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SOME RESULTS OF p-VALENT ANALYTIC
FUNCTIONS DEFINED BY INTEGRAL OPERATOR

R. M. EL-ASHWAH - M. E. DRBUK

In this paper we study different applications of the inclusion relation-
ships, radius problems and some other interesting properties of p-valent
functions which are defined by integral operator.

1. Introduction

Let # (U) be the class of functions which are analytic in the open unit disc
U={z€C:lz] <1} and let H [a,p] be the subclass of H (U) consisting of
functions of the form:

f@)=a+ap? a2t +...(aeC; peN={1,2,...}).
Also, let A(p) be the subclass of the functions f € H (U) of the form:
flz)=2"+ Zakﬂ,zk“’ (peN). (1)
k=1

Let f € A(p) be given by (1) and g € A (p) is given by

oo

g)=+Y by p2t .
=1
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The Hadamard product (or convolution) of f and g is defined by

(F58) (@) =+ Y auspbir ™ = (85£) () (z€D).
k=1

Also, let Py (p) be the class of functions h(z) = 1+ Z Ck+p2°TP which are

analytic in U and satisfying the properties 4(0) = 1 and
R{h(z
/ ’ { ’d@ <km, 2)

where z = re®, k >2and 0 < p < 1. This class was introduced by Padmanabhan
and Parvatham [8].

We note that:

(i) P (0) = Py (k> 2) (see Pinchuk [9]);

(ii) P> (p) =P (p), the class of analytic functions with positive real part greater
than p;

(iii) P2 (0) = P, the class of functions with positive real part. Let (z) € Pi (p),

then we can write 4(z) of the form

k1 k1
h(z) = <4+ 2>h1( )— <4—2> h(z) (z€U; hy,hy € P(p)).
Let us consider the integral operator (see Aouf et al. [1]):
Qe f(2)

=7+

Hp+a+B—&H)i[ I'(p+B+k)
I'(p+P) I'p+o+B+k—e+1)

B>-pa>e—1;6>0;pcN;zelU). (3)

k+
Ai+pl

From (3), it is easy to verify that
c2(QUEFE)) = (p+ o+ B —e)QL 1)~ (a+p—e)QLf(). @)
Remark 1.1.

(i) Putting £ = 1,95 /() = QF ,/(2)

Flpta+B) o[ T(p+B+k) »
T(p+B) k; C(p+a+p+k) a3

(B>-p;a>0;peN;ze€l),
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where the operator Qg.p is defined by Liu and Owa. [4];
(ii) Putting & = € and 8 = c,
c+ L
QU (@) = oy =L [ (e

_Zp+2 (c+k+p> st ©

(c>—p;p€N;z€U),

where J. , is the familiar integral operator which was defined by Saitoh et al.

[11];

(iii) Putting p = € = 1,0%'| f(2) = QF £(2)

_ Ta+p+1) <[ T(B+k)
=z+ T(B+1) /;Z[F(a+ﬁ+k)]aka

(B>—-1,aa>0,z€U),

where the operator Qg is defined by Jung et al. [3].
Using the operator Qg_’z, we now define a subclass of A(p) as follows [12-14]:

Definition 1.2. Let B > -1, 00 >¢e—1,e>0,u>0,A € C*=C\{0},peN,
we say that a function f(z) € A(p) is in the class fgf’;k(l,u,p) if it satisfies

@\ (9@ (L f@\"
(I_M<Q§Z <z>) ”(@“ o) ) \ Q5% @

€Pr(p) (zel),

where k > 2,0 < p < 1 and g € A(p) satisfies the condition

QOC 1, &‘g(Z)
T 673(77) (0§n<1§Z€U)' 3)
Qg ,8(2)
We note that]-" (l u,p) = fl‘;‘pk(l,u,p) (see [6]).
In the present paper we investigate some inclusion relationships, radius prob-
lem and some interesting properties of p-valent functions which are defined by
integral operator Qg’z.
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2. Preliminaries

In this section, we recall some known results.

