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INFINITELY MANY SOLUTIONS TO THE
DIRICHLET PROBLEM FOR QUASILINEAR
ELLIPTIC SYSTEMS

ANTONIO GIUSEPPE DI FALCO

In this paper we deal with the existence of weak solutions for the
following Dirichlet problem

—Apu = f(u,v)in Q
—Agv =gu,v)in Q
u=0o0n0dQ ’
v=00n9d2

where © € R¥ is a bounded open set. The existence of solutions is proved
by applying a critical point variational principle obtained by B. Ricceri as
consequence of a more general variational principle.

1. Introduction.

Here and in the sequel:

Q C RY is a bounded open set with boundary of class C';
N>1;p>N;q>N;

£, g € C°(R?) such that the differential form f(u, v)du + g(u, v)dv be exact.

Entrato in redazione il 16 Novembre Novembre 2004.
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In this paper we are interested in the following problem:

—Apu = f(u,v)in Q
—Agv = g(u, v)in Q
u=0o0noQ '
v=00ndR

More precisely we are interested in the existence of infinitely many weak
solutions to such a problem.

Even though the problem (P) has been studied by some other authors (see
e.g. [7], [8], [3], [2], [1]) the hypotheses we use in this paper are totally different
from those ones and so are our results.

The existence of solutions to Problem (P) is proved by applying the
following critical point theorem. The proof of this theorem is very similar to
that of Theorem 2.5 of [6] and so it is omitted.

(P)

Theorem 1. Let X be a reflexive real Banach space, and let &,V : X —
R be two sequentially weakly lower semicontinuous and Gateaux differen-
tiable functionals. Assume also that WV is strongly continuous and satisfies
limjy |00 W(x) = 400. For eachr > infx WV, put

®(x) —in P

’

f—]—
(p(r) — lnf W (J—00,rw
xeW-1(]—co,r[) r—Wx)

where (¥ ~1(] — 00, r[)),, is the closure of ¥~ (] — oo, r[) in the weak topology.
Fixed ) > 0, then

(a) if {r,}nen is a real sequence with lim,_, o, r, = +00 such that ¢(r,) < A,
foreach n € N, the following alternative holds: either ®+ AWV has a global
minimum, or there exists a sequence {x,} of critical points of ® + AV such
that lim,_, oo ¥(x,) = +00.

(b) if {sp}nen is a real sequence with lim, .. s, = (infy W) such that
o(s,) < A, for each n € N, the following alternative holds: either there
exists a global minimum of V which is a local minimum of ®+AW, or there
exists a sequence {x,} of pairwise distinct critical points of ® + AV, with
lim,_, o ¥(x,) = infy ¥, which weakly converges to a global minimum of
v,

Let G : R> — R be the differentiable function such that G,(u, v) =
f(u,v), Gy(u,v) = g(u, v), GO, 0) = 0. Then (P) can be written in the form

—Apu = G,(u,v)in Q
—Ayv = Gy(u, v)in Q
u=00ndQ '
v=00ndR



INFINITELY MANY SOLUTIONS TO THE. .. 165

and therefore it is a gradient system [4]. We first consider the space WO]’p ()

with the norm ]

||u||W01.p<Q) = (/Q [Vu(x)|? dx)

and the space W, (£2) with the norm

1

”v”Wol'q(Q) = (L |VU(X)|q dx) .

Since by hypotheses p > N and ¢ > N, W'?(Q) and W'"4(Q) are both
compactly embedded in C°($2). Then we put

su u(x
¢ = sup perl ( )l
ueWhLr(Q)\{0} flull

that is finite since W' ?(2) is compactly embedded in C°($2) and

su u(x
c) = sup per | ( )l
ueWha(Q)\{0} flull

that is finite since W1 9(2) is compactly embedded in C°(Q).
In order to apply the former theorem we set

1 1
W, v) = —[lull” + —v]?
p q

and

d(u, v) = —/ G(u(x), v(x))dx
Q

for all (u,v) € X. Since X = W, "(Q2) x Wy /() € W"P(Q) x Whi(),
the functionals ® and W are (well defined and) sequentially weakly lower
semicontinuous and Gateaux differentiable in X, the critical points of ® + W
being precisely the weak solutions to Problem (P). Moreover W is coercive (and
strongly continuous as well). For the proofs of the previous statements, which
are not difficult but a little bit tedious, the reader is referred to the Author’s PHD
thesis [5].
If the following definitions are used
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and foreachr > 0
A(r) = {(£, n) € R? such that |&|P + B|n|? < r}

S(r) = {(&, n) € R* such that |£]” + [n]? < r}

s(;> C A € S(;>
max(c, B) min(a, B)

Moreover we put @ := %ﬁ) the measure of the n-dimensional unit ball.
2 2

then

2. Results.

We wish to establish two multiplicity results for Problem (P). Making use
of theorem 1, our results guarantee that Problem (P) has infinitely many weak
solutions.

