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SOME PROPERTIES FOR CERTAIN CLASS OF ANALYTIC
FUNCTIONS DEFINED BY CONVOLUTION

M. KAMAL AOUF - A. O. MOSTAFA - E. AHMED ADWAN

In this paper, we introduce a new class Hy (f, g; &, k) of analytic func-
tions in the open unit disc U = {z € C: [z| < 1} defined by convolu-
tion. The object of the present paper is to determine coefficient estimates,
extreme points, distortion theorems, partial sums and integral means for
functions belonging to the class Hy(f,g;a,k). We also obtain several
results for the neighborhood of functions belonging to this class.

1. Introduction

Let A denote the class of functions of the form

f(Z)=z+ianz", )]
n=2

which are analytic in the open unitdisc U = {z € C: |z| < 1}.
For functions f given by (1) and g € A given by

§@) =2+ Y b (by>0), @)

n=2

the Hadamard product (or convolution) of f and g is defined by
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(F*8)@) =2+ Y anbud’ = (g% 1)),

n=2

Definition 1.1 ([9], [10], [13] and [16]). For k > 0,0 < a < 1 and z € U, let
S(k, @) denote the subclass of functions f € Aand satisfying the condition:

e (Zf'@ +k~*f"<z>) -a.

f(2) (@)

Definition 1.2. For 0 < o < 1,k > 0and forallz€ U, let H(f, g; o, k) denote the
subclass of A consisting of functions f(z), g(z) € A and satisfying the analytic
criterion:

"

Af*g)(z) | 2 (f*g) (2)
Re{ 06 (o }”“

We note that for suitable choice of g, we obtain the following subclasses.
(1) If we take g(z) = 1=, then the class H(f, 1;;a,k) reduces to the class
S(k, o) (see [13]);
(2) If we take

3)

g2)=2+Y 0,2" )
n=2

(or b, = o,), where

O (oy +Ai(n—1))...T(a, +A,(n—1))
(n—1)IT(B; +Bi(n—1))...T(By+By(n—1))

oy = &)
(a;,Ai>0,i=1,...,¢;B;,B;>0,j=1,...,5:q<s+1;q,s s N,N={1,2,...})

and

(i :qo (ai)> ; (6)

then the class H(f,z+ Y. 0,7"; a,k) reduces to the class Wy (a, k) (see [5])
n=2

_ o 2R 2 (W)
_{feA.Re{ ) +k W (o) }>a,




CERTAIN CLASS OF ANALYTIC FUNCTIONS DEFINED BY CONVOLUTION 5
0<oa<1l;k>0;9,scN;ze U}, @)

where W f(z) is the Wright’s generalized hypergeometric function (see [6]
and [22]) which contains well known operators such as the Dziok-Srivastava
operator (see [7]), the Carlson-Shaffer linear operator (see [1]), the Bernardi-
Libera-Livingston operator (see [11]), Owa-Srivastava fractional derivative op-
erator (see [15]), the Choi-Saigo-Srivastava operator (see [4]), the Cho-Kwon-
Srivastava operator (see [3]), the Ruscheweyh derivative operator (see [17]) and
the Noor integral operator of n-th order (see [14);

(3) If we take
o (I 1+pn-D\" ,
g(Z):Z+,;2<l+1> < (8)

(mbn:<&%%ﬁﬁyﬂrneNo:NU{mwuZOJEOLﬂmnmed%s

H(f,z+ i (%)mz”;a,k) reduces to the class £, (u,l, o, k):
n=2

o e @) | 2 ey
‘{f EA‘R{ P DR }>°"

0§a<hk2&leQm€NmeU}, )

where the operator I (1, /) was introduced and studied by Ciitas et al. (see [2]).
Denote by T the subclass of A consisting of functions of the form:

flza)=z— i a,?" (ay > 0), (10)

n=2

which are analytic in U. We define the class Hy (f, g; o, k) by:

Hr(f,g:0.k) =H(f,g;a,k)NT. (11)
Also we note that:
() Hr(f,z+ ¥ 0.2 0,k) = TW{ (a,k) (g,s €N,k>0,0<a < 1), where
2

o, given by (5’3:(866 [5D;
(2) HT(fvli,Z;O“k) = ST(kaa) (k >0,0<a< 1)’

G Hr(fiz+ ¥ (FE) e k) = T2 (r k) (0< @ < 1,k >0,
n=2
u,lZO,mENO).
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2. Coefficient estimates

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
0<a<l1,k>0,b,>0,n>2, z€ U and g(z) is defined by (2).

