZLINI - NEJI BETTAIBI

Using the g-harmonic analysis associated with the g-Rubin opera-
tor, we study three types of g-wavelet packets and their corresponding
g-wavelet transforms. We give for these wavelet transforms the related
Plancherel and inversion formulas as well as their g-scale discrete scaling
functions.

1. Introduction

In seismology by reflection, Morlet knew that the pulse-modulated high fre-
quency that we send in the ground are too long to distinguish the very close
strata. He, then, introduced a new tool, called nowadays wavelets, to study the
analysis of seismic data. While working in theoretical physics, Grossman found
in the Morlet’s approach some ideas close to his work on quantum coherent
states. Then the two men have reactivated a collaboration between fundamen-
tal physics and theoretical signal processing, which led to the formalization of
the continuous wavelet transforms, using the classical harmonic analysis. Since
then, their results were generalized to many fields and many generalized Fourier
analysis. The wavelet theory is motivated by the fact that certain algorithms that
decompose a signal on the whole family of scales, can be utilized as an effective
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tool for multiscale analysis. In practical applications involving fast numerical
algorithms, the continuous wavelet can be computed at discrete grid points. This
theory involves breaking up a complicated function into many simple pieces at
different scales and positions. It allows a greatly flexibility with more desirable
features such as discrimination by wavelet packets, and readiness for better im-
plementation [4, 16, 20]. In general, wavelet packet decomposition divides the
frequency space into various parts and allows better frequency localization of
the signal.

The theory of g-deformation, called in some literature “quantum calculus”

provides a natural discretization in which the classical derivative is replaced by
a g-difference operator, the classical integral is replaced by a discreet sum and
the set of real numbers is replaced by a geometric progression.
Interest in this theory is grown at an explosive rate by both physicists and mathe-
maticians due to the large number of its applications domain and the role played
by this discretization in algorithmic field. For instance, a lot of work has been
carried out while developing some g-analogues of Fourier analysis using ele-
ments of quantum calculus (see [5, 9, 10, 17-19] and references therein). Fur-
thermore, applications of these new g-harmonic analysis in sampling theory and
wavelet theory have been shown (see [1, 6]). In [8], the authors introduced and
studied the g-wavelets and the g-wavelet transforms associated with the g-Rubin
operator, using elements of the g-harmonic analysis, associated with this oper-
ator, developed in [18] and in [19]. In particular they provided for these trans-
forms a Plancherel and an inversion formulas.

In this paper, we present a general construction, allowing the development
of three types of g-wavelet packets starting from the so-mentioned g-continuous
wavelet analysis. For each type, we study its corresponding g-wavelet packet
transform and we prove for this transform a Plancherel formula and an inversion
theorem. We claim out that all our results are g-analogues of the classical picture
given in [20]. The methods used here are direct and constructive, and have a
good resemblance with the picture developed in [20].

This paper is organized as follows: in Section 2, we present some notations
and notions needed in the sequel. Section 3 is devoted to present some elements
of the Rubin’s g-harmonic analysis. We define and study in Sections 4, 5, 6
and 7 three types of g-wavelet packets and the corresponding g-wavelet packets
transforms as well as their g-scale discrete scaling functions.
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2. Notations and preliminaries

We recall some usual notions and notations used in the g-theory (see [11] and
[13]). We refer to the book by G. Gasper and M. Rahman [11] for the definitions,
notations and properties of the g-shifted factorials and the g-hypergeometric
functions. Throughout this paper, we assume g €]0, 1| and we denote

R,={+q":neZ}, R,y ={¢":neZ} and R,=R,U{0}.

For complex number a, the g-shifted factorials are defined by:

I’l*l [}
(@qo=1; (a:q)a=][](1—ad"),n=12,.; (6:9)=]](1-aq").
k=0 k=0
1—g* (4:9)
[x]q:ﬂ, XG(C and n!q:ﬁ, nGN

The Rubin’s g-differential operator is defined in [18, 19] by
fla'2) + f(=q""2) = f(g2) + f(—q2) — 2f(=2)

2()(2) = 21 —g): SoEro
1im 3,(/)() if 20,
(1)

Note that if f is differentiable at z, then d,(f)(z) tend to f’(z) as g tends to 1.

