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MANIFOLDS WITH INTEGRABLE
AFFINE SHAPE OPERATOR

DANIEL A. JOAQUIN

This work establishes the conditions for the existence of vector fields
with the property that theirs covariant derivative, with respect to the affine
normal connection, be the affine shape operatorS in hypersurfaces. Some
results are obtained from this property and, in particular, for some kind of
affine decomposable hypersurfaces we explicitely get the actual vector fields.

1. Introduction.

When making an analysis of the affine hypersurfaces with constant Pick
invariant that had been studied in [1], [2] we run into the existence of a special
type of vector fields V, (tensors of type (1, 0)), for which VV = §, where V is
the connection induced by the affine normal and § is the affine shape operator
(the Weingarten operator).

We also noticed that this was possible and obtained explicit expression for
the affine hypersurfaces of decomposable type studied in [4].

Is the existence of these vector firlds possible in the general case of affine
hypersurfaces? And if this is so, which are the necessary conditions for that to
happen?

These matters are treated in the present work, after developing briefly the
necessary basic theory and establishing the notation to be used. With this
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purpose, we took into consideration the exposition made in K. Nomizu and
T. Sasaki book. [5].

Consider an n-dimensional manifold M of class C*® and F : M — R"+!
an immersion of class C*°, where we assume the affine space R"*! endowed
with its usual flat connection D and a fixed volume form w.

The Weingarten’s structural equation Dx& = —SX establish the existence
of atensor S which is of type (1, 1), called the shape operator and the structural
Gauss’ equation DyY = VxY + h(X, Y)& give us V, the so called normal
connection.

Considering the vector fields as tensors of type (1, 0), if we apply them the
covariant derivative, they become tensors of type (1, 1).

We begin establishing the basic theory of affine immersions geometry in
Section 2.

Section 3 is devoted to establishing the conditions for the existence of the
mentioned vector fields.

In Section 4 we give some results derivated from the existence of these
vector fields and in the fifth and last section we apply the theory developed for
the particular case of affines hypersurfaces of decomposable type with some
special properties.

2. Geometry of affine immersions.

Let M be an n-dimensional manifold of class C* and F : M — R"*!
an immersion of class C*. We assume the affine space R"*! with its usual flat
affine connection D and a fixed parallel volume element w.

A differentiable vector field n it said transversal to F(M) if at each
point p € M and for any referential (X, ..., X,) the vectors (F),(X1), (F\)p
(X2), ..., (F)p(Xn), 0, form a basis of Tr(,(R"!) = R*"!. Obviously, this
condition is equivalent to w(X1, ..., X, n) # 0. For the sake of simplicity, we
shall identify F,(X) with X for each X € I} (M).

For an arbitrary transversal vector field n we have the following structures:

A non trivial volumes form 6 given by

(2.1) 0(X1, ... X)) =o(X1, ..., X1, 1)

A tensor S of type (1, 1) and a 1-form t by means of the Weingarten’s structural
equation

(2.2) Dxn=—-SX 4+ t(X)n (Weingarten equation)
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A bilinear form 4 and a connection V for the Gauss formula
2.3) DxY = VxY 4+ h(X,Y)n (Gaussequation)

The symmetric bilinear form # is called the affine fundamental form relative to
the transversal vector field 7.

We are interested in verifying if the couple (V, 6) defines an affine uni-
modular structure, that is, if VO = 0. Since V6 = 6 ® 7, the condition VO = 0
is equivalent to T = 0. [5].

If the affine fundamental form /4 is nondegenerate we have a volume form
wy, defined by

op(X1, .., X,) = |det(h;;)|"/?, where h;; = h(X;, X;) and 6(X1, ..., X,) = 1

If we choos an arbitrary transversal vector field 1, then we obtain on M the
affine fundamental form £, the induced connection V and the induced volume
element 6. We want to achieve, by an appropriate choice of n, the following
two goals:

M  Ve=0
a  0=aw,

For each point p € M, there is a transversal vector field £ defined in a
neighborhood of p satisfying the conditions (I) and (II) above [5]. Such a
transversal vector field is unique up to sign.

This transversal vector field is called the affine normal field and the induced
connection V, the affine fundamental form /4, and the affine shape operator S
make up the so called Blaschke structure (V, &, S) on the hypersurface M. The
induced connection V is independent of the choice of the sign of £ and is called
the Blaschke connection.

