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CALDERON’S REPRODUCING FORMULAS FOR THE
SPHERICAL MEAN L>-MULTIPLIER OPERATORS

KHALED HLEILI

First we study the spherical mean L?>-multiplier operators on [0, +oco[ x R".
Next, we give for these operators Calderén’s reproducing formulas and
best approximation formulas.

1. Introduction

In the Euclidean case the multiplier operator T;, associated with a bounded func-
tion m on R” is defined by 7, f m f where f denotes the classical Fourier
transform. Many authors [5, 9, 24] have been interested to extend the L” Fourier-
multipliers on several hypergroups and to show similarly its L”-boundedness.
Recently, these operators are studied in [25] where the author established some
applications (Calderén’s reproducing formulas, best approximation formulas
and extremal functions...) .

The spherical mean operator % is defined, for a function f on R x R", even with
respect to the first variable [15], by

A0 = [ F3+1E)d0,(0.E), (nx) €RXE,
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where $” is the unit sphere of R x R" and do, is the surface measure on §"
normalized to have total measure one.
The dual of the spherical mean operator ' is defined by

F00) = e [ 8y

The spherical mean operator % and its dual have many important physical appli-
cations, namely in image processing of so-called synthetic aperture radar (SAR)
data [6, 7, 23, 28], or in the linearized inverse scattering problem in acoustics

[4].

The Fourier transform % associated with the spherical mean operator is de-
fined for every integrable function f on [0, +oo[ X R" with respect to the measure
dv]’H—] 5 by

W(s,y) €T, F(f)(5,y) = /0 - /R (0% (cos(s.)e M) (1x)dvy 1 (),

where dVv,, is the measure defined on [0, +oo[xR" by

n dx
n—1 dr ® n
2T @)

I%

)

dvn+1(r7x) =

|-l p,v,r, its norm, and Y is the set given by
T=RxR"U{(irx), (nx) eRxR", |r| < |x]}. (1.1)

Many harmonic analysis results related to the Fourier transform .% have already
been proved by Dziri, Jlassi, Nessibi, Rachdi and Trimche [3, 8, 15, 18] or also
by Peng and Zhao [17, 30]. Recently, Baccar, Omri and Rachdi [2] studied the
generalized Fock spaces associated with the spherical mean operator %, and
Msehli, Rachdi and Omri [13, 14, 16] established several uncertainty principles
for the Fourier transform .%.

Let m be a function in the Lebesgue space L*(dV,1). We define the spher-
ical mean L?>-multiplier operators on [0, 4o x R", for regular functions

Tnef =7 '((me00)F(f)), €>0,
where m is the function given by

me(r,x) = m(€r, €x), (1.2)
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and 0 is the bijective function, defined on the set

Yy = [0,+oo[xR"U{(is,y) ; (5,) € [0,+0o[xR"; s < |y|}

0(s,y) = (/s> + %) (1.3)

Our purpose in this work is to study the multiplier 7,, ¢, for which we shall
prove an analogue of the Calderdn’s reproducing formulas by using the theory
of the Fourier transform .# and the convolution product .

Next, we use the theory of reproducing kernels to give best approximation of
these operators and a Calderdn’s reproducing formula of the associated extremal
function. This paper is organized as follows, in the second section we recall
some harmonic analysis results related to the spherical mean operator & and its
associated Fourier transform .%.

In the third section we study the spherical mean L?-multiplier operators The,
and for these operators we establish Calderén’s reproducing formulas.

