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CLEAN RINGS OF SKEW HURWITZ SERIES

A. M. HASSANEIN

In this paper we study the transfer of some algebraic properties from
the ring R to the ring of skew Hurwitz series T = (HR, o) where o is an
automorphism of R and vice versa. We show that T = (HR, o) is a clean
(strongly clean) ring if and only if R is clean (strongly clean). Different
properties of skew Hurwitz series are studied such as simplicity, primeness
and semiprime.

1. Introduction.

Throughout this paper R denotes an associative ring with identity.
An element a € R is called clean if it can be expressed as the sum of
an idempotent and a unit elements. An element a € R is called strongly
clean if its clean and the idempotent and the unit commute. A ring R
is caled clean (strongly clean) ring if every element of R is. Clearly
units and idempotents are clean (strongly clean) elements and a is clean
(strongly clean) if and only if 1 —a is clean (strongly clean). It follows
that every local ring is clean (strongly clean).

Thering T = (HR, o) of skew Hurwitz series over a ring R and
o € Aut(R) is defined as follows. the elements of T = (HR, o) are
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functions f : N — R, where N is the set of al natural numbers, the
operation of additionin T = (HR, o) iscomponent wise and the operation
of multiplication for each f,g e T is defined by

(fom =3 (E) f (o (g(n — k)
k=0

for al n € N, where (E) is the binomia coefficient.

If one identifies a skew formal power seriesZanx” € R[[x, o]] with

n=0
the function f such that f(n) = a,, then multiplication in T is similar
to the usual product of skew formal power series, except that binomial
coefficients appear in each term in the product introduced above.

It can be easily shown that T is a ring with identity h,, defined by
h:(0) =1 and hy(n) = 0 for al n > 1. For afunction f € T, we defined
supp(f) ={ne N | f(n) # 0} and n(f) denotes the minima element
in supp(f). Itisclear that R is canonically embedded as a subring of T
via0#r e R~ h, €T, where h;(0) =r,h;(n) =0 for every n > 1
(then supp(h;) = {0}) . For more details we refer to [3].

Following [5, p. 129] char(R) = 0 if and only if nx = 0, where n is
a positive integer implies x = 0, for x € R. This is a stronger condition
than the usual definition that no positive multiple of the identity vanishes.

Han and Nicholson [1] studied the clean property in some ring
extensions. They showed that the ring R[[x]] of forma power series
is clean ring if and only if R is clean which isn't the case of the ring
of polynomials.

In a series of papers [7, 8, 9] Keigher demonstrated that the ring
H R of Hurwitz series over a commutative ring R with identity has many
interesting applications in differential algebra.

Recently, Hassanein et a [4] showed that the ring HR of Hurwitz
series is clean (strongly clean) if and only if R is clean (strongly clean).
Also necessary and sufficient conditions for HR to be simple or prime
were studied. It is natural to ask if any or all of these properties can be
extended to the skew Hurwitz series rings.

The motivation of this paper is to extend the results in [4] to the
ring (HR, o) of the skew Hurwitz series over the ring R.
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2. Transfer of Some Properties Between R and T = (HR, o).

At the beginning of this section we study the properties of unitsin the
rng T = (HR, o) of skew Hurwitz series, where o is an automorphism
of R.

We need the following result.

Proposition 2.1. Let R be aring. Then f isa unit of HR if and only
if f(0) is a unit of R.

Proposition 2.2. Let R bearing. Then f isaunitof T = (HR,0) if
and only if f(0) is a unit of R.

Proof. Clearly, if f € T = (HR, o) isinvertible, then f(0) is invertible
in R. Conversely, suppose that f € T such that f(0) = a is invertible
in R. Let b € R such that ab = 1 = ba and define an element g e T

n

by g(0) = b and inductively by g(n) = —b Z(E)f(k)ok(g(n - k)),
k=1

for all n> 1. It is not difficult to check that fg = h; = gf. O

Following the same procedure in Theorem 2.3 [4], we can extend
that Theorem to the skew Hurwitz series ring as follows

Theorem 2.3. Let R be a ring and o be an automorphism of R. Then
T=(HR, o) isaclean ring if and only if R is.

For strongly clean rings we have the following

Proposition 2.4. Suppose that R is a ring and o an automorphism of
R. If R isa clean ring such that every idempotent e of R is central and
o(e) =e, then T is a strongly clean ring.