The g-Jackson integrals from O to a, from 0 to 4 and from —oo to oo are
defined by (see [12])

oo

| = (1= ¥ r(ad)e, @

n=0

[ = 0-a) ¥ 1@

n—=—oo

| f@dgp=(1-0) ¥ @'f@)+0-a) ¥ a"F(~"),
provided the sums converge absolutely.
The g-Jackson integral in a generic interval [a, b] is given by
b b a
/ fx)dgx = /0 f(x)dqx—/o f(x)dgx. 4)
a

In the particular case a = bq", n € N, the relation (4) becomes

n—1
/bf(X)dqxz (1—q)b Y f(q'b)q". (5)
a k=0
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For x € R,, we denote by 0, the function defined by

1 af t=x
6x(t)_{ 0 lf t;éx. (6)

We remark that for a function f on R,, we have
|1 08.0dg = (1= @)l )

The g-trigonometric functions (see[18, 19]) are defined on C by

oo

cos(x;q°) := Y (=1)"ban(x:4%) (7)
n=0

and _
sin(x¢7) == Y. (=1)"bans1(x:4%), ®)

n=0

where
A
b(xig?) = T " ©
q

and [x] is the integer part of x € R.
These two functions induce a d,-adapted g-analogue exponential function:

e(z:q%) := cos(—iz;q*) +isin(—iz;¢*) = ) ba(z:¢%). (10)
n=0
e(z:¢%) is absolutely convergent for all z in the plane, and we have

lim e(z;qz) = ¢°
qg—1-

point-wise and uniformly on compacta. Note that we have

Lemma 2.1. (see [18])

Forall A €C, d,e(Az;q%) = Ae(Az:q?). (11)
Forall xRy, |e(ix;q*)| < 2 : (12)
(4:9)-

In the sequel, we will need the following sets and spaces.
e C;0(R,) the space of bounded functions on IR, continued at 0 and vanishing
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at oo,
¢ S,(R,) the space of functions on R, such that
Vn,m e N, sup | (1 —I—xz)’”&;‘f(x) | < H-o0.

x€R;0<k<n

e For p € [1,+o0], and we denote by L (IR,), the set of all functions defined on
R, such that

1Fllg.p < oo,

where 1

I£llg = (/Z'ﬂxﬂ”dqx)p if p=1
q;p Sup‘f(x)| if p=-too

xR,

3. Elements of Rubin’s g-harmonic analysis

In [18, 19], R. L. Rubin defined the qz-analogue Fourier transform as

F ) ) =K 1 i F)e(—itx;)dyt, xR,

where )
_ (4:97)e
2(4%¢%)(1-q)"/*
Letting g 1 1 subject to the condition

Log(1—q)
Log(q)

gives, at least formally, the classical Fourier transform. In the remainder of this
paper, we assume that the condition (13) holds.

It was shown in [2, 18, 19] that the qz—analogue Fourier transform F, veri-
fies the following properties:

€27, (13)

Theorem 3.1.
L If f € Li(R,), then

2K

]:q(f) € Cq,O(Rq) and H'Fq(f)H%W < (q;q)w

£ llg.1-

2. If f, aqfeL;(Rq),zhen Fo(0f)A) =idF,(f)(A), A€ER,.
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Theorem 3.2.

1) F, is an isomorphism of Lé(Rq) into itself, satisfying for f € LLZI (R

1Fa(Fllg2 = 11£llg2

and

Vi e Ry, f(1) K/ Fq(f ltxq)d

2) For f,g € LZ(R,), we have

| TWewdr= [ FDMF (M)A

The g-translation operator 7, ,, x € @q is defined (see [2, 19]) by

K/ e(itx;q*)e (ity;qz)dqt, yeR,,

Tyo(f)(y) = f()-
It verifies the following properties (see [2, 19]), for f,g € Lﬁ(Rq),

Ty (f)() = Tyy(f)(x), x,y €Ry,

fuwwmwjﬁmmmew

/_O:OTJ(f) )dgy = / fly )(¥)dgy, x € Ry,

T, xe(ity;q*) = e(itx;q*)e(ity;q*), x,y,t €R,.

(14)

15)

It was shown in [2, 19] that for f € Lf](Rq), we have for all x € ﬂiq, T,.f €

L3(R,) and
2
Tyxfllge < 7————IIfllg2-
ITisflloz < =l

The g-convolution product is defined (see [2, 19]), by:
f*q gx)=K / 1, yf
Theorem 3.3. For f,g € L;(Rq) ﬂLé(Rq), we have

Fq(frq8) = Fq(f)Fq(8)-
For f € L3(R,), we have

FoT o f)A) = e(iAx; ) Fy(f)(A), x€R,, AeR,.

(16)

a7

(18)

19
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Moreover, the following result was shown in [19].

Proposition 3.4. Let f and g be in L;(R,). Then

L. fxq8 € Ly(Ry) iff F4(f)F4(8) € L(Ry),

[ 15v0g Pag= [ 1R (@ IR0 P, 20)
where both sides are finite or infinite.