The last section of this paper is devoted to giving best approximation for
every function m € L*(dVv,) of the operators T, ¢.

by,

2. The spherical mean operator

In [15], Nessibi, Rachdi and Trimeche showed that for every (u,A) € C x C",
the function ¢, ;) defined on R x R" by

O (1x) = 7 (cos(u.)e M) (1 x), @1

is the unique infinitely differentiable function on R x R", even with respect to
the first variable, satisfying the following system

0
a—;_(r,xl, X)) = —IAju(r, X1, ..., Xpn), 1<j<n,

J
E%u(r,xl,...,xn) —Au(r,x1, .. ) = —12u(r,xy, ..., x,),
u(0,...,0) =1,
u
E(O,xl,...,xn)zo, (X1,...,%,) € R,

92
where £, is the Bessel operator, defined by ¢ ] + ——=, and A denotes

2 arr  ror

n

the usual Laplacian operator defined by A = Z The authors proved also

2
9,2
dx J
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that the eigenfunction @, 3) defined by relation (2.1), is explicitly given by

V(I’,X) eR x Rn, (p(m;L)(r,x) = J%l (l’\/ ,llz + ‘l’z)eii“m, 2.2)

where j 1 is the modified Bessel function defined by

. 1 n+1 J%(Z) n+l. = (_l)k z
P =271 )ZT -5 )Zz)k!r(%%tk)(i)

* zecC,

1
3 (see [1, 11] and

and J 1 is the Bessel function of the first kind and index _
[29)).
The modified Bessel function j 1 has the following integral representation

ar(2tly "
VzeC, j%(z) = \/E(FE"; /o (1—1%)2""cos(zt)dr. (2.3)
2

Relation (2.3) shows in particular that, for every z € C and for every k € N, we
have

j(k) (Z)‘ < e|lm(z)\‘

n—1
2

From the properties of the modified Bessel function j% , we deduce that the

eigenfunction ¢, ;) is bounded on R x R" if, and only if, (1, 1) belongs to the
set Y given by relation (1.1), and in this case

sup |<p(m(r,x)\ =1. (2.4)
(rx)eRxR"

In the following we shall define the translation operators, the convolution
product and the Fourier transform .%# associated with the operator .%. For this
we denote by
e %y, the o-algebra defined on Y. by,

Py, = {07 (B), B € Bpor([0,+o[xR")},

where 6 is the function, given by relation (1.3).

® ¥,+1 the measure defined on #y, by, ¥,11(B) = Var1(6(B)).

o L7 (dYy41), p € [1,4o0] the Lebesgue space of measurable functions f on Y,
such that || ]| .y,,, < +oe.

We have the following properties (see [15] and [26])
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1) For every nonnegative measurable function g on Y, we have

/ Yé’(”vl)d’}/n—i—l(.u?l) -

1 oo n—1
/ g A (12 + A1) T wduda

25T (=) (2m)?

+// (i AP )% wdp ).

ii) For every nonnegative measurable function f on [0, 4eo[xR" (respectively
integrable on [0, +oo[xR" with respect to the measure dV,,+1), f00 is a measur-
able nonnegative function on Y, (respectively integrable on Y with respect to
the measure d7,.+1) and we have

[ oy = [ [ rmavt

Moreover, the function f belongs to L (dV,+1), p € [1,+00] if and only if fo0
belongs to L?(d7,+1) and we have

1A lp s = [I.f08

According to Rachdi, Nessibi and Trimeche (see [15, 26] and [27]), we have the
following definition and properties for the translation operator associated with
the spherical mean operator

(2.5)

Definition 2.1. i) For every (r,x) € [0, +eo[xR", the translation operator 7,
associated with the spherical mean operator is defined on L? (dV,+1), p € [1, 49|,
by

r(*)
VTL(3)

if) The convolution product of measurable functions f and g on [0, +oo[xR", is
defined by

Tir) () (5,5) =

T
/ (\/r2+s2+2rscos@,x—i—y)sin”71(9)d9.

oo
V() € 0.+l xR frg(rx) = [ [ T (D59l )vin (5.9),
whenever the integral of the right-hand side is defined.