Lemma 2.1 ([5]). Let 6(u,v) be a complex-valued function such that
6:D—-C,DcCxC (C is the complex plane)

and let u = uy +iuy and v = v +ivy. Suppose that 0 (u,v) satisfies the following
conditions :

(i) O(u,v) is continuous in D;

(ii) (1,0) € D and R{6(1,0)} > 0;

(iii) for all (iup,v1) € D such that

1
v <=5 (1 +u3) R{O(iuz,v;)} <0.

Let
4@ =1+qz+ @i +...
be analytic in U such that (¢(z),zq (z)) € D(z€ U ). If

R{0(4(2).24 ()} >0 (€ V),

then
R{q(z)} >0 (z€ ).
Lemma 2.2 ([10]). If ¢(z) is analytic in U with ¢(0) = 1 and A, is a complex
number satisfying R(A1) > 0 (1) #0), then
R{o(x)+1z0'(2)} >0 (0<o<1).

Implies

Ro(z) >0+ (1-0)2n—-1),

where Y, is given by

! -1
n=n%RA)) :/ <1 +z9‘(11)> dr,
0

which is increasing function of R(A1) and % <1 < 1. The estimate is sharp in
the sense that the bound cannot be improved.

Lemma 2.3 ([2]). let q(z) be analytic in U with q(0) = 1 and R(q(z)) > 0
(z€U). Then, for |z| =r,z€ U,
) 175 <R(g ())<\Q( )| <15

14r —

(i) |¢'(z)] < 224G,

r
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3. Main Results

a,
B
o

. u
Theorem 3.1. Let f € F€ (A, 1,p) and R(A) > 0. Then <2£§3) e
B.p

B.p.k

Pr (y), where
_2u(ptra+pB—-e)p+R(A)o

T u(pratB_e) I RA)S ©)
and g € A(p) satisfies the condition (8) and
Q(xfl,e
_ %hO(Z)z,ho(Z) _ ( ﬁg;e g(Z)>.
‘hO(Z)‘ Qﬁ’pg(z)
Proof. Set
Qg @)\ "
B.p = (1-Ph@) +7, 10
(Qﬁ:pg(z)> (1= (o) +7 (10

h(0) =1, and h(z) is analytic in U and we can write

mo = (5+3)m@- (-3 )m@ Gukerm).  an

Differentiating (10) with respect to z and using the identity (4), we have

- Qg:;f(Z) u QgJJl,Ef(Z)) (Qg;f(z)>#1
{(1 M(Qz‘:ig(z)) ”(@;{;Lsm Q5 4(2)
_ (k. 1 - - A(L—7)2h)(2)
= (5+5) {0-nm@+p-pr 2EDAE ]

L A(1=7)zh(2)
<4 2> {[(1 —Y)ha(z) +y]—p+ ‘u(p_|_a+ﬁz—i~:)ho(z) }

Now, we form the functional y(u,v) by choosing u = h;(z) = u; + iup and v =
zh!(z) = vi +iva. Thus

A(l=7y)v
p(p+a+p—eho(z)
The first and second conditions of Lemma 2.1 are satisfied by using y(u,v). To
prove the third condition:

y(uv)=[(1-Yut+y]—p+

R(A) (1 —y)viRho(z)

pu(p+a+p—e)lho(z)]
R(A)(1—7)vi  Rho(2)

up+a+B—e)" ()

R{y(iuz,v1)} =7v—p+ 3

=7-p+
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By using v; < —3(1+4u3), we have

— M2

_2u(ptatB-e)(y—p)-RA)S(1-7)-RQA)S(1-7)u3
2u(p+oa+p—e)

_C+D
=E ,E >0,
C=2u(ptoa+p—e)(y—p)-R(A)s(1-7)

D=-R(A)8(1—y)<0.

Now, R{y(iuz,v;)} <0, if C <0 and this gives us ¥ as defined by (9). By
applying Lemma 2.1 to conclude that s; € P for z € U and thus i € P;, which
gives us the result. O

Remark 3.2. We note that y = p when A = 0.

