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NON UNIFORM PROJECTIONS OF SURFACES IN P3

ALICE CUZZUCOLI - RICCARDO MOSCHETTI - MAIKO SERIZAWA

Consider the projection of a smooth irreducible surface in P? from a
point. The uniform position principle implies that the monodromy group
of such a projection from a general point in P? is the whole symmetric
group. We will call such points uniform. Inspired by a result of Pirola
and Schlesinger for the case of curves, we proved that the locus of non-
uniform points of P3 is at most finite.

1. Introduction

In this paper we study the monodromy groups of projections of smooth irre-
ducible surfaces in P2 from points. Our particular interest lies in finding whether
the monodromy group of a projection 7z, of a surface from a point L is the whole
symmetric group or not. In the former case, we call L uniform, and in the latter
case, not uniform. The very same terminology is also used for the whole pro-
jection, calling m; uniform if and only if the monodromy group M(m) is the
whole symmetric group. Much work has been done in the literature for the case
of curves to determine which groups can arise as the monodromy group of some
projection. The papers [GN95], [GM98] and [GS07] show that if C is a general
curve of genus greater than 3, then the monodromy group of a projection C — P!
is either the whole symmetric group or the alternating group. A general curve
of degree d and genus g admits a covering with symmetric monodromy group
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if d > g/2+ 1. Moreover, this holds for every curve if d > g+ 2. The existence
of a covering with alternating monodromy group has been covered in [MV04]
for general curves with d > 2g + 1 and in [APOS5] for curves with d > 12g + 4.

The monodromy groups arising from such projections have been studied
in different contexts; for instance, when the subvariety is a curve all the pos-
sible monodromy groups were classified by Miura and Yoshihara in [Miu(02],
[MYO00], [YosO1].

In a more general context, given a subvariety X of arbitrary dimension in [P",
one can study the locus Wy (X) of all possible linear subspaces of P for which
the monodromy group of the projection is the full symmetric group. We say that
such linear subspaces of P" are uniform. Similarly, we will denote by Wy (X)
the locus of non-uniform linear subspace of P". Indeed, each subvariety X of P"
carries its own locus Wy (X) of uniform subspaces in the Grassmannian G(r —
n—1,P"), where n denotes the dimension of X. Consider the case where X is
an irreducible algebraic curve in P". The so-called Uniform Position Principle
implies that a general (r — 2)-plane of P is uniform. A classical reference of
this result is the work of Harris [Har80], where the Uniform Position Principle is
proved in Section 2. Pirola and Schlesinger strengthen this statement in [PSO5]
by proving that, in the above setting, the locus of non-uniform (r — 2)-planes
has codimension at least two in the Grassmannian G(r —2,P").

Following the same stream of ideas, it would be interesting to study the
locus of non-uniform subspaces Wy (X) in the appropriate Grassmannian for
a higher dimensional subvariety X. We focus on the case of a projection of a
smooth surface X in P?, where the locus Wn(X) is a subset of P3. Our main
result is the following:

Theorem 1.1. For every smooth irreducible surface X in 3, the locus Wx(X)
of non-uniform points is finite.

There are many similarities between the case of surfaces in P? and the case
of plane curves. For the latter case, the aforementioned results of Pirola and
Schlesinger imply that the dimension of the locus of non-uniform points is at
most zero. In fact, our present work for surfaces in P3 is a first step toward
the generalization of the above statement to higher dimensional hypersurfaces.
We expect the dimension of the non-uniform locus to be at most zero for any
smooth hypersurface in P".

Despite the similarities described above, our proof of Theorem 1.1 is built
upon techniques which are quite different from the ones used in [PS05]. The
main tools we use in our work come from classical differential projective ge-
ometry: the study the family of multi-tangent lines to the surface X and the
so-called focal loci, as developed in [CF11]. A standard way in classical alge-
braic geometry to prove that a set V is finite consists of showing first that V is
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contained in a certain algebraic set, and then that such a set is of dimension zero.
In this framework, our strategy can be summarised in the following points:

1. Describe a suitable filling family of lines related to the monodromy group
of the surface X.

2. Prove that the dimension of the focal locus of this family is actually zero.

3. Prove that the locus of non-uniform points is contained in the focal locus
of such a family.

All of the above points are carried out in Sections 2 and 3.