For an immersion of this type we have the following equations:

2.4 (Vxh)(Y,Z) = (Vyh)(X, Z) Codazzi equation for &
(2.5) (VxS)Y = (VyS)X Codazzi equation for §
(2.6) h(SX,Y)=h(X,SY) Ricci equation

2.7 Vo =0 Equiaffine condition
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(2.8) 0 = wy Volume condition

2.9 Vo, =0 Apolarity condition

Definition 2.10. The torsion tensor field 7', associated with a given affine
connection V, which is a tensor of type (1, 2) is given by:

(2.11) T(X,Y)=VxY —-—VyX —[X,Y].

For the connection V induced by the affine normal field, the torsion tensor field
is zero. We say in this case that V is torsion free.

Definition 2.12. The curvature tensor field R, associated with a connection V,
which is of type (1, 3), is given by

(2.13) R(X,Y)Z =VxVyZ —VyVxZ — Vixn\Z.

If the connection V is torsion free, the tensor field R hold the first and the
second Bianchi identities:

(2.14) R(X,Y)Z+ R(Y,Z2)X + R(Z,X)Y =0.

(2.15)  (VxR)Y,Z, W)+ (VyRYZ,W,X)+(VzR(W,X,Y)+
+(VwR)XX,Y,Z)=0.

Definition 2.16. The Ricci tensor field, which is of type (0, 2) is given by
(2.17) Ric(Y, Z) = trace {X — R(X,Y)Z}.

The tensor field R satisfies the fundamental equation

(2.18) RX, Z =h(Y,Z)SX — h(X, Z)SY (Gauss equation)
from which we obtain

(2.19) Ric(Y, Z) = Tr(SYh(Y, Z) — h(SY, Z)

where Tr(S) is the trace of the shape operator S.
From Codazzi equation (2.4) it is seen that the cubic form C given by

(2.20) CX,Y, Z2)=(Vh)X,Y, Z)

is symmetric on X and Z.
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If we denote V the Levi-Civita connection of h, we can consider the tensor
field K given by the difference between the connections V and V. This tensor
field, which is of type (1, 2), called difference tensor is given by

K(X,Y)=VyY — VyY

Since V and V are free torsion we have K(X,Y)= K, X). Moreover, it can
be seen that C(X,Y,Z) = —2h(K(X,Y), Z), therefore, the cubic form C is
symmetric in all three arguments. [5].

3. The form vector field.

Let M be a C* manifold of dimension n, connected and 1-connected, and
F : M — R"" an immersion of class C*°.
For each p € M the set

0, ={Z, e T,(M)|R,(X,,Y,)Z, =0 forall X,,Y,eT,(M))

is a subspace of T,,(M), thus, the assignement p — Q,, for each p € M defines
a distribution Q in M. We assume that dim(Q) > 1.

Let V be a vector field and (U, x = (x!, ..., x)) a coordinate neighbor-
hood around a point p € M. If we put X; = 9/dx’, we can write the vector field
VasV =Y a*X;, where a* € C*(U).

k

The vector field is a tensor field of type (1, 0), therefore VV is a tensor
field of type (1, 1) and we make ourselves the following question: Is it possible
that VV = § for some vector field V ? The answer is affirmative if V € Q.

The equality VV = S is equivalent to (VV)X = SX or

3.1) VxV =8X for all X e X(U).
If we consider (3.1) for X = X;,i =1, 2, ..., n we obtain

(3.2) dak=8S->"Tka" i k=1,2,...n
1 m
m

where S¥ are the components of the tensor field S with respect to the local
coordinate system x = (x', ..., x*) and Ff‘m are the Christoffel’s symbols of the
normal connection V.
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To use the Frobenius’ theorem that guaranteed the existence of solution for
the system (3.2) we must check the integrability conditions given by

(3.3) 3 (Sj‘ -y Ffma"’> —9; (sj’f -y Fj].‘mam> =0
k k
Calling A the first term in the left side of (3.3) we have

A=9;SFE = @ Tk pa" = > Tk @a™) — 9:SE+ > (0T, Da" +
m m m
+ ) T, @™
m
Replacing 0;a™ and 0;a™ obtained from (3.2) and reordering we have
A=0;SE-Y Tk (s;" -y r;.’;al) — 8k 4+ > T, (s;" -y r;;’al) +
m ! m !
£3 frh, —
m
=0,k = > Tk sm 4y kol — g+ >k sm -y "1k rial +
m I,m m !