Proof. Suppose that R is aclean ring. Then, by Theorem 2.3, T isaclean
ring and every element f € T can be represented as f = (f — he) +he
where e isan idempotent of R. So, it is sufficient to show that fhe = he f.

Since e is centra in R, then (fhe)(s) = f(s)o°(he(0) =
f(s)oS(e) = f(s)e = ef(s) = he(0)f(s) = (hef)(s) for each s €
supp f he) and the Proposition is proved. O
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The following example shows that Proposition 2.4. is not true without
the assumption that o (e) = e for all idempotents e € R.

Example 25. Take R = 74 ® Z4, with the usual operations of
componentwise addition and multiplication; R is clearly a commutative
clean ring. Therefore, R is strongly clean. Now let ¢ : R — R be
defined by o(a, b) = (b, @), then o is an automorphism of R and there
are idempotents in R with o(e) # e (e.g., if e=(0,1) € R). By direct
computations we can easily show that T = (HR, o) is not strongly
clean.

Corollary 2.6. Let R be a ring and o an automorphism of R. If
T =(HR, o) is a strongly clean ring, then R is strongly clean.

Proof. Using Theorem 2.3, R isaclean ring and every element r € R can
be represented asr = f (0) + g(0), where f is an idempotent element of
T and g € U(T). So it is sufficient to show that f(0)g(0) = g(0) f (0).
Since f, g commute in T, then f(0)g(0) = f(0)c%g(0)) = (fg)(0) =
(gf)(0) = g(0)o°(f (0)) = g(0) f(0) and the corollary is proved. O

Definition 2.7. Let o be an endomorphism of R. o is caled a rigid
endomorphism if ro(r) =0 impliesr =0 for r € R. A ring R is said
to be o-rigid if there exists a rigid endomorphism o of R.

Remark 2.8. Recall that aring R isreduced if R has no nonzero nilpotent
elements. Observe that reduced rings are abelian, i.e., al idempotents are
central.

Corollary 2.9. Let R be a reduced ring, o an automorphism of R and
o(e) =e. If Risaclean ring, then T is a strongly clean ring.

Proof. Since R is a reduced ring, then every idempotent e of R is central
and by using Proposition 2.4. T is strongly clean. O

The following example shows that it is possible to find automorphisms
of a reduced ring which are not rigid.

Example 2.10. Consider the ring R = {(a,b) € Z & Z|a = b(mod?2)},
with the usual operations of componentwise addition and multiplication;
R is clearly a commutative reduced ring. Now let o : R — R be defined
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by o(a,b) = (b, a), then o is an automorphism of R. Note that R is
not o -rigid.

Proposition 2.11. Let R be a ring, char(R) = 0 and o be an
automorphism of R. Then Risa o-rigidifandonly if T = (HR, 0) is
a reduced ring. In this case o (e) = e, for every idempotent e € R.

Proposition 2.12. Let R be a o-rigid ring where o is an automor phism
of R and char(R) = 0. If R isa clean ring, then T is a strongly clean
ring.

Proof. Since R is a o-rigid ring, then R is a reduced ring and o (e) = e
for all €2 = e e R by using Proposition 2.11. Therefore T is a strongly
clean ring by using Corollary 2.9. O

3. Simplicity, Primeness and Semiprimeness of Skew Hurwitz Series
Ring.

In this section we give some properties of a skew Hurwitz series
ring. Let R be a ring with an automorphism o. For any o-ideal | of R,
o induces a ring endomorphism of R/l givenby r +1 — o(r)+1. We
denote this endomorphism by o again and note that o is an automorphism
of R/I if and only if o(1) = 1.

Remark 3.1.

i) To every right ideal | in R it corresponds a right ideal (H1, o) in
T=(HR,0) where (HI,o)={f €T | f(n) e | fordl n e N}.

i) Incase | isao-idea (resp. left ideal) of aring R, then (HI,0) is
a o-ideal (resp. left ideal) of T.

Proposition 3.2. If | is a o-ideal of R, then (HR,0)/(HIl,0) =
(H(R/1), 0).