Another viewpoint for the generalization of the uniform position principle
is carried out by Cukierman in [Cuk99], in which he shows that the locus of
non-uniform points for a general planar curve is in fact empty. A similar re-
sult is expected for a general hypersurface in IP", but this problem is still open.
However, we prove that this is true for the case case of cubic surfaces thanks
to the classification of automorphisms carried out in [Hos97]. This is done in
Proposition 4.3.

2. Preliminaries
2.1. Coverings and monodromy group

Let X and Y be two complex irreducible algebraic varieties of the same dimen-
sion together with a generically finite dominant map f : X — Y of degree given
by the corresponding field extension d = [K(X) : K(Y)]. Consider a point y in
an open dense subset U C Y such that f|y is an étale covering. Then for any
element ¥ in the fundamental group 7; (U,y) there exists a unique lift, coming
from f|y, such that if x € f~!(y) is a point in the fibre of y then the lifting
7:[0,1] — X satisfies ¥(0) = x. Under these conditions we have the following
well defined map

p:m(U,y) = Aut(f ()

Yoo (e 7(1). o

Definition 2.1. The monodromy group of f is the image under p of the fun-
damental group m; (U, x), and is denoted by M(f).

Via the identification of Aut(f~!(y)) with the symmetric group S; in d
elements, the group M(f) can be viewed as a subgroup of S;. It is a well-
established fact that the monodromy group may be identified with the Galois
group of the corresponding field extension, as proved in Section I of [Har79].
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This allows to translate problems about monodromy into the study of the corre-
sponding Galois groups: for instance, one can check from this correspondence
that the monodromy group is independent from the base point x and does not
depend on the open U.

In order to study the locus of non-uniform points, we will consider the fol-
lowing sufficient condition for a group to be the whole symmetric group. This
is an application of Jordan’s theorem, see [Wie64], Theorem 13.9. We state the
result in the context of monodromy groups, and give a direct proof.

Lemma 2.2. Let M(f) be the monodromy group of a certain morphism f of
degree d. Assume M(f) is generated by transpositions, then M(f) is isomorphic
to the symmetric group Sg.

Proof. We know that M(f) is a transitive subgroup of S;. Assuming that it is
generated by transpositions, let us prove that it is all Sy.

Let us consider the set K of the transpositions in M(f) containing the ele-
ment 1. By hypothesis we know that this set is not empty, so we can assume
(1,2) € K. The aim is now to prove that K contains {(1,2),(1,3),...,(1,d)}.
Assume by contradiction that this is not true, so up to changing the name of
the elements we have K = {(1,i),2 < r < d}. By transitivity, and by the fact
that M(f) is generated by transpositions, there is an (a,b) witha < rand b > r.
Then M(f) contains also the transposition (1,a)(a,b)(1,a) = (1,b), which was
not in the set. This is a contradiction. O

In this paper, we work with projections from a point L in P3. This is a
rational map 7z : P3 --» P2, where P? is the projective space of lines on P
containing L. Taking a point x € P3 \. L one can consider the line (x, L) spanned
by x and L.

Lemma 2.3. Let X C P3 be a smooth, irreducible surface of degree d and con-
sider a point L € P> \. X. The restriction of 7y, to X is a dominant surjective
morphism of finite degree d.