Theorem 2.1. A function f(z) of the form (1) is in the class H(f,g; o, k) if

Y (kn* +n—kn—a)byla, < 1-a. (12)
n=2

Proof. Assume that the inequality (12) holds true. Then we have

Y [n+kn(n—1)—1]b,|an| |Z|n_1
< n=2

-1

) 2(f*g) (2)
90 T (90

1+ Y bylan| 2"
n=2

oo

Y [n+kn(n—1) —1]by |an|
n=2 <l-a.

1= ¥ bylay|
n=2

This shows that the values of the function

o) (V&) D2 () (2
(f+8)(2)
lie in a circle centered at w = 1 and whose radius is 1 — o.. Hence f(z) satisfies
the condition (12). This completes the proof of Theorem 2.1. O

(13)

Theorem 2.2. A necessary and sufficient condition for f(z) of the form (10) to
be in the class Hr(f,g; &, k) is that

oo

Y (kn* +n—kn—a) bya, < 1-a. (14)
n=2

Proof. In view of Theorem 2.1, we need only to show that f(z) € Hr(f,g; o, k)
satisfies the coefficient inequality (12). If f(z) € Hr(f, g; &, k) then the function
® (z) given by (13) satisfies Re {®(z)} > a. This implies that

(fx2)(z —z—Zb an?' #0(z € U\{0}),

Noting that M is the real continuous function in the open interval (0,1)
r
with f(0) = 1, we have

1—ana,, 0(0<r<1). (15)
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Now

1— Y nbya,”" ' —k ¥ n(n—1)bua,r"!
®(r) = —"=2 1 > a,
1— Y bya,r!
n=2

and consequently by (15) we obtain

oo

Z (kn2+n—kn— Oc) bpan ' <1—0t. (16)
n=2

Letting r — 17 in (16), we get (14). This completes the proof of Theorem
2.2. O

Corollary 2.3. Let the function f defined by (10) be in the class Hy (f,g; o, k),
then

1—
W= o +Ea—k3)— )b, 22 {an

The result is sharp for the function

1—
J@)=2- (kn2+51—kj)—a)bnzn (n22). (18)

3. Distortion theorems

Theorem 3.1. Let the function f(z) defined by (10) belong to the class Hr(f,g;
o, k). Then for |z| =r < 1,we have
(1-a) 2 (1-a) 2
- 7y < < —_— 19

" mri—ah, SIS GG T (19)
provided b, > by (n > 2). The result is sharp with equality for the function f(z)
defined by
(1-a) 2

f(Z)=z——(2k+2_a)b2z (20)
at z=rand z = re'> V7 (n € N).

Proof. We have

f@I<r+ Y ar" <r+r7Y a,. (21)
n=2 n=2
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Since for n > 2, we have

(2k+2— )by < (kn* +n—kn— ) by,

then (14) yields
2k+2—a)by Y an < Y (ki +n—kn—a) bya, < (1—t) (22
n=2 n=2

or

)

NS A 23
,;2“ = (2k+2—a)b, 23)
From (23) and (21) we have
(1-a) 2
< -~ @@
Fla) < r+ (2k+2—a)by
and similarly, we have
(1-a) 2
>r—— 2
@l zr =G —an
This completes the proof of Theorem 3.1. O

Theorem 3.2. Let the function f(z) defined by (10) belong to the class Hr (f,g;
o, k). Then for|z| =r <1, we have

2(l—a)
“kra—awh S OIS ma TR

provided b, > by (n > 2). The result is sharp for the function f(z) given by (20)
at z=rand z = reé® V% (n € N).

Proof. For a function f(z) € Hr(f,g; &, k), it follows from (14) and (23) that

2(l—a)

<% 25
ng”a" = (2k+2—a)b, (25)

Since the remaining part of the proof is similar to the proof of Theorem 3.1, we
omit the details. O
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4. Extreme points

Theorem 4.1. The class Hr(f,g; ¢, k)is closed under convex linear combina-
tions.