The dilatation operators are defined by

H(NW =7 (2), acky,. a
They satisfy the following properties.
Proposition 3.5.
1. Hy=id; H,0H,=Hy; H;'=H,\, abeR, .

2. For all a € R, , the operator H, is an automorphism of Lé (Rq) (resp.
Lé(Rq)) onto itself and for all f € Ly(Ry,) (resp. f € Lé(Rq)), we have

1
17112)

||HafH1 = Hf||1 (resp. ||HafH2 = %

and
FqHa(f)] (x) = Fq(f)(ax). (22)

Proof. (1) follows from the definition of the dilatation operator.

t
(2) The change of variables u = — gives the result. O
a

4. g-Wavelet Packets

We recall that a Rubin’s g-wavelet is a square g-integrable function g on R,
satisfying the following admissibility condition:

* dya dya
0<C= [ 1R@@F = [ 1 F-a) P L <o @3

We consider a Rubin’s g-wavelet g and a strictly decreasing scale sequence
(rj)jez of Ry, satisfying lim rj = +oo, lim r; = 0. We state the following
' Jj—r—o0 J—rteo
introductory result.
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Proposition 4.1. For all j € 7, we have :

1. the function A — (Cl,/rj | Fq(Ha(g))(A )\zd ) belongs 1o L(R,),
g

Tj+1
2. there exists a function gf € Lé(Rq) such that for all A € Ry,

=g [ ,;AHa(g))wqua);

Tj+l a

Proof. Fix j € Z.

(1) On the one hand, r; and r; are two elements of R,  satisfying r; 1 <r;j,
then there exists a positive integer n such that r; | = ¢"r;. So, using the relation
(5) and Proposition 3.5, we obtain

(1 2dga =l >
[ (e[ PP ap = §)(Aq"r))d, 2

Tj+1 a

l—q
- Iy / F4(8) (i) Py 2.
8 k=0""%

On the other hand, the change of variable u = Ag*r i» (0 < k<n-—1), together
with Theorem 3.2 lead to

/. (é s !ﬂ(Ha(g))(A)\zdz") an = 1C—qzl r W »

Tjt+1
q 1
AL
Fi+1 T

(2) The result follows from Theorem 3.2. ]

Definition 4.2. i) The sequence (g‘; ) jez is called Rubin’s g-wavelet packet.
ii) The function gf , J € Z,is called Rubin’s g-wavelet packet’s member of step
J-

We have the following immediate properties.

Proposition 4.3. For all A € Ry, we have
o0
0< F(eh)(A) <1, k€eZ  and Y [FoghH )P =1

j:—oo
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Example
Using the Euler g-analogue of the exponential function ( see [11], and [13])

1
P () = (T g

consider the function

G(x) = cqexpg <_ (16—]5;)2) ’

where

I+q > l—q °
1 2(1— 1
(1—¢g)> <—7q fw‘]),—%;qZ)W

It was shown in [8] that the function

£t0 =236 = ;i (1= 2 e (~ )

is a Rubin’s g-wavelet in S;(R,) satisfying

(_M q(1+q).q2>

Cq =

Fq(g)(x) = —x2fq(G) (x) = —xzequz(—xz), xeR,.

Now, for j € Z, put r; = q’/. Ttis clear that (rj)jez is a strictly decreasing

sequence of R, ;, lim r; = +4ooand vliI}_l rj = 0. The Rubin’s g-wavelet packet
]—)—oo J— o

(gf)jez is given by :

l—g
P_ 4 .
gj__ Ciqu/g, ]EZ
Indeed, for all x € R, we have
P l—¢g i
Fq(gi)(x) = o Ta(=8)(g'y)
g
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Let (gf ) jez be a Rubin’s g-wavelet packet. We introduce for all j € Z and
x € Ry, the function g% as

g5 () =Tyy(g5)(x), yeR,. (24)

Some properties of these functions are summarized in the following result that
its proof follows easily from the properties of the g- translation operator and the
definition of the Rubin’s g-wavelet packets.

Proposition 4.4. For all j € 7 and x € Ry, the function g% belongs to L;(Ry)
and we have for all A € @q,

o Fu(gh ) (A) =e(idx:q*) Fylgh)(A).

2(1g% 1142
. |Ig% ||q,2—ﬁ-

Definition 4.5. Let (g%)jcz be a Rubin’s g-wavelet packet. We define the Ru-
bin’s g-wavelet packet transform ‘Pf; 2 by

W (£)(jy) =K /_ Z F, (dgr, jEZ, yeR, and fELX(R,). (25)
Remark 4.6. The equality (25) is equivalent to

W () () = g 80 () = Fo(Fy(F g 80))(—y) = Fo [ Fo(F)-Fo(gD)) (=),
where f(x) = f(—x).