Proof. Since L ¢ X, the projection is well defined. Consider a point ¢ in P?,
corresponding to a line A C P3 passing through L. The fibre over ¢ is the in-
tersection A NX in P3, which is given by d points counted with multiplicity.
Moreover the intersection of a general A with X is reduced, i.e. is given by
exactly d points by Bertini’s Theorem. O

By the previous lemma, given a point L € IP? \ X, it makes sense to study
the monodromy group of the projection 7 |x. For the sake of simplicity, we will
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not distinguish between 7 and its restriction 7 |y, and both will be denoted
simply by ;. We are interested in studying the following spaces:

Wu(X):={LeP X |M(n) =S4}
WN(X):={LeP>~X | M(m)# S4}.

As pointed out in the introduction, we will call the elements of YWy (X ) uniform,
and the elements of JVx(X) not uniform.

Lemma 2.4. Let X be a surface in P?, L € Wy(X) and 1 be a hyperplane in
P3 containing L such that X N\ is reduced. Then the projection m can be
restricted to 1 and Wy(X Nn) C Wu(X) Nn, where Wy(X N 1) is the set of
points L € 1~ X N0 for which the projection 7 |xny is not uniform. In other
words L is a uniform point for X N1 implies L is a uniform point for X.

Proof. There exists an open set A of the P? target of 7; and a point x € AN N
such that the construction of the monodromy group can be described by the
following commutative diagram

7 (A,x) — = M(m) — Sy

Ti* Tl*
m|n

m (AN .x) " M(myly) — S

where M(n;) and M(mr|y,) are just the images of the monodromy maps. The
map i : ANM — A is the inclusion and we are denoting the first two vertical maps
by i.. If M(7z|y) is isomorphic to Sy, then the commutativity of the diagram
implies also M () to be isomorphic to S,. O

2.2. Lines having a specified contact with varieties

We will recall some notion stated in Section 3 of [CF11]. Let X be a smooth
hypersurface in P" of degree d, and consider a line A not contained in X. We
will denote by Ax the O-dimensional scheme given by A N X. Considering the
multiplicity of the intersection at every point, we write Ax = Y n;x;, where n; :=
my, (A, X) denotes the intersection multiplicity of the line A atx; € X. We call the
sequence (np,...,n) the intersection type of A with X. Notice that Y’ n; = d.
We will use the following notations:

e A is called simple secant if all the n;’s are equal to 1.

e A is called tangent if there is an n; > 2; the space of tangent lines to X is
denoted by Tx. If all the n;’s are equal to 1 except one that is equal to 2,
A is called simple tangent.
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e 1 is called asymptotic tangent if there is an n; > 3; the space of asymp-
totic tangent lines to X is denoted by Fy.

e A is called bitangent if there are x; # x; such that n;,n; > 2; the space of
bitangent lines to X is denoted by Byx.

The branching weight of a line A4 is defned as b(A) :=Y(n; — 1). Using this,
we have that A belongs to Tx precisely when b(A) > 1. Notice that these no-
tions can be generalized to subvarieties of arbitrary dimension (see, for example,
[Col86]).

We will need a result about the finiteness of the so-called planar points.

Definition 2.5. Let X be defined as above. For a point x € X, consider the curve
C,:=T,(X)NX, where T,(X) is the plane tangent to X in x. The point x is called
a planar point of X if it is a point of multiplicity > 3 in C;.

In particular, this means that every line tangent to X at x will intersect this
point with multiplicity at least 3. For the case of P3 we have:

Lemma 2.6 ([CF11], Lemma 3.6). Let X be defined as above. There are only a
finite number of planes in P cutting X in a curve containing a planar point.

Eventually, we recall the following proposition which compares the branch
locus of 77, with the intersection type of the lines tangent to X.

Proposition 2.7 ([CF11], Proposition 3.8). Let X be a surface in P3 and con-
sider the projection 7y, from a point L & X to a general plane in P*. Consider
a point y in the branch locus B of . Then, the multiplicity of B at y is the
branching weight of the line (L,y).

2.3. Filling families and focal points

We refer the reader to Section 5 of [Ser86] for a general introduction to filling
families and to Section 1 of [CC93] for a general treatment of the focal locus
closely related to our problem. In the following we will use the notation of
[CF11].

