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FUNCTIONAL CONTINUITY OF UNITAL By-ALGEBRAS
WITH ORTHOGONAL BASES

M. EL AZHARI

Let A be a unital By-algebra with an orthogonal basis, then every mul-
tiplicative linear functional on A is continuous. This gives an answer to a
problem posed by Z. Sawon and Z. Wronski.

1. Preliminaries

A topological algebra is a complex associative algebra which is also a Hausdorff
topological vector space such that the multiplication is separately continuous. A
locally convex algebra is a topological algebra whose topology is determined by
a family of seminorms. A complete metrizable locally convex algebra is called
a By-algebra. The topology of a By-algebra A may be given by a countable fam-
ily (|l-[)i=1 of seminorms such that [lx]}; < [Jxlfs+1 and [lxylls < [l iyl
for all i > 1 and x,y € A. A multiplicative linear functional on a complex al-
gebra A is an algebra homomorphism from A to the complex field. Let A be a
topological algebra. M*(A) denotes the set of all nonzero multiplicative linear
functionals on A. M(A) denotes the set of all nonzero continuous multiplicative
linear functionals on A. A seminorm p on A is lower semicontinuous if the set
{xeA: p(x) <1} isclosedin A.

Let A be a topological algebra. A sequence (e,),>; in A is a basis if for each
x € A there is a unique sequence (0,),>1 of complex numbers such that x =
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>, oyey,. Each linear functional e : A — C, €];(x) = a,, is called a coefficient
functional. If each e, is continuous, the basis (e, ),>1 is called a Schauder basis.
A basis (e,),>1 is orthogonal if e;e; = §;je; where §;; is the Kronecker symbol.
If (e,)n>1 is an orthogonal basis, then each ¢ is a multiplicative linear func-
tional on A. Let A be a topological algebra with an orthogonal basis (e,),>1.
If A has a unity e, then e = £ ,e,. Let (x;)x be a net in A converging to 0,
since the multiplication is separately continuous, e,x; = e;(xx)e, — 0 and so
e (xx) — 0. Then each orthogonal basis in a topological algebra is a Schauder
basis. Let f be a multiplicative linear functional on A. If f(e,,) # O for some
no > 1, then £(x) f(en) = F(xen) = F(ef, (¥)en) = €5y (x)f(eny) for all x € A
and therefore f = e, € M(A). This shows that M(A) = {e; :n > 1}.

Here we consider unital By-algebras with orthogonal bases. These algebras were
investigated in [3] where we can find examples of such algebras.

2. Results

Proposition 2.1. Let (A, (]|.||))i>1) be a unital By-algebra with an orthogonal
basis (en)n>1. Then there exists x € A such that the sequence (€,(x))n>1 is not

bounded.

Proof. Suppose that sup,,~. |e};(x)| < oo for all x € A. For each x € A, let

x| = sup,~ le(x)], ||.]| is a lower semicontinuous norm on A since (e,),>1
is a Schauder basis. Let 74 be the topology on A determined by the family
(|].[i)i>1 of seminorms. We define a new topology T on A described by the
norm ||.|| and the family (||.||;);>1 of seminorms. The topology 7 is stronger
than the topology 74. By Garling’s completeness theorem [1, Theorem 1], (A, 7)
is complete. The topologies 74 and T are homeomorphic by the open mapping
theorem. Then there exist iy > 1 and M > 0 such that ||x|| < M||x||;, forallx € A,
hence 1 = |e}(en)| < ||en|| < M]|en||;, for all n > 1. This contradicts the fact that
e, —n 0. ]

Proposition 2.2. Let A be a unital By-algebra with an orthogonal basis (ey)n>1.
Ifx=X> tyen € Asuchthatt, € R, t, <t,i) forn>1andt, — oo, then f(x) €
R forall f € M*(A).

Proof. If f € M(A), f = e for some n > 1, then f(x) =1, e R. If f € M*(A) \
M(A), then f(e,) =0 for all n > 1. Suppose that f(x) ¢ R, f(x) = o+ i with
B # 0. Since 1, — oo, there exists ng > 1 such that 7, > a + || for all n > ny.
We define the sequence (s,),>1 by sp = t,, for 1 <n <ng and s, =1, for n >
no+ 1. It is clear that y = X _;s,e, € A such that s, > o+ B/, s, < 5,41 for

n> 1 and s, — . Since f(e,) =0 for all n > 1, f(y) = f(x) = a +iff. We
have f(|B|~'y) = |B|"'ac+ilB|~'B, then f(|B|~'y — B[ 'cte) =il B|~'B. Set