+> {art, — Tk, Ja™
m

= |:8ij - 81.S‘]]'(+ Z{ijmszm - FlkmSJm}i| + |:Z {8iFJ]'{m - 8jrlkm +
m

m

X - i o
1

Now, we see that every one of the brackets in the above expression are zero.
For the first, by codazzi equation for S we have

0= a)k((ijS)Xi - (VX[S)XJ)

= of ( D@ SHX, + > T, SmX = Y TESLX) + of = (@:5)X; —
! I,m I,m

l
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> T SX A+ F}’}Sf,,X,)
I,m I,m
= o ( D @ SHX + Y TSI X =Y (@0:SHX, — > T, S}”X,)
1 I,m 1 I,m

= 0;8F — o;SF+ Y (T, s — 1k, 5m)
m

jm*i im"j

where of = dx*, which shows that the first bracket is zero.
For the second we proceed as follows:

the term 9}, — 8; T}, + Xl: (T4 T}, — T4T},) is the component RY,, of

J*im il * jm jim

the curvature tensor R respect to the local coordinate system x = (x', ..., x"),
and since V € Q we have

0=R(X;, X))V = R(X;, X,-)(ZM’X,,,)

= ZamR(xj, X)X = Z RY,a" Xy
m k,m

and hence, > R}‘imam = 0, which shows the second bracket is zero too.

Since tl';le integrability conditions are held, the Frobenius’ theorem guaran-
tee us the existence of solution for the system (3.2) and moreover, it can be seen
that the system does not suffer any alterations by coordinate changes in such
manner that V can be extended globally.

The next proposition shows that the existence of nonzero vector field V
such that VV = § guarantee us that dim(Q) > 1.

Proposition 3.4. Let V € X (M) be such that VV = S, and V # 0. Then
R(X,Y)V =0forall X,Y € X\(M).

Proof. Let X, Y € Xi(M), then

(3.5) R(X,Y)V = VyVyV — VyVyV — Vix |V
= Vy(SY) — Vy(SX) — S[X, Y]

From Codazzi’s equation we have

(3.6) 0= (VxS)Y — (VyS)X = Vx(SY) — S(VxY) — Vy(SX) + S(VyX)
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from which
3.7 Vx(SY) — Vy(SX) = S(VXY) — S(VyX) = S(VXY — VyX).

Replacing in (3.5)

RX,Y)V = S(VxY — VyX)— S[X, Y]
= S(VxY — VyX —[X, Y]
S(T(X,Y))
=0

since V is torsion free.

4. Some results.

In this section we prove some results based in the existence of the vector
field V with the property VV = §.

An immediate consequence of this condition is that the trace of § is the
divergence of V. In fact, remembering that the divergence div(X) of a vector
field X (relative to a connection V) is given by

div(X) = trace{Z — V X}
we have
div(V) = trace{Z — V,V} = trace{Z — SZ} = Tr(S).

Proposition 4.1. Let V € X(M) be such that VV = S, then the covariant
derivative and the Lie derivative of S respect to V are the same, that is,
Lvs = V\/S

Proof. Let Y € X(M) be, then

(VyS)Y = Vy(SY) — S(VvY)
= VsyV +[V,SY]— S(VyV + [V, Y]
= S(SY)+ [V, SY]— S(SY) — S[V, Y]
=[V,SY]—S[V, Y]
= Ly(SY)— S(LyY)
= (LyS)Y

from which Ly S = Vy S since Y was arbitrary.

Next, we give a relation that involves the cubic form C, the Lie derivative
of the first fundamental form 4 respect to V and the tensor §, whenever V is
one of the arguments of the cubic form.
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Proposition 4.2. Let V € X(M) be such that VV = S, then
C(X,Y,V)=(Lyvh)X,Y)—2h(SX,Y)

forall X, Y € X(M).
Proof. Let X, Y € X(M) be, then

CX,Y,V)=(Vh)X,Y,V)=(Vyh)X,Y)
=VhX,Y)—-h(VyX,Y)—h(X,VyY)
=VMhX,Y)—h(VxV +[V,XL.Y)—-h(X,VyY +[V,Y])
=VhX,Y)—-h(V,X],Y)—h(X,[V,Y])—h(SX,Y)—h(X, SY)

Now, since S is selfadjoint with respect to & (Ricci’s equation), we have,
h(SX,Y)=h(X, SY), therefore

C(X,Y, V)= (Lvh)(X,Y)—2h(SX, Y).
Proposition 4.3. Let V € X(M) be such that VV = S and A a tensor field of

type (1,r), then
SA=(Vy —Ly)A

where S A is given by

SAT, .., YY) =SAX, .., YY) — ZA(Y], wes Yy s Yp)
k=1

Proof. Let Y1, ..., Y, € X(M) be arbitrary vector fields on M, then

(Vv AT, s ¥) = Ty (A e Y0) = D A s Vi Y oY)
k=1

.....