Let X be a flat family of lines in IP", parametrized by an integral base scheme
S. We have X C S x [P", and then we can consider the two projections g; and ¢
restricted to X as shown in the following diagram:

Sx P
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where we have the maps f; :=g¢qi|x : X — Sand f, ;== q2|x : X — P". Let
Tz denote the sheaf Hom(Q), 0'z) and N7 the normal sheaf for any scheme Z.
Then we get the short exact sequence

0— Ty — Tsuprix — Nyjsxpr = 0

with map induced by ¢5:

o: Hom(QéX]pr‘Pr, Osxpr) — NX\SXIP’ @)

called the global characteristic map of the aforementioned family. The map (2)
and the map induced by the differential df> : Tx — ¢5(:7p-|x) have the same
kernel (see [CF11]).

Definition 2.8. The kernel ker(¢) = ker(d f,) =: F is called the focal sheaf of
the family X. Its support F(X) is called the focal scheme of X

Notice that the focal sheaf is a torsion sheaf and the dimension of the focal
scheme is strictly less than the dimension of its underlying family X'.

Definition 2.9. Assume now X to be a family of 4-dimensional linear subspaces
of IP" parametrised by S. We will call X a filling family if the following condi-
tions are satisfied:

(i) dim(S) =r—h.
(ii) the projection f, : X — P" is dominant.

It follows from the definition that the focal scheme describes the set of ram-
ification points of the map f>, so its image under this map actually defines the
branch locus.

We have the following:

Proposition 2.10 (Proposition 4.1, [CF11]). Let X be a filling family of h-
dimensional linear subspaces of P, then the focal scheme of the fibre over

the general point s € S, F(Xy), is defined by a hypersurface of degree r — h
in X, =P

Thus, for 2-dimensional families of lines in P the fibre over the general
point is defined by lines X; = P!, hence we can describe the focal locus at each
fibre as a surface of degree 2. Consider the map in (2) restricted to the fibre over
a general point s € S, then we have

%‘,s X ﬁXx

NXS\P3
Il 1%
% Ox, (1)
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so that locally the map can be described by a matrix A; of rank 2 with entries of
degree 1. Hence the locus cut out by the focal scheme on the general line A of
X is a scheme of dimension 0 and degree 3 — 1 = 2 defined by {det(A;) = 0}.
The solution will then give either two distinct points of multiplicity 1 or one of
multiplicity 2.

Recall that a surface is said to be developable if it is defined as the locus of
lines tangent to a curve or as a cone (for more details, see [GH79]). We have
the following:

Proposition 2.11 (Proposition 5.1, [CF11]). Let X be a non-developable sur-
face in P* and let X be a filling family of P? such that its general member A is
tangent to X at a point x. Then x defines the focal locus on A and if the contact
order of A with X at x is 2, then x is a focus of multiplicity 2.

Finally, recall the following definition.

Definition 2.12. Let X be a filling family of lines in P3. A point x € P3 is
called a fundamental point if there is a 1-dimensional subfamily of X passing
through x.

3. The case of surfaces in P>

This section is dedicated to the proof of Theorem 1.1. As summarized in the
introduction, we will first study the focal scheme of the family of lines with
branching weight strictly bigger than 1, as it is done in [CF11]; this will lead to
the proof Theorem 1.1, carried out at the end of this section.

Consider a smooth irreducible surface X in IP? of degree greater than 1, and
consider the following family of lines in P3:

Gx ={A €G(1,3) | b(A) > 1}.
Moreover, given a point L € P> \ X, we want to consider the subfamily
Ox(L)={A €G(1,3) | b(A) >1and L€ A}.

consisting of those elements of Gx passing through the point L. Notice that the
following subfamilies of the Grassmannian G(1,3) are algebraic: the family Tx
of lines tangent to X, the family 7x (L) of lines tangent to X and passing through
L, the family Gx and Gx (L). In particular, Gx (L) is also a subfamily of Tx (L).