The following proposition provides some useful properties of ‘qu[:g.

Proposition 4.7. Let (gf )jez be a Rubin’s q-wavelet packet and f € L?I(Rq).
Then,

1. forall jeZ,be @q, we have

¥y (U )I_( ) 12 N85, 23

2. forall j € Z, the mapping b — ‘P;g(f) (j,b) is continuous on I@q and we
have lim ! (f)(j,b) =0.
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Proof. (1) From the relation (25), Proposition 4.4 and the Cauchy-Schwarz in-
equality, we have for j € Z and b € R,

<K|Ifllg2llghsllg2

2K
< 1 £1lq211851g.2-
(g:9)e 7RI

1951020 = K| [ 70 )

(2) Let j € Z and f € L(R,). From Theorem 3.2, we have 7 (f) and J-"q(gT;-’)
are in Lg(Rq) and the product JF,(f)F, (g) is in L}I(Rq). So, the relation (26)
together with Theorem 3.1 achieve the proof. O

The following result shows Plancherel and Parseval formulas for the Rubin’s
g-wavelet packet transform ‘Pg e

Theorem 4.8. Let (gf )jez be a Rubin’s q-wavelet packet.
(1) Plancherel formula for ¥/,
For f € Lg(Rq), we have

400 oo
X [ 190G P =111 @)
Ry

(2) Parseval formula for ¥/,
For fi,f2 € L?I(Rq), we have

[ A0R@de= ¥ [ 0G0 R 8

Jj=—o T

Proof. (1) From the relations (20) and (26), we obtain

[ nGbPab = [ IF(F)@PF ] @) dya

So, the use of the Fubini’s theorem gives

4o oo - Yoo
Y [ L nGePe= [ IFP@F Y Fie @) e
Since
—+oo
Y REHRP=1,
=
then,
e ©° oo
Y | 19 (NGDPAb= [ |F(F)(a)dga
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Thus, (27) follows from Theorem 3.2.
(2) The result is a direct consequence of assertion (1). ]

Theorem 4.9. Let (gf)jez be a Rubin’s g-wavelet packet. For f € L?I(Rq), one
has the following reconstruction formula :

/ W (F)(jb)g!y()dgh, x€Ry.
J——oo
Proof. For x € R,, we have h = §, belongs to Lé(Rq). Then, according to the
relation (28), the definition of ‘Pg ¢ and the definition of the g-Jackson’s integral,
we have

A-ghift) = ¥ [ W (OGHT b
kY / W ( /Zh<z>gib<z>dqr)dqb
= (l—¢q)|x|K ‘I’ x)dyb,

) ,_Zw / D)8}, (x)d,

which is equivalent to

KZ/‘P )(j,b)ghy (x)dyb.

J_—oo
O

5. Rubin’s g-Scale discrete scaling function
In this section, we consider a Rubin’s g-wavelet packet (g‘; ) jez.-
Proposition 5.1. 1. Forallm € Z and x € Ry, we have

m—1

1 d,a
Y FgHP = o) \f( u(8)) ()P (29)
J=—0°

1

m—1
2. Forallm € Z, the function x — ( Z [fq(gf)(x)P) belongs to Lg(R,).
J=—e
3. Forall m € 7 there exists a function G¥ in Lé (Ry) such that for all x € R,
1
2

m—1 2
Fa(Gp)(x) = ( ) [fq(gf)(x)F) : (30)

j:—oo
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Proof. (1) follows from the definition of gf .

45

(2) From the Fubini’s theorem, the relation (29) and Proposition 3.5, we have

[ X wehwias = & [ 1m0 2

jf—oo

- zf </°;|fq<g>< 9y

By the change of variables u = ax and Theorem 3.2, we obtain

dqa
a

/. (é r:]:q(Ha(g))(x)lzdzla>dqx - Cl °° ( [ Fewr dqx)d;f

iy
C, Ji, a?

qllgll,»
Corm

This completes the proof of (2).

(3) We deduce the result from the previous assertion and Theorem 3.2.

O

Definition 5.2. The sequence (G%),,cz is called Rubin’s g-scale discrete scaling

function.

The sequence (G~),,cz verifies the following trivial and easily proved prop-

erties.

Proposition 5.3.
(i) Forallm € Z and A € Ry, we have

0< F(Gh)(A) < 1.
(if) For all A € Ry, we have

lim F,(Gh)(A) = 1.

m—y—+-oo

Proposition 5.4. For m € Z and x € R, the following relations

(i)

oo

[FGE] + L FalgD 0P =1,

(ii)
[Fogh) 0] = [Fo(Gha) ()] — [Fo(GE) ()]

€1y

(32)

(33)

(34)
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(iii)

oo

Y ([F(Gh@] - [Fich)) =1 (39)

hold.