WV + VAT YL = ) AT ViV + [V Y )
k=1

= S(A(Yy, ..., Y)) + Ly(A(Y,, ..., ¥})) — Z A(Yy, ., SYy, o V) —
k=1

.
- Z AYy, o Ly Yy, o, Y
k=1
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=AM, ... )+ (Ly ATy, ..., Y))
that is, VyA = SA + Ly A, and hence
SA=(Vy — Ly)A.

Proposition 4.4. Let V be a vector field on M such that VV = S and let
Xy(M) = {Y € X(M)|h(V,Y) = 0}, that is, Xy(M) is the submodule of
X (M) make up of all orthogonal fields to V with respect to h. Then Xy (M) is
invariant by S.

Proof. Let Y € X}(M) be an arbitrary vector field, then
4.5) Ric(Y, V) =trace{Z — R(Z,Y)V} =0

since R(Z, Y)V = 0 by proposition (3.4).
On the other hand, (2.19) give

(4.6) Ric(Y, V) = Te(S)h(Y, V) — h(SY, V)

Combining (4.5) and (4.6) we obtain

4.7) h(SY,V)=Tr(S)h(Y, V)

from which is immediate that A(SY, V) = 0 if h(Y, V) = 0, that is, SY €

Xy(M)if Y € Xy(M). We conclude that X0y (M) is invariant for S.

5. The decomposable case.

In this section we develop the theory for the affine hypersurfaces of
decomposable type, some of which, have been studied in [1], [3], [4].

We start with a special case. In [4] we have a hypersurface M of decom-
posable type for which VK = AR, with A = —]5. It is parametrized by

5 +- 4 by (t; > 0)
—_— o« s . —_— s > .
2 2 :

(tlv LAAS] tn) - (tlv LAAS] tnv VPN +

In this case, the expressions for S¥ and Ff‘j in (3.2) are

S]] = —ntf’] and S} = 0 in all other cases.
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MYy =—", Ty =—1{""ifk > land I'; = 0 in all other cases.

The system (3.2) becomes

(5.1) da' = —nt! ' + 17"l
(5.2) Qa' =ta* k=2,3,..,n
(5.3) wa' =0  k=1,2,..,n. j=2,3,..,n.

From (5.3) we see that a2, ..., a" are constant functions. Now, we verify the
integrability conditions for (5.1) and (5.2).

For j, k > 2, the conditions in (5.2) are 3;(t] "' a*) — 3, (¢/"'a’/) = 0 which
are satisfied trivially since a* is constant for k > 2.

If k > 2, the conditions in (5.1) are & (—nt!"' + 1, 'a') — 8,17 a*) = 0,
that is,

tflaka] —(n+ l)t{’ak = t{’ak —(n+ l)t{’ak = —ntfak =0
which implies that a* = 0 for k > 2 and from (5.2) we see that a' only depends
on the variable ¢,.
On the other hand, from (5.1) the function a' holds with the ordinary
differential equation
(5.4) da' —t'a' = —nt!
whose solution (with normalized constants) is

n

! n
a () =—
n—1

The vector field V is therefore

tfnf]
(5.5) v=—=""r(10,..,0 -1
n—1 n—+1

Now, we make us the following question: What happens if as above, we have
n—1 functions of parabolic type, but the remaining one is an arbitrary function?
2
For the sake of simplicity we take fi(f;) = f(¢1) and fi(¢;) = % for
1=2,3, .., n.
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On one hand, S| = @ +2)2 —L_ (VD [(n +2)h — (2n + 3)g] and S’ =0 for

all other cases, where h = i f”)2 and g = (j})f . [3]
On the other hand, I'}, = niZ ]}, I = n+2 (f”)2 ifk >2and Fk =0 for

all other cases. 1
Moreover, note that I'}, = =i,
In this case, the system (3.2) becames

(5.6) da' =8| —T},a’
(5.7) fa' = -T,a"  k=2,3,..n
(5.8) ha’' =0  k=1,2,..,n, j=2,3,..,n

From (5.8) we see that the functions a?, ..., a" are constant. For (5.7) the
integrability conditions for j, k > 2 are
3j(~Tga") — (=T j;a") =0

¥ is constant and I'}, only depend on the

which are trivially satisfied since a
variable #; for k > 2.