Proof. Let f;(z) € Hr(f,g; 0, k) (j=1,2), where

fi@)=z=Y an;?" (an;>0; j=1,2). (26)
n=2
Then it is sufficient to prove that the function % (z) given by

h(z)=pfiz)+(1—wfh) 0<u<l)
is also in the class Hr(f,g;0,k). For0 <pu <1

oo

h(z) =z— Z (a1 + (1 — uw)app)7",
n=2

and with the aid of Theorem 2.2, we have

oo

) (kn* +n—kn—a) by - [Uan1 + (1 — 1)ay 2]
n=2

<u(l—@)+(1-p)(l-a)=1-a

which implies that & (z) € Hr(f,g; o, k). This completes the proof of Theorem
4.1. O

As a consequence of Theorem 4.1, there exist extreme points of the class
Hr(f,g;a,k), which are given by:

Theorem 4.2. Let f1(z) =z and

(1-a)
(kn>+n—kn—o)b,

n

fn(Z) =7

Then f(z) is in the class Hr(f,g; &, k) if and only if it can be expressed in the
Sform

f(Z) = Z ,unfn(z)a (27)
n=1

oo

where 1, >0 (n>1) and Y, u, = 1.
1

n=



10 MOHAMED KAMAL AOUF - ADELA O. MOSTAFA - EMAN AHMED ADWAN

Proof. Assume that

- . - (1—06) n
;“”f” — n;z(knz—i—n—kn—a)bn Hnz

Then it follows that

> (kn*+n—kn—a)b, (1-a)
= (1-—a) (kn? +n—kn—a)b,

L
=Y m=(—m) <1 (@8)
n=2

So, by Theorem 2.2, we have f(z) € Hr(f,g; ¢,k).
Conversely, assume that the function f(z) defined by (4) belongs to the class
Hr(f,g;a,k). Then a, are given by (14). Setting

_ (k*+n—kn—a)b,
Hn = (1—a) n

(29)

and

oo

m=1=Y p,
n=2

we can see that f(z) can be expressed in the form (27). This completes the
proof of Theorem 4.2. O

Corollary 4.3. The extreme points of the class Hr(f,g; o, k) are the functions
fi(z) =zand

(1-—a) i
pr— e >2 .
fal2) =z (knz-i-n—kn—oc)bnz(n_ )
5. Partial sums

In this section, applying methods used by Silverman [21], we investigate the
ratio of a function of the form (1) to its sequence of partial sums f,,(z) = z+

Z anZ". More precisely, we will determine sharp lower bounds for Re { ff ((ZZ)) } ,
2 m

Sn(2) @) fu(2) .
Re{ 70 } Re { 70 } and Re { 7 } . In the sequel, we will make use of the

1
well-known result that Re +w()

1—w(z)

satisfies the inequality |w(z)| < |z].

} >0(zeU)ifandonlyif w(z) = ¥, ¢,2"
n=1
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Theorem 5.1. If f(z) is of the form (1) and satisfies the condition (12) and

f(zz) #0 (0 < |z] < 1), then
f(2) } 1
Re >1— (30)
{fm(z) Cm+1
and
1 n=23,....m
> b M )
Cn_{ Cnil n=m+1lm+2,..." B31)
where

2 e —
¢, = +?1 _kz) )b (32)

The result in (30) is sharp for every m, with the extremely function

(33)

Proof. We may write

1+w(z) f(z) 1
[—w(p) ! {fm(z) ~(1- Cm+1)}

m =)
1+ ) anzn_l + Gyl Y anzn_l
_ n=2 n=m+1 . (34)

m
1+ Y apz"!
n=2

Then

- -1
Cnr1 X ap?"
n=m+1

w(z) =

= o —
242 Y a7 '+ Cry1 Y anzt!
n=2 n=m+1

and

Now |w(z)| < Lif

oo

m
201 Y, lan| <2-2Y) |al,
n=m+1 n=2



12 MOHAMED KAMAL AOUF - ADELA O. MOSTAFA - EMAN AHMED ADWAN

which is equivalent to

S}

Z ‘an‘ +Cm+l Z |an| < 1. (35)
n=2 n=m-+1

It is suffices to show that the left hand side of (35) is bounded above by

oo

Cy |ay|, which is equivalent to
2

n=

m

Y G- Dlanl+ Y (Co—Coin) an] > 0.