Proof. We consider a mapping ¢ : R — R/I defined by ¢(r) =r+1 =T
which is a canonical epimorphism of rings. Now we define a mapping
¢*: (HR,0) — (H(R/I), o) by the following

' (=1, st, f(N=¢(f(n)=TFMn) fordlneN



52 A. M. HASSANEIN

It is easy to verify that ¢* is an epimorphism. First, ¢* is a well
defined since if f = g whee f,g €¢ T = (HR,0), then
n = x(f) = n(g) and f(n) = g(n) for al n € N. Hence
f(n)+ 1 = g(n) + 1. Therefore f'(n) = g(n) and f = g. Also,
Ker(p* ) ={feT|f(n)el,ie, f e(HIl,o)} =(HI, o). Therefore
T/(H1,0) = (H(R/1), o). O

Theorem 3.3. ([3], Theorem 2.6 (i)). If R is a prime ring with
char(R) = 0. Then for any automorphismo of R, thering T = (HR, o)
is a prime ring.

Proposition 3.4. Let R be a ring with char(R) = 0 and o be an
automorphism of R. Then | is a o-prime ideal of R if and only if
(HIl,0) isaprimeideal of T = (HR, o).

Proof. Since | is a o-ideal of R, we have T/(HI,0) = (H(R/I),0)
by Proposition 3.2. Since | is a o-ideal of R, then R/l is a prime
ring and hence (H(R/1), o) is a prime ring by Theorem 3.3. Therefore
T/(HI, o) isaprimering and hence (HI, o) isaprimeidea of T. O

Theorem 35. Risao-smpleringif and only if T = (HR,0) isa
simple ring where o is an automorphism of R.

Proof. Suppose that T isn't ssmple. Then there exists a proper two sided
ideal M # 0 of T. Hence there exists a proper two sided o-ideal of
R generated by {f(s)|f € M, s = x(f)} which contradicts the o-
simplicity of R.

Conversely, suppose that R isn't a o-simple ring. Hence there exists
a nonzero o-idea | of R. Consequently (H1, o) is a proper two sided
ideal of T which is a contradiction. O

We recall that an ideal | of aring R isa maximal ided if R/l is
a simple ring.

Proposition 3.6. Let | be a o-ideal of aring R. Then | is a maximal
ideal of R if and only if (HI, o) isa maximal ideal of T.

Proof. The proof is similar to that of Proposition 3.4. O
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Theorem 3.7. Suppose o isan automorphismof R satisfying the condition
that the right annihilators of any principal right ideal of R is o-ideal.
Then, if T = (HR, o) is a semiprime ring, so is R.

Proof. Suppose R is not a semiprime ring. Then there exists a nonzero
eement a of R with aRa = 0. This means that a € rr(aR) from our
hypothesis o (rr(aR)) C rr(aR). It follows that o(a) (hence o"(a) for
al neN)isinrgr(aR) or aRo"(a) =0 for al n € N. This implies that
h,Thy = 0 showing that T is not a semiprime ring. O

Definition 3.8. A proper o-ideal | of R is said to be a o-semiprime
ideal if whenever A is an ideal of R and m is an integer such that
Act(A)C | fordlt>m,then ACI.

It is not difficult to show that a proper o-ideal | of R isa o-prime
ideal if and only if whenever A and B are ideals of R and m is an
integer such that Ac'(B) € | foralt>m,then AC | or B C I. This
shows that any o-prime ideal is a o-semiprime ideal. The ring R is said
to be o-prime or o-semiprime according as its zero ideal is a o-prime
or o-semiprime ideal.

Theorem 39. Let R be a ring with char(R) = 0 and o is any
automorphism of R. If R is a o-semiprime ring, then T = (HR, o)
is a semiprime ring.

Proof. Suppose that T is not a semiprime ring, then there exists a nonzero

ideal D suchthat D°=0. Let I, ={g(n) e R|ge D, n=n(9)} C R,

| = J1n and J be the ideal of R generated by I. Let g, f € D and
neN

he T wheren(g) =n, 7(f) = mand n(h) = s. Hence fhg € D2 = 0.

Consequently,

0= (fhgy(m+s+n) =

m+s+n m
( m )f(m)o (hg)(s+ n)

. <m+s+n

m )(S: n) f(m)o™(h(s)o*(g(n)))
= ("L fmem i)™ g

Since char(R) = 0, then f(m)a™(h(s)) o™S(g(n)) = 0. Let
K = Rf (m)R = (f(m)) bethe principal ideal generated by f (m). Hence
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Ko'(J) =0foralt > mandsince K € J, then Ka'(K) € Kot(J) =0
which contradicts the fact that R is a o-semiprime ring. O
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