Proof.

(i) Follows immediately from (30) and Proposition 4.3.
(ii) We deduce the result from the relation (30).

(iii) The relation is a consequence of (34) and Proposition 4.3. O

Now, let (Gf;)mez be a Rubin’s g-scale discrete scaling function and con-
sider for all m € Z, x € Ry, the function GZX given by

Gl (y) =Ty, (Gh)(x), VyER,. (36)

From the properties of the g-translation, one can prove easily the following re-
sult giving some properties of the function G’,Z’x.

Proposition 5.5. Forallm € Z and x € Ry, the function Gﬁ,x belongs to Lg (Ry)
and we have

o Fy(Gp.)(A) = e(ihx;q®) Fy(Gp)(A), A €Ry,

2|Gh g2
(4:9)

Definition 5.6. Let (G?),,cz be a Rubin’s g-scale discrete scaling function. We
define the Rubin’s g-scale discrete scaling transform ®§,G on Lz(Rq), by

o [IGyllg2 <

O ¢(f)(mx) =K / ) f(b)Gh (b)dysb, m€Z,and x€R,. (37)

Remark 5.7. The relation (37) is equivalent to

“ _

O} (f)(m,x) = fx,Gh(x). (38)

In the two following results, we will provide a Plancherel and a Parseval
formulas for @ .
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Theorem 5.8. Let (G),.cz be a Rubin’s g-scale discrete scaling function.

(1) Plancherel formula for @5 G
For f € Lf,(]Rq), we have

Hf||q72_ lim ‘®qG( (mvb)‘qub

m—»—+oo

(2) Parseval formula for @/ ;
For fi,f> € L%I(Rq), we have

| AR = Tim_ [ 8 G()m,b)Of o(f) m,bdyb

Proof. (1) Due to the relations (38) and (20), we have for all m € 7Z,
/ 1©F () m, b) Pdyb = / Fy(GE) () 2d,.
The relations (31) and (32), and the Lebesgue’s theorem yield to

Jim_ [ 100 60 m,)Pdib = |77 ;-

Finally, Theorem 3.2 achieves the proof of (1).
(2) The result follows from (39).

47

(39)

(40)

(41)

O

Using the g-scale discrete scaling function (G%),cz and the Rubin’s g-
wavelet packet transform W? | one can obtain another Plancherel formula for

9,8’
@f; - This is the aim of the following result.

Theorem 5.9. (/) Plancherel formula for ®§7G using ‘PZ <
Forall f € LS(Rq), we have for all m € Z,

17122 = [ 1046t mb)Pdb+ Y [ 1% (1)(7.0)Pdyb,
j=m

(2) Parseval formula for G);G using ¥/,
For f1,f> € Lf](Rq), we have for all m € 7,

[ AT W= [ O m bR m b +
i /:olpgg(fl)(j’b)qub
J=m

(42)
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Proof. (1) On the one hand, from the relations (41) and (30), we have for all
meZ,

) ) m—1
|18 anmpPap = [ 17, (PP (_Z_ [fq<gi><x>}2> .

On the other hand, using the relations (20) and (26), and the Fubini’s theo-
rem, we obtain

Y [ nGnlas= [ 1E G (f‘,[ﬂ(ﬁ)(x)f)%x-

Hence,

/:o|®57c( f)(m,b)[*db  + Z/ vl b)|*d,b =

[ FDH@P ( y [fq<g§><x>]z> dox

J=—o0

The result follows then from Proposition 4.3 and Theorem 3.2.
(2) The assertion (2) follows from (1). ]

Theorem 5.10. For f € Lé(Rq), we have the following reconstruction formulas.
(1) Forall x € Ry,

Fx) =K lim_ [ O G(1)0m,b)Gh,(x)dgb. (43)

m—r—+oo

(2) For all x € Ry and allm € 7Z,

—K [ O mb)Gh@dp+K Y [ W (£ b)ghyx)dh
e 5/
(44)
Proof. (1)Let f € Lé(Rq), fix x € R, and put & = §,. By using the relation (40),

we get

(1=g)lxf(x) = lim @ () (m,b)®F (h) (m, b)dyb

m——+oo

— lim K @ o(f)(m,b) ( /mh(t)GZ,b(t)dqt>dqb

m—»—+oo

m—y—+oo

= lim K(1—q)x| / O} (f)(m,b)Gl, ,(x)dyb.
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Thus,
P
F0) =K lim_ [ O G(7)0m,b)Gh ()b
(2) The technique of the proof is similar to (1). Ul

Corollary 1. For f € Lg(Rq), one has for all m € Z,

[ E B 1dip = [ O )m+ 181G 00
/, : O} (f)(m,b)Gl ,(x)dyb.