FUNCTIONAL CONTINUITY OF UNITAL By-ALGEBRAS 99

z=|B| Yy —IB|” ]ae—Z;’fl BB %e,. The real sequence (7% B %),>1 is positive

Sn

increasing and =% Iﬁ\ — oo, thenz ! =X Bl z¢n €A by [3, Theorem 0.1] and

n=1s,—
f@)=—ilBIB~" 50 flz+27") =0.Setv=z+z ' =7 (5f +; \ﬁl e,
and v, = \ﬁl + \ﬁ\ for all n > 1. Since the map g : [1,00) — R, g(x )_x+7

is increasing and the sequence (7= 5] %),>1 C [1,00) is increasing, it follows that
(va)n>1 is a positive increasing sequence and v, — oo. By [3, Theorem 0.1],
vili=x> vi”en € A and therefore f(e) = f(v)f(v~') = 0. This contradicts the
fact that f is nonzero. O

The following two results are due to Sawon and Wronski [3], the proofs are
given for completeness.

Theorem 2.3. (/3, Theorem 2.1]). Let A be a unital By-algebra with an orthog-
onal basis (ey)n>1. If x =X _ t,e, € A such thatt, € R, t, <t,1 forn>1and
t, — oo, then every multiplicative linear functional on A is continuous.

Proof. Suppose that M*(A) . M(A) is nonempty. Let f € M*(A) ~ M(A), then
f(ey) =0 for all n > 1. Put f(x) = a, then o € R by Proposition 2.2. Since
t, — oo, there exists ng > 1 such that ¢, > o for n > ng. Considery =X A,e, €
A such that A, =1t,, for 1 <n <ngand A, =1, forn > ny+ 1. Since f(e,) =0
for all n > 1, it follows that f(x) = f(y) = . We have y —ae =X v,e, €A
where v, = A, —a foralln > 1. It is clear that v,, >0,v, <vyy forn > 1and
vy — o0. By [3, Theorem 0.1], (y — ate) ™' =X Le, € A, so y— ae is invertible

nlv

and f(y — aee) = 0, a contradiction. O

Proposition 2.4. ([3, p.109]). Let (A,(||.|l:)i>1) be a unital By-algebra with an
orthogonal basis (ey),>1. Then the set N of all positive integers can be split
into two disjoint subsets N\ and N, such that by putting A\ = span(ey)nen, and
Ay = span(ep)nen,, we have

(1)A=A1®A;

(2) if f is a multiplicative linear functional on A such that f ¢ M(A), then
Sfia, =0

Proof. By Proposition 2.1, there is x = X ,7,e, € A such that the sequence
(tn)n>1 is not bounded. Then there exists a subsequence (f, ),>1 of (#,)n>1 such
that |ty | > n® for all n > 1. For each i > 1, there is M; > 0 such that ||t,e,||; < M;
foralln>1.Leti>1andn>1, I’l2||ean,' < |tkn|||ean,' = ||tk,,ek,,||i < M;, then
llex,||; < n=2M;. This implies that I°_ e, is absolutely convergent. Let A} =
span{ey, :n > 1}, A} is a unital By-algebra with an orthogonal basis (ex, )n>1
and Z:Zln%ekn € Aj since n%||ekn||,~ <n 3M;foralli>1andn> 1. Set Ny =
{kn:n>1},N, = N~ N, and A, = span{e, : n € N»}.A; is a By-algebra with
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an orthogonal basis (e,)nen, and the unity u = e —u; where u; =X ¢, is
the unity of A;. Letx € A, x = xe = x(u; +uz) = xu; +xus € A} + Az, then A =
A} @A If f is a multiplicative linear functional on A such that f & M(A), £/,
is a multiplicative linear functional on Ay such that f/4, (ex,) = 0 for all n > 1.

Since X7 ln%ekn € Ay, f/a, 1s continuous on A; by Theorem 2.3 and therefore
fra, =0. O

Sawon and Wronski [3, p.109] posed the following problem:

Problem 2.5. Let A be a unital By-algebra with an orthogonal basis (e,),>1.
Does there exist a maximal subalgebra A, = 5parnif{e, : n € N;}(N; C N) of A
for which (1) and (2) hold?

Proposition 2.6. Let A be a unital By-algebra with an orthogonal basis (ey)n>1.
Then the following assertions are equivalent:

(i)A =span{ey : n € N} is a maximal subalgebra of itself for which (1) and (2)
hold;

(ii) every multiplicative linear functional on A is continuous.