Lemma 3.1. Gy is a filling family of lines of P3.
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Proof. Let us first study the dimension of Gx. We can define two subfamilies
Fx and By of Gx given by flex tangent lines and bitangent lines, respectively.

Fx ={12 €G(1,P*) | I g € X with my(1,X) >3}
Bx ={A € G(1,P?) | 3 p # q € X with m,(A,X),my(A,X) >2}

where m,(A,X) denotes the intersection multiplicity of the line A at g € X.
Take a general point x € X and consider the plane tangent to X at x. The
curve C, cut out by this plane has a singularity at x. We can assume x to be
non planar, since Lemma 2.6 ensures the number of planar points on X to be
finite. Hence, the general line tangent to X at x has contact order 2. Via local
analysis of the singularity of C, near x, we get a finite number of lines A; which
have contact order strictly greater than 2, and thus they belong to the space Fy.
This shows that Fx has dimension two. It is also possible to prove that By has
dimension two (see [Har95], Example 15.21). Either one of these two arguments
proves that the family Gx has dimension two, and this is the first condition in
Definition 2.9 in order to have a filling family. For the second condition, we
have to prove that the map Gy — P? is dominant. Notice that, by Proposition
2.7, this is equivalent to asking if the branch locus of the projection of X from
a general point of P3 is singular. Let d be the degree of X. We can assume the
point LEP3(x:y:z:¢)tobe (0:0:0: 1), such that the projection becomes

mpi(xcyizit)— (x1y:z)

If f is the polynomial which defines X, so that deg(f) = d, the ramification
divisor of 7, is of the form

d
R::{f:(?];:oy

Notice that R is a curve, this proves in particular that 7x (L) has dimension 1
for X smooth of degree greater than 1. It follows immediately that deg(R) =
d(d —1). Moreover by the adjunction formula we have

Kr = (Kx +R)|r = (Ox(d —4) + R)|g = Or(2d - 5),
and then deg(Kg) = d(d —1)(2d —5). So we have
o(R) < %(d(d— 1)(2d—5)+2).

Consider now the branch locus of the projection B := 77 (R). Since the gen-
eral tangent line to X is simply tangent, B has the same degree of R. Moreover
g(B) < g(R). Since B is planar, it is non-singular if and only if

§(B) = 5 (dea(B) - 1)(dex(B) - 2).
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By working out the explicit formula in terms of d, we get that B is always
singular for d > 3. This shows that also the second condition of Definition 2.9
is satisfied, concluding the proof. 0

Let Px C P3\. X be the locus of points having the property that every tangent
line to X passing through one of these points is actually bitangent or flex tangent
to X. Py is defined as

Px = {LeP’ X s.t. Tx(L)=Gx(L)}.

We want now to consider only lines in Gy that actually pass through some point
in Px. To this aim we will introduce the following incidence variety

H:={(x,A) CGx X Px s.t. x€ L},

with the two projections

RN

Gx Px

We are interested in the new family of lines §X, defined as the image under
the map 7, of H, or equivalently given by

Gx ={A €Gx|ILePywithLe A}
Notice that §X can be also written as the union of Gx (L) for all L in Py.

Proposition 3.2. If the dimension of Px is greater than or equal to one, then
Gx is a filling family of lines in P3.

Proof. Define

={xe P such that x € A for a certain A € gx} C P?,

:={(x,A4) CP* x Gy such thatx € A} C U x G,

U
U := {x € P such that x € A for a certain A € Gy} C P3,
Vv
V:={(x,A) CP?x Gy suchthatx € A} C U x Gx.

The situation is then summarized in the following diagram
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/N L
aNYe

The dimension of the general fibre of m, is 1 and since by hypothesis the
dimension of Py is greater than 1, we get that the dimension of H is greater
than 2. The dimension of Gy is also 2, thus the general fibre of 7; has dimension
0. Hence, the preimage of the general line contained in Gy is non empty and
the map i3 is dominant. As a result, the dimension of Gy is 2, proving the first
condition of Definition 2.9.