Theorem 2. Assume that infg: G > 0. Moreover, suppose that there exist two
real sequences {a,} and {b,} in 10, 4o00[ with a, < b,, lim, .. b, = 400,
such that

) b
lim =2 =400
n—+00 a,

max G =max G > 0

S(ay) S(bn)
202N — 1) 212N — 1) . GE.n)
max{ , } < limsup ——— < 400
pD? gD &m—oo |57 + Nl

where D = sup,.q d(x, dS2). Then Problem (P) admits an unbounded se-
quence of weak solutions.

Proof. Fix (§,, n,) € S(a,) such that

max G = G(Env 7711)

S(bn)
Put § = min{«, B8} and r,, = §b,, foreach n € N. Then {r, },c is a real sequence
with r, > 0 for each n € N and lim,_, o, ,, = +00 such that

T'n

lim —————— =+
n—oo |&,|P + [n,[4
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Moreover

rf{gv; G =G, M)

In our case the function ¢ of theorem 1 is defined by setting

D(u, v) — 1nfT b
o(r) = inf @7d-0rDw
(u,v)e¥~!(J—o0,r] r—Y(u,v)
_ inf CD(u, U) — infq/—l<],oo)r]) o}
(,0)e¥-1(]—o0,r[) r—W(u, )

for each r € ]0, +00[. We have

CD(u, U) - infq/—l<],oo)rn]) O}

14 = inf
#rn) ()W~ (]—00.7, ) rn — W(u, v)

We wish to prove that ¢(r,) < 1 provided that n € N is large enough; in
order to get the previous inequality we show that there exists (u,, v,) € X, with
Y(u,, v,) < r,,such that

O(uy, vy) — infy-19_o0,, ) P

<1
ry — WUy, vy)
From
272N —1) 292N — 1) . G, n)
max{ , } < limsup ————— < 400
pD? qD1? E.m—o0 517 + 0|4

we can choose a constant /2 such that

2PN =1 2792V — 1) . GE.n)
, }<h<11msup—<+oo
pD? qD1

max{
€.m—o0 1§17 + 0]

and so there exists a xo € 2 such that

max {(2’“2” “ Dy (e “)5} < dC, 59 < D

ph qh

Therefore we can fix y satisfying

max {(2p(211:h_ 1))%, (2q(2;vh_ 1))%1} <y <d(xp,0) <D
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from which

202N — 1) 292N — 1)

) } <h
py? qy?

Now,fix n € N and consider the functions u, € WO] "P(Q) and v, € Wo] Q)

defined by setting

max {

0 if x e 2\ B(xg, y)
up(x) = { én if x € B(xo, %)

%y —|x —xoly) ifxeBxo.)\ Bxo. %)

0 if x e 2\ B(xg, y)
Un(x) = Mn ifxe B(X(), 2)

@y —Ix —xoly)  if x € B(xo, ) \ B(xo, y)

Obviously

1 p ! q
Wy, va) = —llua | + ~ 017 =
p q

1 1
= —/ [Vu,(x)|? dx + —/ [Vu,(x)|?dx =
pPJa qJe

1 1
= —/ [Vu,(x)|? dx + —/ [Vu,(x)|?dx =
D J B y)\B(xo. 5) 9 JB(xo.y)\B(x0.%)

] 2P P ] 2q q
:_/ €, dx+—/ 117, dy =
P JBto.y\Bo, s VP 4 JBGo.y\Bxo, %) V1

_ (Ll 2

py* qy?

- (L 2q|nn|q>wyN2N — 1

py? qv¢ 2N

(2P(2N 1)
py?

[STRS

a1 2) -

292N — 1) wy
6017 + 1)

N

hwy
< (6" + 1411 N

thus W(u,, v,) < r, if n € N is large enough.
Moreover we have the inequality:

N

261 2l N2V oy
(5o + =)o < Gl +Iml =55
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whence

hoy" 27|E, [P 29|n,|7 2V — 1
o — (€17 + [1a]%) <rn—( o — oy ——

2N py?P qy4 2N

Next, since
y G(E,n)
im sup

&.m—o0 |57 + N7
there exists L > 0 such that for all n e N

G(En, 0n)
&0 1P =+ [1a 7

and since ,

n—oo |&,|P + [n,[4

we have for n € N large enough,

N h N
_m > L|[|Q] - w)/_ 4 wy
&1 + 1147 2N 2N

N hoyN |1
|sz|—wy—<[ oY }—,

2N 1§n1? + 112 2V L
hence
d(u,, v,) — inf o =
W1 (]—00,r,])