For the remaining ones, with k > 2, we have that

(5.9) W(S| —Tla") —8,(-T},a") =0
or equivalently
(5.10) LT +ar})d =0  k=2,3,..,n

So, we have two possible cases:

(i) LT, +ol, #0 or (i) LT, +aT, =0

@ Flllrllk + 8]F11k #0

This implies that a* =0 for k = 2,3, ..., n, therefore, from (5.7) we see that
the function a' only depends on the variable ¢, and from (5.6), a' is solution
for the ordinary differential equation of first order

.11) Y +Thy =S
Moreover, it is immediate to see that
(5.12) ]"”F]lk + 9 Fllk (f//)l/(n+2)Sl

therefore S| = 0.
The solution of (5.11), (after normalizing constants) is given by

(5.13) al = (f”)*l/<n+2) /(f//)]/(n+2)S]]

We can summarize this case in the following theorem:
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Theorem 5.13. Let M be an affine hypersurface of decomposable type para-
metrized by

2

t 2
(t1y coor ty) = (t1 oo by (1) + 52 +et )

If the non parabolic component function f satisfies (n +2)h — (2n + 3)g # 0,
4 "
where h = ?}‘L))z and g = %fL)g then there exists a vector field V such that

VV = S. This vector field is given by V = a' X |, where

a] — (f//)fl/(n+2) /(f//)]/(n+2)S]]

and
X] - F*(al)

with S]] given by

Si = W(f”)‘“"”)[(wz)h (2n +3)g]-

(i) T\ T +ol), =0
This implies that the a* are either constants and for (5.12) we have S| = 0,
therefore S = 0, so M is an improper affine hypersphere.

From S| = 0 we obtain h = 2”+23g, from which f(t;) = ¢"/"+D
(normalizing constants). In this case, the equations (5.6) and (5.7) are:

1
5.15 8a' = ——+7'a!
( ) 1 n+1] a4

n—+1
(5.16) a' = ———1/" Dk, k>2, a* constant.
n

From (5.16) we see that a! is
(5.17) a'(ty, o ty) = Bty — 22 1/<n+1)za "

Using the equation (5.15) we obtain «/(#;) since

[a(n) - ‘“"*”Za ' }

Ol(t]) n/<n+])z k —
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from which, rearranging and simplifying we have

/ 1 -
o/ () = ——1, 'B(1)).

Hence,
a(t)) = t]]/(n+])

Finally, the function a' is given by

n

1 Yoty BT 1mt

al(ty, .o ty) =1,/" )—Tt]/<" "y dfy
k=2

n
1/(n+1) n+1 k
=1 ] — — E aty|.
] [ — ki|

We summarize this case in the following theorem:

Theorem 5.18. Let M be an affine hypersurface of decomposable type para-
metrized by

t? t?
(t1s oor ty) = (t], ey Iy f(11) + % +--- 5”)
where the non parabolic component function f satisfies (n+2)h—2n+3)g =0
with h and g as in the Theorem 5.13. Then M is an improper affine hypersphere,
f isof the type t — t""*VD and there exists a vector field V such thatVV = §,
which is given by

n
V=aX + Zaka
k=2

n

where a'(ty, ..., t,) = t]wnﬂ) 1 — % > aktki|, with a* constant for k > 2
k=2

and X; = F,(9;) for j =1,2, ..., n.

As a final illustration we apply the above development for the affine hy-
persurface of decomposable type whose unimodular Pick invariant is a nonzero
constant [1].

For this hypersurface,

(n+1)° ;=2 )

F) = 2(n+3)!
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therefore )
4(n +2)° 2/m+1)
)= ——t
g( ]) (n + 1)2 1
2 2)(3 5
h(t,) = (n +2)( n2+ )t]Z/(n+])
n+1
and using these, S| = —-2+. Since S| # 0 we apply the Theorem 5.14. From
(5.13) we have
a'(n) = f
n—1

so that, the vector field V is given by

2 n+1 _
V= lt](l,0,0, ...,0,—Lt <”+3)/<”+”>.

n— n+3"!
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