For the second condition, notice that V, U and Gy are non-empty and that the
space Gx has dimension at least 2. The fibre of g over a general line A € Gx has
dimension 1, parametrised by the points on the line A = P'. This implies that
the dimension of V is 3. On the other hand, since G is filling by Lemma 3.1, U
has dimension 3 and hence the fibre over a general point x € U has dimension
zZero.

Now let us work out the top part of the diagram. As before, V has dimension
3, since the general fibre of ¢ has dimension 1. The map i3 is dominant, thus a
general element (x,A) € V also belongs to V. But since the diagram commutes,
the dimension of p—!(x) is equal to the dimension of p ~!(x), that is 0. Hence
we have that the dimension of U is 3 and so the map Gx — P? is dominant. [

Proposition 3.3. The dimension of Py is zero.

Proof. Notice first that by [GH79], since X is smooth of degree greater than or
equal to 3, it is non-developable. Moreover, the points of Py are fundamental
points of the family 'g}. According to Section 4 of [CF11], such points also
belong to the focal locus of such a family.

Assume by contradiction that Py has dimension at least one. Then Proposi-
tion 3.2 ensures that Gy is a filling family. Consider a general line A in Gx: by
definition of the family, A would pass through a point in Py that is a focal point.
Notice that A can either be a bitangent or a flex tangent to X. In both cases, by
Proposition 2.11 we would get either two foci of multiplicity 1 or one focus of
multiplicity 2. As a result, we would have at least 3 foci (with multiplicities),
contradicting Proposition 2.10, for which we should have only 2 solutions to
the degree 2 equation and A not identically zero, as the dimension of the focal
scheme would be strictly less than the dimension of the family X O
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Let now prove the main result, Theorem 1.1. The strategy of the proof
consist in showing that the locus Wx(X) of non-uniform points is contained
in the algebraic set Px. Proposition 3.3 guarantees then that Py, and hence
Wn(X), is finite.

Proof of Theorem 1.1. Consider a smooth irreducible surface X in P3. If the
degree of X is 1 or 2, the result holds trivially because the only possible mon-
odromies are the symmetric groups on 1 and 2 elements, respectively.

Assume the degree d to be greater than or equal to 3. Consider a point
L ¢ Px, this means that there exists a line A € Tx(L) simple tangent to X. For
the algebraicity of the family, the dimension of Gx (L) will be zero, that is, there
are only finitely many elements of 7x (L) that are more than simple tangent to
X.

Hence, if we take the general plane 1) passing through L, it cuts X in a curve
and does not pass through any of the elements of Gy (L). The curve C:=XNn
is smooth and irreducible by Bertini’s Theorem. Consider the projection 7
and its restriction 71 |,. By construction, all the lines tangent to X N1 passing
through L and are simply tangent to X N1, so, by Lemma 4.6 of [Mir95] they
correspond to a transposition in the monodromy group M(7mz|,). Such a group
is then generated by transpositions and so by Lemma 2.2 is isomorphic to S;.
Eventually, by Lemma 2.4, also the group M (7 ) is the whole symmetric group,
and so L is uniform.

We have proved that L ¢ Py implies L ¢ Wy, then we have Wy C Px.

Proposition 3.3 concludes the proof showing that the dimension of Py is
zero, hence Wy is composed by only a finite number of points. O

4. Cubic surfaces

Theorem 1.1 holds also for the case of cubic surfaces. Nevertheless, it is inter-
esting to give a different proof of the result by using automorphisms and moduli
spaces. This approach will lead us to the proof of Proposition 4.3, which is the
analogous result of [Cuk99] for the case of cubic surfaces.