Theorem 3.3. For A > 1, let f € }'agk(k,u,p). Then

Q)
<ngl,£g(z)> € Pk (p) (Z € U)
Proof. We can write
Q5 (2)
A <Q§‘pl‘8g(1)>
. 5,/ 2) Q) N
- {0 (355) 4 (s ) a0 (J553).
This implies that
Q)
Q5 2(2)
L (9 95, /) NS
- )‘{(l A«) <ng’g(z)> +Ar <Qg#l,8g(z) +(1 I) gf (Z)

_ %H1<Z)+ (1 —i) H(z) (A>1).

Since H|(z),H2(z) € Px(p), by Theorem 3.1, Definition 1.2 and since Py (p) is
a convex set (see [7]), the proof of Theorem 3.3 is completed. ]

Putting g(z) = z” in Theorem 3.3, we obtain the following theorem:
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Theorem 3.4. Let A € C* with R(A) > 0. If f € A(p) satisfies the condition

o€ u o—1,e o€ u—1
{(1 ~2) (Qﬁl’f(z)) iy (Qﬁ,p f@) <Qﬂ,pf(2)> } P (p)
7P 7P ZP

(u>0;z€U),
then we i
Q" f(2)
B.p
(Z,, € Px (o),
where

1;-)—1
Al +153)

The value of © is the best possible and cannot be improved.

c=p-+(l—p) [2Fl(1,1,“(”+a+ﬁ_8> : ]

Proof. Setting

(Qggf(z))“ —h(z) = (i " ;) hi(2) - <’; - ;) (2)

where 4(0) = 1 and & is analytic in U. By using (4) and some computations, we

have
{(1 A (Qﬁf“)u (Q‘é‘;"gf<z>> (Q:%‘:Zﬂz))“‘}
zP P "
— )Lzh/(z)
- {h(Z)+H(p+a+ﬁ_g)} €Pr(p) (z€l).

By using Lemma 2.2, we have 5;(z) € Py (o), where
c=p+(1-p)(201—1), (12)

with
1 R(1)
o1 :/ (1+tu(p+a+ﬁfs))‘1dt
0

_ 1 pro+f—e
_H(pta+p 8>/ R by, (= R(A) > 0)
0

A
Y M
_opg HererBoe) L
A 2

Now, the proof of Theorem 3.4 is completed. O
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Next, we consider the operator defined by

FC:(W /zf-%f(r))“dr)“ (c>—pwizel).  (13)

z° 0

It is clear that the function F,. € A(p) and

FQGSRE = (puto) [ Qe dr (zeV). (14

Theorem 3.5. Let A >0, u > 0and ¢ > —pu. If f € A(p) satisfies the condition

o,e u o€ / a,e n—1
{(1/1) (Qﬁ’pj(Z)> +7L(QB’”{(Z)) (Qﬁ”’f(z)> }ePk(p) (15)

z pzP~1 4
(u>0;z€l),
then
QYR ()\" (Q5°F(2)) [ Q5 F()\"
{(11)(%) +1 I;zp—l (B”;p ) € Pr(ou),

(16)
where F,(2) is given by (13) and

1
=p+(1-p) [2F1(1,1,pu+c+1;2)—1} ~

The value of a is the best possible.
Proof. tis clear that F, € A(p) and differentiating both sides of (14), we have

u

(pu+e)z ' (Qef() =
e (0t r ) u (Qtr)" (Q4era))
divide both sides by z~! and multiply by z 7%, we get
() (Q5572)" = (Qtr@) +z (s (Q5EE)
o+ (935 > (Q‘éi )“W J(@n ) (ere)"

pzl’ 1 7PH
hence
Qae ros C u Qa,eFC / Qa,eFC u—1
(le+ ( /3p ) ( BP )) +PH( B.p 752)) ( B.p (Z)> .
pzP P

a7
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Putting
QY R()\" (QYF() [ QyiF()\"
G(z) = (1-1)(‘37; >+/1 ) <’3’§p ) ,
(18)
where

G(z) = <§ + ;) gi1(z) — (i - ;) 82(2).