Proof. For x € R, and m € Z, we have owing to the relation (44),

| @ atnn+ 10)Gh s b= 7@ = X [ WG
- Jj=m+1
and
| @) m.b)Gh (b = 2 R AT
Then, the difference of the two previous equations finishes the proof. [

6. Modified Rubin’s g-wavelet packets

Let (Gm)mez; be a q scale discret scaling function. For j € Z, we define the
functions g 7 and g g by

=G%\ — G,
and
) =Gl + 0,
Let us give some properties of these functions, which follow immediately from
Proposition 5.3, Proposition 5.4 and Theorem 3.2.
Proposition 6.1.
(i) The functions g] andg belong to L2 2(Rg).

(ii) The functions fq(gj ) and fq(gj ) are in Lq(R )NL7 (Ry) and for all A €
Ry, we have
Fa(&f)(A)] <2, and | Fy(3])(A)] <2 (45)

and

Y F(eMFEH =1 (46)

j:—oo



50 SLIM BOUAZIZ - KAMEL MEZLINI - NEJI BETTAIBI

Definition 6.2. The sequences (g’]” )jez and (g’]” )jez are called respectively
modified Rubin’s g-wavelet packet and the corresponding dual modified Ru-
bin’s g-wavelet packet.

The following proposition gives a relationship between the g-scale discrete
scaling function (GP),,cz, and the modified Rubin’s g-wavelet packet and its
dual.

Proposition 6.3. For all x € R, and all m € Z, we have

1
2
j:—oo

m—1
Fa(Gp)(x) = ( Y fq(gﬁl)(X)fq(éﬁl)(X)>

Proof. For j € Z, we have

fq(g/y)fq(g/}/[) = (]:q(GfH) —F ( )) (]'— (G ]+1) +~7:q(G§)))
= []:q(G?H)}z_[ Fy Gj } = [l g5>]2-

Then, the relation (30) achieves the proof. ]

(47)

Let (gjjw )mez, be a modified Rubin’s g-wavelet packet and (gj” )mez, be its
dual. Forall j€ Z,xc R jand y € Hi,,, we define the functions g]}’,’x and g’]‘.{x by

g () =Ty(gf)(x) and gY.(y) =T,,(8") ().

From the properties of the g-translation, one can prove easily the following
proposition, which gives some properties of the functions g}’ and g,

Proposition 6.4. For all j € Z and x € R, the functions g%c and gfj‘.{x belong to
LLZI (R,) and we have

o F,(")() = e(iyx:g®) Fy(8¥) (), yER,,

o Fo(3M) () = elivi®) Fy(3)(y), yERy,
2]

£ < g

)

2| ‘
@,

o &5l < e
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Definition 6.5. We define the modified Rubin’s g-wavelet packet transform ‘Pg” o
(resp. the dual modified Rubin’s g-wavelet packet transform ‘i’g’{g ) on Lé(Rq)
by

() (jyx) = K[wf(b)gyx(b)dqb, JEZ andx €R,

<resp. P (F)(j,x) =K /_ i f(b)g¥ (b)dgb, jEZ andx e ]Rq>.

Remark 6.6. The transforms ‘Pf]‘{g and ‘i’f]‘{g can also be written in the form

P (f)(jx) = Frggl(x), jEZ andx R, (48)
and N o
W ()(J,x) = f @Y (x), jEZ andx € Ry. (49)

Theorem 6.7. (Plancherel formula) For all f € L%I (Ry), we have

19122= X [ #OGBL G0y (50)

]_—oo

Proof. Due to the relations (48) and (49), and Theorem 3.2, we have for all
JEZ,

oo

| LGB Gdex = [ IF D OPF B FAE) B)db
On the other hand, using the definition of g{,” and gfy and the relation (34), we
deduce that for all b € Ry, F, (g} (b) F4(g})(b) > 0.

So, by the help of the Fubini-Tonelli’s theorem, we obtain the result from
(46) and Theorem 3.2. O

In the following theorem, we give a pointwise reconstruction formulas for
the transforms ‘Pg’{g and ‘Pg’{g.