= sup /G(u(x), v(x))dx—/ G (up(x), vp(x)) dx <
Q Q

v=1(]—o0,r,1)

< G(En, 1)1 —/ G (un(x), vp(x))dx <
Q

< G(u, nn)I€2] —/ G (up(x), vp(x)) dx =

B(x0,%)

= Gy, ma)I2] — / G, M) dx =

B(xo, %)
14
= G(&, nIQl = G(Er, 1) B (v 5)! -
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G121 [p(e0 7)) -

N
= G(,. nn)(|sz| = wy—) <

N
Tn hoy™ |1
<G(Env 77n)|:|§n|p+|nn|q —_ 2N i|z_
—— _ p q
L[rn (16217 + a1} = Lsnvwmm <
1 hoyV
< Z|:rn_{|§n|p+|77n|q} N i|L:
hoyV
=r, — {lsnlp + |77n|q} N <
- 2p|§n|p+2q|ﬂn|q » v2V =1 _
! py? gy )7 2N

1 1
=ty — _/lvunlpdx+_/|vvn|qu =r, — WY(u,, v,)
P Ja qJ

Bearing in mind that lim,_, . 7, = +00, the previous inequality assures that
the conclusion (a) of theorem 1 can be used and either the functional ® + W
has a global minimum or there exists a sequence {(u,, v,)},en Of solutions to
Problem (P) such that lim,,_, » |[(#,, v,)||lx = +00.

The other step is to verify that the functional ® + W has no global
minimum. Taking into account

. G(p, o)
h < llmsup _—
(p,0)—>00 |10|p + |U|q

one has, for each n e N

G )
h<inf sup —29)
neN \/,02+_f722n lpl? + |o|4
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and so there exists (p,, 0,) € R? such that \/p2 4+ 0> > n and
G(pn, 04)
[onl? + 0,7

that is G(p,, 0,) > (117 + |oa|Dh.
Now if we consider functions w, € WO]’p (Q), z, € W()]’q(Q) defined by
setting

0 ifx e 2\ B(xg, y)
U)n(x) = Pn ifx e B(XO, 2)
2uly — ¥ —xoly) ifx € B(xo, )\ B(xo, §)
0 if x e 2\ B(xg, y)
Zn(x) = { On if x € B(xo, %)
%w—u—mm)lmemmJnBum%
one has
(P + W) (wn, z0) =
1 1
/Wwww+—/w@mu—/cwmm@mwm=
1 Q Q
2P(2N 242N — 1)
{ I pnl? + ———ou|? —/ G(wy(x), zo(x))dx <
qy? Q
2P(2N 202N — 1)
{ I pn|? + ————|o, | —/ G(pn, on)dx =
y? qy1 B(x0.%)
N N N N
oyN [2r@Y -1 200N -1 y
N { P |on] +7|Un| — 075 G(on, 0n) <
N N N N
wyN (2PN — 1) 202N — 1) y
N { pyr |:On|p+ —qlanlq _wZ_N (lpn|p+|0n|q)

N 2PN — 1 292N — 1
= (D )i+ (ZE ) bl
2 py? qy?

The previous inequality shows that the functional ® + W is not bounded
from below and then it has no global minimum.

Therefore theorem 1 assures that there is a sequence (u,, v,) of critical
points of ® 4+ W such that lim,_, » ||(u,,, v,)||x = +00. O

We point out that, as a consequence of the former theorem, the following
corollary holds:
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Theorem 3. Assume that infg: G > 0. Moreover, suppose that there exist two
real sequences {a,} and {b,} in 10, 4o00[ with a, < b,, lim, . b, = 400,
such that

) b
lim = =400
n—+00 a,

max G =max G > 0

S(an) S(bn)
2PN — 1) 292N — 1) . G(&,n)
max { ) } < plimsup —————
pDP qD1 €.m—oo 1§17 + [n]9

where D = sup,.q d(x, 02) and pu > 0. Then the problem

—Apu = puf(u,v)in Q
—Ayv = pug(u,v)in Q
u=0o0noQ
v=00ndQ

admits an unbounded sequence of weak solutions.

The proof of the following Theorem is almost the same as that of Theorem
2 and so it is only sketched.