n=2 n=m+1

To see that the function f given by (33) gives the sharp result, we observe for
z=re™/" that

=1+ (36)
f m(z) m—+1
Letting z —> 17, we have
f@ 1
fm(Z) Cm+1
This completes the proof of Theorem 5.1. O
Theorem 5.2. If f(z) is of the form (1) and satisfies the condition (12) and
1) #0(0< |z| < 1), then
Z

fm(z) Cm+1
re{ S5 )2 T

The result is sharp for every m, with the extremely function f(z) given by (33).
Proof. We may write

1+w(z)
1—w(z)

:(1+Cm+l){fm(Z) Cint1 }

f(Z) a 1 +Cm+1

m oo
1+ ) anzn_l —Cny1 X anzn_l
n=2 n=m+1

- = ) 37

1+ Y a,zt!
n=2

where
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(1+Cm+l) Z anzn_l

W(Z): _ n=m+1 _ 7
242 Y @ '+ (Cur1—1) Y ayz!
n=2 n=m+1
and
(14+Cns1) ¥ |an
|W(Z)|< n=m+1

2 2z|a,,| Cni—1) T Ianl'

n= n=m+1
Now |w(z)| < 1 if and only if

e m

2Cn+1 Z lan| < 2_22 |an|,
n=2

n=m+1

which is equivalent to

oo

Y Jal 4Gt Y Jan| < 1. (38)

n=2 n=m-+1
It is suffices to show that the left hand side of (38) is bounded above by

Y C,lay,|, which is equivalent to
n=2

Z( Co—1)|an| + Z (Co— Cus1) |an] > 0.

n=2 n=m+1
This completes the proof of Theorem 5.2. O
Theorem 5.3. If f(z) is of the form (1) and satisfies the condition (12) and
f(ZZ) #0 (0 < |z] < 1), then
(@) Re S@ |, mt (39)
f,;(Z) N Cm+1
and
J Cm
() Re Lo G (40)
f(2) 1+m+Cpiy
where
1 n=1,23,....m

n=m+1m+2,...
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and C,, is defined by(32). The estimates in (39) and (40) are sharp with the
extremely function given by (33).

Proof. We prove only (a), which is similar in spirit of the proof of Theorem 5.1.
The proof of (b) follows the pattern of that in Theorem 5.2. We write

1—w(z) In(2) Cint1
m C [
1+ Y na,2" '+ m”%l' Y na,?"!
n=2 n=m+1

m
1+ Y na,z"!
n=2

where

w(z) = m =
242 Y na,7" 1+ %:11 Y na,7t!
n=2 n=m+1

and

(@) <
2-2 Zzn]an] — m”jll Y nla,
n—=

n=m-+

Now |w(z)| < 1 if and only if

oo

m
Cm+1
nla, + nlag] <1, (41)
n;2 m+1 n:§+l

since the left hand side of (41) is bounded above by )oi Cy |ay|, this completes
n=2
the proof of Theorem 5.3. O

6. Integral means

2
In [19] Silverman found that the function f, =z — “ is often extremal over
the family 7'. He applied this function to resolve his integral means inequality,
conjectured and settled in [20]:
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[ oo Pao < [T e do
0 0

forall f €T, 6 >0and 0 <r < 1.1In [19], he also proved his conjecture for
the subclasses T (o) and C(¢) of T, where C(@) and T*(a) are the classes of
convex and starlike functions of order ¢, 0 < o < 1, respectively.

In this section, we prove Silverman’s conjecture for functions in the class

Hr(f,g: k).