For every (r,x) €]0,+o[xR", and by a standard change of variables, we
have
71 ft,x+ )W (r,s,0)t"dt
) 7S7 )
2*"511“(—”*21) 0 Y7

V(s,y) €]0,40o[xR", T,y (f)(s,) =
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where the kernel %, is given by

n

P 4 0 S (et B G G
7%1(7 J)_z%r(%)ﬁ (I’Sl‘)”_l 1]\r—s\,r+s[(t)'

Also, the coming properties are satisfied
e For every f € LP(dV,11), p € [1,+00], and (r,x) € [0, +oo[xR", the function
Tirx) (f) belongs to LP(dV,1) and we have

H,ﬁr,x) (f)HI%VnH < HfHI%VnH . (26)

1 1 1
e Let p,q,r € [1,+00] such that — + — = 1+ —. Then for every f € L (dV,11)
q r

p
and g € L(dv,1), the function f x g belongs to the space L"(dV,+1), and we
have the following Young’s inequality

|[f*g

|q7Vn+1 ‘

|r7Vn+I < ||f‘|P7Vn+1 Hg

In the following, we shall define the Fourier transform .# connected with the
spherical mean operator, and we recall some of its properties that we need in the
next sections.

Definition 2.2. The Fourier transform .% associated with the spherical mean
operator is defined on L' (dv,, 1) by [15]

+oo
YA €Y FNWA) = [ 10098 (0 dVai (),

where @, ;) is the eigenfunction given by relation (2.2), and Y is the set defined
by relation (1.1).

Then, according to [15], we have
For every f,g € L'(dV,,1),

F(f+8) =T ()7 (s),
and (U, A) €Y
y(ﬁrﬁx) (f))<”72’> = (P(u,l)(rux)j\(f)(u7k)' 2.7

Moreover, relation (2.4) implies that the Fourier transform .# is a bounded lin-
ear operator from L!(d v, ) into L*(d%,1), and that for every f € L' (dV, 1),
we have

17 e ir < UM (2.8)
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For every positive real number € and for every m € LP(dV,11),p € [1, 4], the
function m, defined by relation (1.2), belongs to L?(dV,) and we have

1
Hm€HP7Vn+1 = 2n+1 ”me1""+1. (29)
E

In [15], Rachdi, Nessibi and Trimeche, established the following inversion for-
mula and Plancherel theorem for the Fourier transform .%.

Theorem 2.3 (Inversion formula). Let f € L' (dV,1) such that  (f) € L' (dYu11),
then for almost every (r,x) € R x R"

£r) // Qi) (1 X) d i1 (1,4).

Theorem 2.4 (Plancherel theorem). The Fourier transform % can be extended
to an isometric isomorphism from L*(d Vv, 1) onto L*(dY,+1) . In particular, for
every f € L*(dVyy1)

1F (D2 = 11201

Corollary 2.5. For all functions fand g in L*(dV,1) , we have

[ [ rgtavea o = [ [ F0)w0F @0 Adnew.)
0o Jre T,

Remark 2.6. (i) For every f,g € L?(dV,1); the function fx* g belongs to the
space C,o(R x R") consisting of continuous functions # on R x R", even with

respect to the first variable and such that ~ lim  A(r,x) =0.
P24 |x2—+oo
Moreover,

fre=F UF())F (), (2.10)
where .Z ~! is the mapping defined on L' (dy,.) by

F D00 = [ [ (12000001 (1,2)

(ii) Let f,g € L*(dV, 1), the function f * g belongs to L?(dV, 1) if and only if
Z(f).Z (g) belongs to L*>(d?,1), and we have

F(fxg)=F(f)F(8)
(iii) Let f,g € L*(dVy4 1), then

1F () F (g = I1F * 8ll2vir- (2.11)
(iv) For every g € L' (dy,11), % ! (g) belongs to L*(dV,+1), and we have

17~ @) lleevrer < N8l
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3. The Spherical mean L>-multiplier operators

In this section we study the spherical mean L?>-multiplier operators on [0, oo x R"
and for these operators we establish Calderén’s reproducing formulas.