Proof. (i) = (ii) : Let f be a multiplicative linear functional on A such that
f ¢ M(A), f is zero on A by (i). Then every multiplicative linear functional on
A is continuous.

(ii) = (i) : It is clear that A satisfies (1). Let f be a multiplicative linear func-
tional on A such that f ¢ M(A), then f is zero on A since f is continuous, hence
A satisfies (2). ]

Proposition 2.7. Let (t,),>n, be a complex sequence, the following assertions
are equivalent:

(i) Z;:no ‘tn —Int1 | < oo

(if) there exists M > 0 such that |t,| —i—ZZ;;]tn —tyt1| <M forall g > p > ny.

Proof. (i) = (ii) : Let € > 0, there exists n; > ng such that X7°_ |y — 51| < €
forevery n > ny. let m >n > ny, |ty —tw| < |th —thsr| + .o+ |tm—1 — 1] < €.
Then the sequence (t,),>,, converges, so there is My > 0 such that |£,,| < M, for
all n> ng. Let g > p > no, tg| + i pltn — tus1| < Mo+, [t —tura -

(ii) = (l) :Letp>npandg=p+1, Zg:no‘ln _tn+1’ < |tq’ +Zz;r1;0|ln _ln—&-l‘ <
M. Then the sequence (X}—p |ty —ty11]) p>n, 1S positive increasing and bounded,
so it is convergent i.e. X2 [ty — tyi1| < o°. O

Proposition 2.8. Let (A, (]|.||))i>1) be a unital By-algebra with an orthogonal

oo

basis (en)n>1- If (ta)n>n, is a complex sequence such that L7, |ty —t, 1] < o,
then X°_ tye, € A.

n=ng
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Proof. Let g > p > ny, by usmg the equality 1, = 1,4+ X_ n(tk tr41) for every
p < n < g, we obtain that X ptnen tlep+ ... +eq—1) + (tk —trs1)(ep+
. +ek). Leti>1, szzpl‘nenH, < |tq|||ep + ... Feg- 1|| —|—Z |lk tk+1|||ep+
-1
. —i—ekH,' < (|lq| +ZZ:p|tk — lk+1 |) SUp,<ik<q Hep + ... +€k||i < Msuppgkgq ||ep +
..+ ex||; by Proposition 2.7. Let € > 0, since e = X7, e, € A, there is n; > ny
such that |le, + ... +exl|; < eM~! for n; < p <k, hence SUp,<k<q4llep + -+
er||; < eM~! forn; < p < q. Then HZZ;},tnenH,- < & for n; < p < g. This shows

that X", 7,en is convergent in A. 0

Theorem 2.9. Let (A, (||.||i)i>1) be a unital Bo-algebra with an orthogonal basis
(€n)n>1. Then every multiplicative linear functional on A is continuous.

Proof. By Proposition 2.8, x = X 116,1 € A. Let f € M*(A) and o = f(x),
then f(ae —x) =0. We have ae —x=X7_ (@ — e, =%  “=l¢, Let N be
the set of all positive integers. Put Iy = {n € N:n# a '}, I, =Nif a~! ¢
Nand Iy = N~ {a '} if a ! € N. Let mg = inf{n € N: |a|n—1 > 0} and
consider the complex sequence (5 )n>m,- Let n > mq, 57 — a(%ll)_l =
We have |an—1| > |a|jn—1and |o(n+1)—1| > |a|(n+1) —
1

1
(an—1)(a(n+1)-1)"
1—\a\n+\a\—1>\a\n—1 Letn > mg, |otln—1> 0, hence 1+ <

Jan—1] = Jafn—1
1 n+l _
and oty < e Consequently |ty — Gotih | = iy <
1
(lofn—1)*"
Then X, e, €A by Proposmon 2.8 and therefore X,e/, g—yen € A.

Ifoa ' ¢ Nie. I =N, (0te —x)Z7_ o
contradiction. If @' € N, put ng, = o=, then (ote — x X)Znely gumen = ZnclyCn
hence X,¢; e, € Ker(f) since e —x € Ker(f). If e,, € Ker(f), then e = e, +
Locl en € Ker(f), a contradiction. Finally f(e,,) # 0 and therefore f = e

O

e, = e, then e — x is invertible, a

Remark 2.10. Proposition 2.6 and Theorem 2.9 give an answer to Sawon and
Wronski’s problem.
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