Theorem 4. Assume that infg: G > 0. Moreover, suppose that there exist two
real sequences {a,} and {b,} in 10, +oo[ with a, < b,, lim,_, . b, = 0, such
that

. n
lim — =+
n—+00 a,

max G =max G > 0

S(ay) S(bn)
202N —1) 2102V — 1) . GE.n)
max{ , } < limsuyp ———— < 40
pD? qD1 &m—00 E17 +nl

where D = sup, ., d(x, d2). Then Problem (P) admits a sequence of non-zero
weak solutions which strongly converges to Ox in X.

Proof. Fix (§,, n,) € S(a,) such that

G =G(&,,
r;rz% (&ns mn)

Put § = min{«, B8} and s, = §b,, foreach n € N. Then {s,},c is a real sequence
with s, > 0 for each n € N and lim,,_, o, 5, = O such that

Sn

lim ————— =+
n—oo |&,|P + [n,[4
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Moreover

In our case the function ¢ of theorem 1 is defined by setting

CD(u, U) - infq/—l<],oo)r]) o}

r)= inf
vr) (u,v)e¥=1(]—o0,r[) r—Y(u,v)

for each r € ]0, +00[. We have

CD(u, U) - infq/—l<],oo)sn] O}

S,) = inf
#(Sn) (1, 0) W= (]—00,5,1) sp — W(u, v)

We wish to prove that ¢(s,) < 1 provided that n € N is large enough; in
order to get the previous inequality we show that there exists (u,, v,) € X, with
Y(u,, v,) < s,, such that

D(up, vy) — infy-1(_00 5,7 P

<1
§p — W(uy,, vy)
From
272N —1) 292N - 1) : GE,n)
max{ , } < limsuyp ————
pD? qD1? &.m—©,0) 1§17 +n|?

we can choose a constant /2 such that

272N —1) 292N - 1) . G, n)
, }<h<11msup—<+oo
pD? qD1

max {
&.m—0,0 1§17 + nl?

and so there exists a xo € 2 such that

| (L0 (D) <im0 < 0

ph qh

Therefore we can fix y satisfying

max {(217(211)\’}1_ 1))%, (QQ(Q;Vh_ 1))%1} <y <d(xp,02) <D

from which

272N —1) 292N — 1)} L
, <

max {
py” gy
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Now, fix n € N and consider the functions u,, € WO]’p () and v, € W()]’q(Q)
defined by setting

0 if x € 2\ B(xg, y)
up(x) = { én if x € B(xo, %) .
Za(y —|x —xoly)  if x € B(xo, )\ B(xo, §)
0 if x e 2\ B(xg, y)
Un(x) = Nn ifx e B(XO, %) .
He(y — |x —xoly) if x € B(xo, ¥) \ B(xo, §)
Obviously
hoyN
W (up, va) < (€17 + [1217) N
thus W(u,, v,) < s, if n € N is large enough.
Moreover we have, for n € N large enough,
d(u,, v, — inf D <s, — V(u,, v,
W=l(]—o00,s,1)
Bearing in mind that lim, ., s, = 0, the previous inequality assures that

the conclusion (b) of theorem 1 can be used and either there exists a global
minimum of ¥ which is a local minimum of ® 4+ W or there exists a sequence
{(uy, vu)}nen of pairwise distinct weak solutions of Problem (P) such that

lim,, o0 [| (s, va)llx = 0.
The other step is to verify that (0, 0) is not a local minimum of ® + W,

Taking into account

. G(p,0)
h < limsup ————
(p.0)—0,0) ||P + |o|?

one has, for each n e N

G )
h<inf syp 29
neN /,02+0'2§]— |plp+ |O|q

and so there exists (p,, 0,) € R? such that /p2 + 02 < L and
n n n

G(pn; 0n) -
lonl? + oy |4
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thatis G(p,, 0,) > (|pal? + [0u|Dh.
Now if we consider functions w, € WO]’p (Q), z, € W()]’q(Q) defined by
setting

0 if x e 2\ B(xg, y)

wy(x) =1 Pn if x € B(xo, %) .
%u(y —Ix —xoly) ifx € B(xo, )\ B(xo, )
0 if x e 2\ B(xg, y)

Zp(x) = { On if x € B(xg, %)

2y —|x —xoly)  ifx € B(xo, ¥) \ B(xo, %)

one has N N
wy 2P2% —1) »
(@ +W)w,. 2) < o= {( — —h)lpal"+
292N — 1
+(¥ —h)lcrnlq} <0
qy?