Definition 3.1. Let m be a function in L?(dV, ) and let € be a positive real
number. The spherical mean L?-multiplier operators is defined for regular func-
tions f on [0, +oo[xR", by

V(r,x) € [0,+00[xR",  Tef(rx)=F '((me00)F(f))(rx), (3.1
where m; is the function given by relation (1.2) and 0 is the function defined by
(1.3).

Proposition 3.2. (i) For every m € L*(dV,11), and f € L' (dV, 1), the function
Tef belongs to L*(dVyy 1), and we have

1
1 Tmefll2viii < EIIMH;M A1 v

(ii) For every m € L*(dV,41), and f € L*(dVy11), then T e f € L™ (dVni1), and
we have

Thef (1) = [ [ (0 0)(10,2) 7 (1) (1,2) 9000 X0 1 (1,2),

and
1

e s < gz Il 1l

(iii) For every m € L*(dV,+1), and f € L*(dV,y1), the function Ty . f belongs
to L*(dV,11), and we have

HTm-,esz-,Vn+l < Hm”°°7vn+l‘|f||27vn+l‘
Proof. (i) From relations (2.5), (2.8), (3.1), and Theorem 2.4, the function 7, ¢
belongs to L?(d Vv, 1), and we have
H‘g‘\(ﬂn,sf)ul%ﬂ - H(meOG)y(f)HZ,m]
[[(me 0 0)||2,5,., [|-F () lleo

L3 (ERWY V(TR

NN

Then, the result follows from (2.9), and Theorem 2.4.
(ii) Using (2.5), (3.1), and Remark 2.6 (iv), for every m € L*(dV,.1), and f €
L?(dV,y1), the function Tnef € L*(dVyy1), and we have

1 Tneflleovr < [[(me 0 €)F (F)]l101-
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From Hoélder’s inequality, relation (2.9), and Theorem 2.4, we obtain

1 Tnefllooyr < 11(me 0 0) |2y, 7 (F) 2

- ”mg ”27Vn+I ||f”27Vn+l ’

1
—zr |2, 1 120
E 2

Part (iii) follows from (2.5), (3.1), and Theorem 2.4. O

Remark 3.3. According to relation (2.10), for every m € L*(dV,+1) and f €
L?(dV,+1), we can write the spherical mean L?- multiplier as

V(rx) € [0,4oo[xR", Tpef(rx)= ffﬁl(mgoe) * f(r,x). 3.2)

Theorem 3.4. Let m be a function in L*(dV, 1), satisfying the admissibility

condition
|2@ =
€

/+m\msoe(u,x) I, (WA)ET. (3.3)
0

(i)Plancherel formula: For every f € L*(dV, 1), we have

oo de
2 2
1B = [ 1T B

(ii) First Calderén’s formula: Let f be a function in L' (dv,. 1), such that
Z(f) in L"(dYy1), we have

f(rx)= /(:oo (Tmﬁf*ﬁ_l(mgo 9)) (r,x)%, a.e.(r,x) € [0, 4o xR".

Proof. (i) From relations (2.11) and (3.2), we have
e de Foo e _ de
| itet B s = [ 1F oo 0y« nmoPdvin (n0)
0 € 0 0 R~ €
too pop d
= [T ] meo0tx)F ()50 Pt (0
0 T, €

= [ e ([ meo 0P ) i)

The result follows from Theorem 2.4, and (3.3).
(i) Let f in L'(dV,;1). According to Proposition 3.2 (i), relation (2.6), and
Corollary 2.5, we have

Foo - d
/0 (Tmﬁf*ﬁ*l(mgoe)) (r,x)?g

LT L e ) T o0 Gt ()|

/0+oo [/ Y y(Tmﬁf)(&y)gi(ﬁr,—X)(y1(’"809)))(S7Y)d7n+1(s,)’)} c%g
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Using (2.7), we obtain

te o de
| Guer =77 meo®) (1 >g

[T #0600 oo Pantsn]| T

Since,

L [/ /Y Do) ()| Ime 0 0(5,9) P s (s, y)] B

<[ [ 1ZD60)dn ()