Then G(z) is analytic in U with G(0) = 1. By differentiating (18) and using (17)
in the resulting equation, we have

P ’ a.e / o€ u—1

pzP~1 P

- {G(z) + ;if)c} € Pe(p) (z€ U).

Using Lemma 2.2, we note that g;(z) € Pi (1), where

o=p+(1—p)2or—1), (19)
with |

o, =2F (1,1,pu+c+ 1;5).
The proof of Theorem 3.5 is completed. Ul

Theorem 3.6. For 0 < A, < A4,

‘Fg,}ik(llvuvp) C‘ng’k(l%uap)'

Proof. If A, =0, then the proof is immediate from Theorem 3.1. Let A, > 0 and
feFLE (A, u,p). Then there exist two functions Hy, H, € Py (p) such that

B.p.k

Gl @\ . (95, T [ haf@\"
_2 B.p 2 B.p B.p _ ’
! ‘)<Qz;;g<z>> . ‘(gg,;w) (Qz:,ig<z>> e

and

o f@\"
(Gt5ie) o
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o€ H a—1l,e a,e -1
(1- o) (Qﬁzﬁf (Z)) +ha (Qgpl K <Z>> <Qg,£f(z)>
Q57,8(2) Q% ¥(z) ) \ Qfe(2)

Then

A A
= ZH(2)+ (1= 22)Ha(2), (20)
M M
and since Py (p) is a convex set (see [8]), it follows that the right hand side of
(20) belongs to Py (p) and this completes the proof of Theorem 3.6. O

Next, we can give the converse of Theorem 3.1 as follows:

5@\ (95, )
Theorem 3.7. Let < Qﬁ;ﬁg(z)) € Pr(p), with S ePm), forzel,
0<n<1

Then f € }"a Sk(l,,u,p)for |z| < r, where r is given by

r=p(p+atB-e)/({(1-mpp+a+p—e+Al}

+\/#2n2(p+a+l38)2+/1!2+2M|(1n)u(p+a+ﬁe)>- e

<Q§:§f<z>>“ . (Q,‘%‘éjjg(z)) e
Qﬁ :pg(z) Qﬁ:pg(z)

then H € P (p),Ho € Pr(N).
Proceeding as in Theorem 3.1, for B > —1,a > 0,u > 0,A € C,k > 2,p >
0,n < 1and

Proof. Let

H=(1-p)h+p, Hy=(1—n)hy+mn, withh € Py, hy € P

we have
) PR Qg f(2) “+ Q5 o f()\ [ Q5if () l_p
= %5550 Q;;‘;e SYACHTE
A zh’
=<h
Ot i ratBoo (-7 +n}}

1 A 70 (2)
4+2> [h‘<z)+u(p+a+/3—8) {a—mn (z)+n}]

~(573) O+ ppra e o)
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Using well known estimates, (see [3]), for h; € P,

. 2rRh;(z) 1—r 1+7r
i) < =57 o, S @IS
we have
_ A Zhi(z)
g‘{h’@ p+a+ﬁ—8){(1—n)ho(z)+n}}

- p+2;|iﬁ—8)1—1r2<<l—rl(1+12n)))}

w(
{ A

2r 1 1+r
{1 p+a|+ﬁ—s>1—r(<1—r<1+—2n>>>}
[u p+a+ﬁ—8)[(l—r—(1—2n)r+r2(l—2n)]—2r|l|}

(p+a+p—e)(1—r){l—(1-2n)r}
p(p+a+B—e)rr(1-2n)-2[(1-nu(p+a+p—e)+[A]r
pu(p+a+p—e)(l-r){l-(1-2n)r}
N p(pta+p—e) ]
up+a+p—e)(1—r){1—(1-2n)r}

The right hand side of the last inequality is positive for |z| < r, where r is given
by (21).
This completes the proof of Theorem 3.7. Ul

> 58 a)) | 14

Remark 3.8. Putting € = 1 in the above results, we obtain the results obtained
by Muhammad [6].
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