Lemma 6.1 ([12]). If the functions fand g are analytic in U with g < f, then
for6 >0 and0<r<1,

21 T 21 T
/ |g(re' )’ d0§/ |f(rel )’ de.
0 0
Applying Theorems 2.1, 2.2 and Lemma 6.1 we prove the following theorem.

Theorem 6.2. Suppose f(z) € Hr(f,g; &, k),8 > 0, the sequence {b,} (n>?2)
is non-decreasing and f>(z) is defined by:

- 2
= 42
P& =i e *2)
thenforz:rei9,0<r<l,wehave
2T . S 2n . S
/ |f(re'®)|"de < / | f2(re')|" do. (43)
0 0

Proof. For f(z) of the form (10) (43) is equivalent to prove that

2n oo 1 ® 2 (1 _ Ot) 6
1—) a7 deg/ l— ————1z| d6.
/0 ;2 " 0 (2k+2—a)by
By using Lemma 6.1, it suffices to show that
d l1-o)
1— - (-0 44
,;2“"2 (2k+2—a)by" “4)
Setting
1 i a1 —1_ &w(z) (45)
= (2k+2—a)by

and using (14) and the hypothesis {b,} (n > 2) is non-decreasing, we obtain
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(2k—i—2 Ot bz

w(z)| = Z an?"”

< IZ’;(%ZZ__?)])Z%

kn —|—n kn—o )b

‘Z‘ Z (X) an

SIZ\.

This completes the proof of Theorem 6.2. U

7. Neighborhood for the class Hr(f,g; a,k)

In [8], Goodman and in [18], Ruscheweyh defined the d- neighborhood of func-
tion T by

Ns(f) = {heT h(z —z—chz,Zn|an—cn|<5} (46)

In particular, if
e(z) =3, 47

we immediately have

Ng(e) = {heTh —z—chz,Zn|cn|<6} (48)

Theorem 7.1. Ifb, > by (n > 2) and

__2(-a)
T (2k+2—-a)by’ (“49)
then
Hr(f,g:a,k) C Ns(e) (50)

Proof. Let f € Hr(f,g;a, k). Then, in view of the assertion (14) of Theorem
2.2 and the given condition that b, > b, (n > 2), we have
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2k+2—a)by ¥ ay < Y (kn® +n—kn— o) byay
n=2 n=2
< (1 *(X)7

so that (1-a)
1—
Lo Gra e Gy

Making use of (14) again, in conjunction with (51), we get

bZZnan_ (- (Oc—2k)b2ian

n=2

< (1—oc)Jr(oc—21{)192(2]cgr12__()26>b2
2(1—a)

~ (2k+2-a)

Hence

21-0) _
L= 5 ey = 2

which, by means of the definition (48). This completes the proof of Theorem
7.1. O

Now we determine the neighborhood for the class H ( f ,8; . k), which we

define as follows. A function f(z) € T is said to the class H ( f,g o, k) if there
exists a function {(z) € Hr(f,g; @, k) such that

'2—1‘<1—y(0§}/<1) (53)

Theorem 7.2. If {(z) € Hr(f,g; &, k) and

5(2k+2—0¢)b2
2[2k+2—a)by — (1 —0a)]

y=1- (54)

then

N5(8) c HY(f,g: 0, k) (55)

where

§<2-2(1—a)[(2k+2—a)by] . (56)
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Proof. Suppose that {(z) € Ns({). We find from (46) that

Zn]an—cn\ <84, 57)
n=2
which readily implies that
- o
Y lan—cal < 5. (58)
n=2

Next, since §(z) € Hr(f,g; o, k), we have [cf. equation (51)] that

Z‘ 2k+2 a)b (59)
so that
FACT i
£e) 3
n=2

<§ (2+2k—a)b;

T 2[2k+2—a)by—(1— )]

=1- Y,

thus, by the above definition, f(z) € H;Y) (f,g;a,k) for y given by (54). This
completes the proof of Theorem 7.2. O

Remark 7.3. (i) Taking g(z) = z+ Z 0,7" (¢, € NJk>0,0 < ¢ < 1), where
=

o, given by (5), in the above results we obtain the corresponding results for
the class TWy/(a, k), we obtain the results obtained by Dziok and Murugusun-
daramoorthy (see [5]);

bad m
(i) Taking g(z) = 1=; and g(z) =z+ ¥ (W#) 7", respectively, in the
' n=2

above results we obtain the corresponding results for the classes Sr(k, o) and
TL,(u,l,a k), respectively.
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