Then, the result follows from Fubini’s theorem, relation (3.3), and Theoren 2.3.
O

Lemma 3.5. Letm € L2(dV,+1)NL”(dV, 1), satisfy the admissibility condition
(3.3). Forevery 0 < £ < § < oo, the function

Kot d) = [ Imeoo(u 1)L

belongs to L?(d%,+1), and we have

S 57(2n+1)_67(2n+1)
1K 31 <10(5) > Il Il

de
Proof. Using Holder’s inequality for the measure 2 we get for every (u,A) €

Y
5. 96 de
K a1 AP <In() /é me 0 0 (i, A)[*2E.

From (2.5), and (2.9), we obtain

N de
IKsally., < (e[ |[ / me O, 2) 'yt (0. 2) |

6 5 (2n+1) (2n+1)

2
< (5 2n+1 Hm||2,Vn+1H ”ooanrl
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Theorem 3.6. Second Calderén’s formula. Let m € L*(dV, 1) NL*(dV,.1),
satisfy the admissibility condition (3.3).Then for every f € L*(dV,.1) and 0 <
& < 8 < oo, the function

8 — d
£ = [ (Tnef » 77 (me0®) (59 5.

belongs to L*(d Vv, 1) and satisfies

" . =0 3.4
(5,6)—1)%+’+oo) ||f fHZ-,V,,_H ( )

Proof. From Proposition 3.2 (iii), (2.6), (2.7) and Corollary 2.5, we have

753(r) /[// Boe (5T (7 e 05 5.)]

€

/ [//T+ Qi) (1) [me 0 6(s, V) dypar (s, y)] de

By Fubini-Tonnelli’s theorem, Holder’s inequality, relation (2.4) and Lemma
3.5, we get

FlL o

< / / L (F)(5,)| Ke s (5,9)d W1 (5,7)

de
63810 () o O s 59|

§ E-(nt1) _ §-(ant1)
In(2) 1 12w 12,0, oo, < oo

& 2n+1
Then, from Fubini’s theorem and Theorem 2.3, we obtain
1200 = [ [ F 06999000 (0K 5. 3)d 701 (5.9)

=7 (ZF(f)Ke 5)(rx).

On the other hand, from relation (3.3), the function KC¢ 5 belongs to L= (d¥,+1),
from this fact and Theorem 2.4, the function f 9 ¢ L?*(dVy 1), and we have

F(f+0) = F(fKe s
Using the previous result and Theorem 2.4, we get

1759 = 1By = [ [ 12020 (K (1,2) = 1P 31 2).

The relation (3.4) follows from lim ¢ 5y, 0+ 4e0) K¢ 5(14,4) = 1, and the dom-
inated convergence theorem. O
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4. The extremal function related to spherical mean L>-multiplier opera-
tors

In this section, by using the theory of extremal function and reproducing Ker-
nel of Hilbert space [19-22], we study the extremal function associated to the
spherical mean L?-multiplier operators. The main result of this section can be
stated as follows.

Definition 4.1. Let o be a positive function on Y satisfying :

o(u,A) =1, (u,A)eT, (4.1)
and |
5 €L (@n). 4.2)
We define the space Q4 ([0, +oo[xR"), by
Qo ([0, +oo[xR") = {f € L*(dVns1), VOF (f) € L*(d%us1)}.

The space Q4 ([0, +o0[xR") provided with inner product

8o = [ [ o) Z (D) F @)1 (1.2),

and the norm || f||¢ = \/(f, f)o is a Hilbert space.