Theorem 6.8. Forall f € Lg(Rq), we have for all x € Ry,

F0=K Y [ W00 5
and -
10 =K Y, [ B x)db (52)
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Proof. The result is a consequence of the following lemma and Theorem 4.9.
O

Lemma 6.9. Let f be in Lé(Rq). Then for all j € Z and x € Ry, we have the
following equalities

[ wnGoEh @b = [ G0
= [ G0

Proof. Let j € Z and x € R,. From the relation (48), we have

| DGR = [ T g O0F, b

On the one hand, by Proposition 6.1, we have 7, ( > € Ly(Ry)NLY(Ry).
Then, the fact that 7, (f) € L;(Rq) leads to F (f) Fy (gj ) € Lg(Rq), and
Proposition 3.4 leads to f*qg € Lfi(Rq) and F, (f *q g) =7 (f) Fyq (g)
So, thanks to Theorem 3.2, we get

‘P b)g", (x)d,b = T F Fxg ) (b)F, (87 (x))d,b
), gjb _Ta 98] a\8&j»p q
= [ RO ®F () 0)F, (F,0)db

But F,(g}') and F,(g}') are real functions, then F, (g) (b) = F, <g’J” ) (=b),

g]}/,lb(x) = Tq,x@j”)(b) = Tq,—x(gl}/lx_b)

and

m = (Tqﬁx(gl}/[» (=b) = F4(&})(—b)e(ibx;q?)
= fq(glj‘-/[)(—b)e(—ibx;qZ).
Furthermore, we have F, ( f) (b) = F4(f) (=D). Then,

/ ‘P 8Jb( )dgb =

FalF)(=0)F4 (] ) (~b) F4 (&) ) (~b)e(~ibx;q*)dyb
f

Falgi) (0)Fo(&) (b)e(ibx: ¢ )dgb.
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Hence, from the relation (47), we have

/ lP g]b )db:

= [ RDOFLOF L b)elibria )b

- /:,}—q(f)(b)}—‘I(gf)(b)fq(gf)(b)e(ibX;qz)dqb.

On the other hand, the fact that .Fq(gf ) is a real function gives F, (g) (b) =
Fq(8})(=b), and

8hy(x) = Tyc(7) (b) = Ty —x(85) (—)

and

Fy (80,0) = Fo (Ty+(eD)) (=b) = Fy(&h) (—b)e(—ibxs ).

Thus, a new application of Theorem 3.2 gives

/‘P g]b)b:

/

| F DT )T (ble(—ibxi Py
= [ FRD®F () 0, (500 )deb

/w (f*qg) (0)F, (27,06) ) deb
/ WP (£)(7,b)8"s(x)dyb.

By the same way, we prove that

[ NG = [ ¥ ()b
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Theorem 6.10. Let f be in L; (Ry). Then, we have the following reconstruction
formulas. For all x € R, and all m € Z,

/ O} (f)(m,b)Gl ,(x db+2/ v, ,b(x)dqb]

and

—K [ O} (f)(m,b)G), ,(x db+Z/ P () (. b)ghy (x )dqb].

Proof. Theorem 5.10 and Lemma 6.9 yield to the result. U

7. Rubin’s S-g-wavelet packet

Definition 7.1. A sequence (gf) jez in Lg(Rq) is called Rubin’s S-g-wavelet
packet if the following assumptions are verified:

i)Forall j € Z, F,(g ) is a real valued function.

ii) g-stability condltlons. there exist some positive real numbers a and b, such
that for all x € R,

a< Y [F)@P <b (53)

Jj=—00

We say that a and b are the g-stability constants.

Definition 7.2. Let (gi) jez be a Rubin’s S-g-wavelet packet. We define the
corresponding dual Rubin’s S-g-wavelet packet (§§ )jez by
Fq(g})(x)
]:q@?)(x) = ; xERy. 54
Y, [Falgd) @)

k=—oc0

In the following propositions we give some immediate properties of Rubin’s
S-g-wavelet packet (gf ) jez and its dual (gf) jez.-

Proposition 7.3. For all x € R, and all j € Z, we have

| Fa(gh)(x)] < b2, (55)
| Fo(8) )] < b;?, (56)
i Fa(8]) () F4(87) () =1 (57)

j:—oo
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and

- -1
Z [-Fq(g}q')(x)f: ( Z [.Fq@?)(x)f) .

Proposition 7.4. Let m € Z and x € R,. Then

1.
m—1 m—1
Y FE@E Y A
Y A@W L FEE©)]
2.
m—1

m—1 Z []:q(gf)(x)]z
Y Fule) 0 F (&) ) = - -
Y, [Fo(sd) )]

Jj=—00

Proof. The equalities are consequences of the relations (54) and (58).

55

(58)

(59)

(60)

O

Proposition 7.5. 1. The dual Rubin’s S-wavelet packet (gf) jez verifies the

following inequalities:

9

Q=

2= Y REWE s

where a and b are the g-stability constants.