The sequence (w,, z,) strongly converges to Oy in X and ®(w,, z,) +
Y(w,, z,) < 0 for all n € N. Since ®(0x) + ¥ (Ox) = 0, this means that Oy is
not a local minimum of & + W. Then, since 0y is the only global minimum of
W, the part (b) of theorem 1 ensures that there is a sequence {(u,,, v,)}neny € X
of critical points of ®+W such that lim,,_, », ||(#,, v,,)||x = 0 and this completes
the proof. U

We point out that, as a consequence of the former theorem, the following
corollary holds:

Theorem 5. Assume that infg: G > 0. Moreover, suppose that there exist two
real sequences {a,} and {b,} in 10, +oo[ with a, < b,, lim,_, . b, = 0, such
that

lim = = 400

n——+4oo an
maxG =max G > 0
S(an) S(bn)
272N — 1) 212N - 1) . GE,n)
max{ , }<,u limsup ———— < 400
pD? qD1 &m—0,0 1§17 + nl

where D = sup, ., d(x, 02) and p > 0. Then the problem

—Apu = pf(u,v)in Q
—Ayv = pug(u,v)in Q
u=00ndQ '
v=00ndQ
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admits a sequence of non-zero weak solutions which strongly converges to 0y in
X.

3. Examples.

Let A be a positive number such that

22N — 1) 242N — 1)}

A > max{
pD» q D1

Let by = 0. The sequences {a,},en and {b,},eny With a, = (n 4+ 1)! and
b, = (n+1)(n+ 1)! satisfy the hypotheses of Theorem 2 and besides b, < a,
for all n e N.

Moreover the sequences {a,},eny and {b,},eny With a, = and

1
(n+1)(n+1)!

b, = (ni—]), satisfy the hypotheses of Theorem 4 and besides b, < a, for all

neN.
Here is an example of application of Theorem 2 :

Example 1. Let by = 0 and let {a,} and {b,} be two sequences satisfying the
hypotheses of Theorem 2 and such that b,_; < a, for all n € N. Let us consider
the countable family of pairwise disjoint closed bounded intervals

{[bn—1, anl}nen

Then for each n € N the function

2wt — (ay, + by

t—
a, — bnf]

is an homeomorphism between the interval [b,_1, a,] and the interval [—x, 7 ].
For each n € N the function

—(a, + b,
2t an(a_ [—;] ])n>}

fn(t):%{1+cos(

satisfies

o fu€CY[by-1,a,))

e 0= fu()=1

L fn(bnfl) = fn(an) =0
o f/(by_1)= f(a,) =0
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For each n € N let

_ fn(t) ifte[bn,],an]
anlt) = {0 i1 ¢ byt dnl

and let
oo
a(t) = Z o,(t) foreacht e R

n=1
Let ty € R. If there exist n € N such that ¢y € [b,_1, a,] then a(ty) = a,(t)) =
fa(to). Else, if to € R\ U2, [b,_1, a,] then a,(ty) = O for each n € N so
a(ty) = 0.
The function G : R> - R

G, n) = AUEI” + InlDa(I§1” + Inl?)

satisfies the hypotheses of Theorem 2. Infact G(, ) > 0 for each (£, n) € R?
and G(0,0) = 0. Moreover A > 0, |£]? +|n]? = 0 and a(t) > 0 foreach r € R
therefore

infG >0

RZ

From a, <t < b, it follows that a(¢) = 0, soif a, < |€|” + |[n]? < b, then
G(&,n) =0, whence

max G = max G
S(an) S(bn)

Finally
G ’
lim sup _GE.m)_ =
Em—oo 17 + 0|7

Here is an example of application of Theorem 4 :

Example 2. Let {a,} and {b,} be two sequences satisfying the hypotheses of
Theorem 4 and such that b, ; < a, for all n € N. Let us consider the countable
family of pairwise disjoint closed bounded intervals

{[bn+] » Anl}nen

Then for each n € N the function

2wt — (ay + by
an — bpy

r—
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is an homeomorphism between the interval [b,, 1, a,] and the interval [—x, 7 ].
For each n € N the function

fu@) = %{1 +Cos(27” — (a, +bn+1)n>}

a, — bn+]
satisfies
o fn € C]([bn+] ) an])
e 0< /(1) <1
L fn(bn+]) = fn(an) =0
o f/(bys1) = f(a,) =0

For each n € N let

_ fn(t) ifre [bn+] ’ an]
an(t) B {0 if ¢ ¢ [bn+] ’ an] ’

and let

o0
a(t) = Z a,(t) foreacht e R

n=1

Let 7y € R. If there exist n € N such that #y € [b,.1, a,] then a(ty) = a,(ty) =
fa(to). Else, if to € R\ U2, [b,_1, a,] then a,(ty) = O for each n € N so
a(ty) = 0.

It is easy to see that the function G : R> — R

G ) = A(EI” + InlDa(I§1” + Inl?)

satisfies the hypotheses of Theorem 4.
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