Proposition 4.2. Let m € L”(dV,+1). For every f € Qs ([0, 4o0[xR"), the oper-
ators Ty, ¢ are bounded linear operators from Qg ([0, +o0o[xR") into L*(dV,+1),
and we have

1T ef 2y < llmlleey,i 1 fllo-

Proof. Let f € Qs([0,+0o[xR"). According to Proposition 3.2(iii), the operator
T.e f belongs to L*(dVyy1), and

1T ef N2y < lmlleo v,y [ 112,00
By relation (4.1), Wehave||f|]g_>// .7 (f) (1, A) [P d i1 (i, A), which gives
Y
the result. . ]

Definition 4.3. Let p > 0, and let m € L*(dV,11), we denote by (, )5 p the inner
product defined on the space Q4 ([0, +-o0[xR") by

(f:8)ep ://]r (PO (1, A) +[me o (1, A)?) F (f) (1, A)F () (s A)d Y1 (1,4,
+ “4.3)
and the norm || fl6p = 1/ {f, [)op-
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Lemma 4.4. Let (s,y) € [0,+oo[xR". Then
(i) The function

Pru.2)(s,¥)
po(i,A)+|meo(u,A)>

A(s,y) : (.uw)t) —
belongs to L' (d¥,+1) NL*(dYs1).

(i1) The function

me 0 O (1, L)@ 2)(s,y)
PO (i, A)+|meo(u,A)>

cI)(Jy.,y) : (ual) —

belongs to L! (d¥,11) NL*(d ¥t 1)-
Where ¢, 3 is the function given by relation (2.2).

Proof. The proof of the Lemma follows from relations (2.4), (4.1) and (4.2).

O
Proposition 4.5. Let m € L*(dV,1). Then the Hilbert space
(Q6([0,400[xR"),(.,.)5,p) has the following reproducing Kernel
K5 p((r,x),(s,5)) // (P(p y(s)) dYar1(U,4),  (4.4)
T, PG +\m809( AP

that is

(i) For every (s,y) € [0,+0o[xR", the function (r,x) — Ko p((1,X),(s,y)) be-
longs 10 Qs ([0, 400 xR™).

(ii) For every f € Qq([0,400[xR"), and (s,y) € [0,+oo[xR", we have the re-
producing property,

<f7KO'7P(<'7')7(S’y))>GaP - f(s,y).

Proof. From Lemma 4.4 (i), the function K , is well defined and by Theorem
2.3, we have

Ksp((r,x),(s,y)) = ﬁfl(A(w))(r,x), (r,x) € [0,4oo[xR".

By Theorem 2.4, it follows that the function Ks,((.,.),(s,y), belongs to
L?(dV,1), and we have

F (Ko p((,-), (s.9)) (1, 4) = Ay (1,4), (1,4) €. (4.5)
Then by relations (2.4), (4.2) and (4.5), we obtain

”KOUP(('?')?(S?)))H%r EHL}’HI'

éﬁ”
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This proves that for every (s,y) € [0, +eo[xR", the function K5 ((.,.),(s,y))
belongs to Qg ([0, +oo[ xR").
(i1) From (4.3) and (4.5), we obtain

(F-Kop(() 53an = [ [ F U020 00n )01 (1,)

On the other hand, from relation (4.2) the function —= belongs to L? (dYs1),

NG
hence for every f € Qq([0,+o0[ xR"), the function .% () belongs to L! (dy,11).
From this result and Theorem 2.3, we obtain

<f7KG.,P(('7 ')7 (Say)>>5-,P = f(s7y)
This completes the proof of the Proposition. 0

Theorem 4.6. Let m € L™(d Vv, 1) and € >0, for every h € L*(dV,.+1) and p >0,
there exists a unique function f; n.e» Where the infimum

it {pIS13 +1h =T B, ) we)

is attained. Moreover the extremal function f; ne IS given by

400
Tonelo)= [ [ rVop () Goldvia (). @7)

meo O(U,A)Q 1X) Q) (8,
whereVG./p((r,x),(s,y)):/ e 0(K,2) @) (1) Pt >dyn+1(u,x).

Jr. po(u,A)+|mgoO(,A)?