Remark 4.1. Let X be a smooth cubic surface in P3. If L is not uniform, then
the ramification locus R of 7 is planar. Indeed, the Riemann-Hurwitz formula
for surfaces gives

Kx = f*Kp» + 2R
The coefficient 2 comes from the fact that the preimage under 7;, of a point in
the branch locus consists only of a triple point. Using Kp2 = Op2(—3), Kx =
(Op3(3) + Ops(—4))[x = Ops (—1)[x, we get

ﬁx(—l) = f*ﬁpz(—3) +2R
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Since X is smooth, f*Op2(—3) is Ox(—3), and so 2R = Ox(2) which gives the
result, as R = Ox(1).

Proposition 4.2. Let X be a smooth cubic surface. Then the locus VWn(X) is
finite.

Proof. Take a general hyperplane « in P*> and consider the curve C := X N a.
Assume by contradiction that W, is of dimension 1. Then, there would be at
least one point L, not uniform for C. By Theorem 2 of [vOV07], this curve varies
maximally in the moduli spaces of planar cubics as ¢ varies. This means that for
the general « this curve will have j-invariant different from zero. According to
[Cuk99], Remark 2.12, this is exactly the hypothesis we need in order to apply
Proposition 2.9, proving that C is uniform and getting a contradiction. O

We can exploit the description of the automorphisms of cubic surfaces in
order to obtain a result which goes in the direction of [Cuk99].

Proposition 4.3. Let X be a general cubic surface. Then the locus VWN(X) is
empty.

Proof. For a general cubic surface X, it is proven in [Hos97] that the automor-
phism group Aut(X) is the identity. Let L be a point in P>\ X and assume
by contradiction L to be non-uniform. Since the monodromy group M(m) is
isomorphic to the Galois group, we have that the extension [k(X) : k(P?)] is Ga-
lois. This gives a non-trivial automorphism of X which leads to a contradiction,
concluding the proof. OJ

Remark 4.4. As an alternative proof of the previous proposition, let again L be
a point in P3\ X and consider the diagram

M(m) — S5 + Aut(X|P?)

where the symmetric group S3 is the automorphism group of the fibre over a
non branch point of P2 and Aut(X|P?) is the space of automorphisms of X
fixing the plane P2, Denote by D the image of Aut(X|P?) in S3. As proved in
Proposition 1.4 of [Cuk99], D is the centralizer of M (7 ) inside S3. Assume by
contradiction that there exist a point L which is not uniform. That means M ()
is the alternating group A3. Since the centralizer of A3 in S3 is the whole A3z, we
have that Aut(X|P?) is not trivial. Hence Aut(X) also is not trivial and that is a
contradiction.
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4.1. The Fermat cubic surface

A meaningful example for this case, is the Fermat cubic surface. Let
X :={F=0}
be the Fermat cubic surface, zero locus of F in P3 (x0 :x1 :x2 : x3) where
F(xo:x1:x2:%3) = xg+x +2 +x3

X has automorphism group Z /37 x Sy.
Let us check the point L := (0:0:0: 1) is not uniform. In this case, the
projection 7y, is the map

ﬂLZP3\L—>{X3:O}

(x0:x1 :x2 1 x3) = (x0 1 X1 :x2)

A point (xp : xj : x2) belongs to the branch locus B of 7, if and only if it lies
on the Fermat cubic curve {x] +x3 +x3 = 0}. This shows that the monodromy
is generated by 3-cycles, hence M (L) must be the alternating group As.

Moreover, we obtain four points that are not uniform by applying the au-
tomorphisms of the cubic surface. We will denote them by L; := (x; = 0) for
i # j. The ramification divisor R; of the point L; is the Fermat cubic X NII; on
the hyperplane IT; := {x; = 0}.

Remark 4.5. Notice that Lemma 3.1 can still be applied in this case, showing
that the family Gy is still filling. The contradiction used in Proposition 3.3 con-
cerns the family Gy that this time is no more filling because Py has dimension
Zero.
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