J=—

m—1
2. Suppose that for all m € Z, the function x — ( Z (Fq (gf)(x))2>

2
) be-

ngl (Ry) then,

m—1 % m—1
X < Y (fq(é’?)(xw) and x v (_Z Fal83) (1) F4(85) (x)

long to chz (Ry).

The previous result allows us to state the following definition.

(61)

isin
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Definition 7.6. Let (gf ) jez be a Rubin’s S-g-wavelet packet and @f) jez be its
1

J

J=—o

m—1 2
dual. We suppose that for all m € Z, the function x — ( ) (Fy(&® )(x))z) is

in Lé (R,). We define the g-scale discrete scaling function (G5,),nez by

m—1 2
Fa(Gp)(x) = ( ) }"q(g?)(x)]:q@?)(x)> : (62)

Jj=—o

Some properties of the sequence (G5 ),,cz are given in the following propo-
sition.

Proposition 7.7. For m € 7, the function G5, belongs to L[ZI(Rq) and for all
x € Ry, we have

0< F,(Gy)(x) <1 (63)

and
Jim Fy(Gy,)(x) = 1. (64)
Proof. The relation (63) follows from the relations (54) and (57) and (64) can
be easily deduced from (60). ]

Let (g7) jez be a Rubin’s S-g-wavelet packet and (g7) jez be its dual. For all
J € Zandy € R, we define the functions giy and §§’y onx € R, by

g5,(x) = Ty(3) ),

gy (0) = Tyu(8)) -

The following proposition provides some properties of these functions.

Proposition 7.8. Forall j € Z and y € R, the functions giy and §§7y belong to
L%I(Rq) and we have for all x € Ry,

o Fulg3,)(x) = e(iny:q?) Fylg5) (x).

2)1g}llq2

S J14

e |gillg2 S ——.

H ./,qu (q;Q)oo

o Fy(5,)(x) = elixy:q*) Fy (&) ().
2||§§|q,2

b Hgiy”%zg (q.q) .
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Proof. The assertions follow from the relations (16) and (19), and the properties
of the g-translation operator T, .. O

Definition 7.9. We define the Rubin’s S-g-wavelet transform \I—‘g g (resp. the
dual Rubin’s S-g-wavelet transform ‘i‘;y forall f € Lé(Rq), by

W0 =K [ g0, JET, yER, (69

(resp. ‘I’ )(J,y) K/ f(x) §§7 Ydgx, JEZ, yERy) (66)
Remark 7.10. The transform ‘P; 2 (resp. q‘g g) can be written in the form

WS ()Gy) = [83() (67)

v

(resp. B3 ,(F)(J.y) = [ %485 (7)) (68)
Proposition 7.11. For f in Lé(Rq), one has:

1. forall jeZ,y€R,

2K
|ng,g(f)(Jay)‘ < m ||f||q,2 Hgfqu

and

~ 2K
W5 () ()] < meHqZHg qu,

2. for all j € 7, the functions y — ‘Pg,g(f)(j,y) and y — lAIJ";!’,(f)(j,y) are

continuous on I@q and we have lim ‘Pg (f)(J,y) =0, as well as
y—eo @
i 5 (1)(j.3) =0,

The following proposition is a direct deduction from the relations (55), (56)
and Proposition 15.

Proposition 7.12. Let f be in L;(R,). Then, for all j € Z, the functions y

W (f)(j.y) and y — l’IV";’g(f)(] y) belong to Lz( q) and for all x € R,, we
have

Fo(¥y o ()15 ))(x) = Fo(f) (=) Fy(87) (—x) (69)
and

Fo(F5 (N () (6) = Fo (1) (=) Fy (&) ().
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The following theorems provide Plancherel and reconstruction formulas for
S S :
the transforms. W, . and ¥ .. They can be proved by the same ways as in the
precedent section.

Theorem 7.13. (Plancherel formula)
Forall f € L?](Rq), we have

1732= X [ 0Ty (70)

j=—00

Theorem 7.14. Let f be in Lé (Ry). Then, we have the following reconstruction
Sformulas:

=K Z / P () (7,2)85, (x)dyy;

j_—OO
=K Z / P (1) (1,3)85, (x)dgy.
]_—DO

For this end, let us introduce, for all m € Z, the function
Gy (¥) = Tx(Go) (), Wy € Ry (71)
We have the following result.

Theorem 7.15. Let (G3)),.cz be the g-scale discrete scaling function. For all f
in Lf](Rq), we have the following reconstruction formula

00

=K lim [ (Fx,G5) ()G y(x)dgy.

m—+oo | oo

Remark 7.16. In the case a = b, we have §j~ = é &}» which proves that decom-
position and reconstitution are given by the same formula.
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