Proof. The existence and unicity of the extremal function f , . satisfying rela-
tion (4.6) is given by [10, 12, 21]. On the other hand From Proposition 4.2 and
4.5, we have

f;,h,s(svy) = <h7Tm,-€(KG,P)(('7 ')(svy))>\/n+17 (4-8)

where (,)y,,, denoted the inner product of L*(dV,+1), and Kg p is the Kernel
given by relation (4.4). According to Proposition 3.2 (ii), (4.5) and (4.8), we
obtain

me 0 01, A) @ 2) (1) Qi) (5,¥)
VG,P((rvx)’(S)y)) :/ ('u ) (‘u )

Y, po(u,A)+|meob(u,A)?

dY"*H(.uva')‘ O

Theorem 4.7. Let m € L*(dVy41) and h € L*(dVy41). The extremal function
f; he belongs to Qs ([0, 4+o0[xR"), and we have

1

”f;,h,eHzf < %”hH%,vﬁl'
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Proof. Let (s,y) € [0,+e[xR". From Lemma 4.4 (ii) and Theorem 2.3, we
have

VG;P ((r,x), (s,y)) = fil (q)(s,y))(rvx)'
By Theorem 2.4, it follows that the function V5 5 ((.,.), (s,y)) belongs to L*(dV,41)
and using Corollary 2.5, we get

Gnely) = [ [ F 0000 A e (1.2)

_ msoe(ﬂ )P (s,y)
RO s earer ey

meo O(1, 2)

|2d%1+1 (ou' 2')

On the other hand, the function (u,A)— % (h)(u,A
A= FUULA) 0 ) + o 0w, )P
belongs to L' (d%,.1) NL*(d%¥.+1), then by Theorem 2.3, we have

fynelsy) =7 (ﬁ(k) pa<.,.’;1175¢i'é'2)<.,.>|2> (5.).

From Theorem 2.4, it follows that, the function f;j he belongs to Lz(d Vpi1), and
we have for every (u,A) €T,

meoO(u,A)
po(u,A)+|mego0(u,A)?
1

W ’9(’1)(%1)’27

thus, from Theorem 2.4 and Definition 4.1, we obtain

1
fpnels < @HhH%,vnH-

Fhae )| = |[FA) 49)

Theorem 4.8. Third Calderén’s formula Let m € L*(dVv,+1), and
[ € Qo ([0, +oo[xR"). The extremal function fj . given by

Goels?) = [ [ T 0V 00, oV 1),

satisfies
(i)
hm ||fp8 flle =0. (4.10)

(ii)

plil&fpf f, uniformly.
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Proof. (i) Let f € Qo ([0, +o[xR"), h =Ty f, and f; . = 5 e~ From Propo-
sition 4.2, the function % belongs to L?>(dV,1). Applying Definition 3.1, and
relation (4.9), we obtain

e 0 (1, A)?
PO (1, A) +[meoO(u,A)?

T (fpe) (W, A) = 7 (f) (1, 4)
Thus, it follows that for every (i,A) € Y

—po (1, A)F(f) (1, 1)
po (i, A)+[me o0 (u,A)>

F(foe—N,A) = 4.11)

Consequently,

P20’ (0 M)L7 () (1 1)
d JA).
e =11 = ] o ot 1 )

Then, the result follows from the fact

P’ (u, A)Z (f) (1, A) 2
(po (i, 1)+ |me 0 8(1,A)2)*

<o (u,A)F ()1, 2)P,

and the dominated convergence theorem.

(i1) By relation (4.2), the function ﬁ belongs to L?(d%,,1), hence for f €
Q4 ([0, 40| xIR"), the function .7 (f) belongs to L' (d¥,+1). Then, from (4.11)
and Theorem 2.3, we get

—po(u,A)7 A) ———
frels) = 1ls) = [ [ g Gl (.2)

By using the dominated convergence theorem and the fact

PO (1 A)F (£) (1,2) @) (527)
po(u,A)+|meo0(u,A)?

< |7 (), A)],
we deduce that

lim  sup [fy(s,) = f(s,9)[=0.
P07 (5.3)€[0,+oo[ xR

Which completes the proof of the Theorem. O
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