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COVERING OF ELLIPTIC CURVES AND
THE KERNEL OF THE PRYM MAP

FILIPPO F. FAVALE - SARA TORELLI

Motivated by a conjecture of Xiao, we study families of coverings
of elliptic curves and their corresponding Prym map &. More precisely,
we describe the codifferential of the period map P associated to @ in
terms of the residue of meromorphic 1-forms and then we use it to give
a characterization for the coverings for which the dimension of Ker(dP)
is the least possibile. This is useful in order to exclude the existence of
non isotrivial fibrations with maximal relative irregularity and thus also in
order to give counterexamples to the Xiao’s conjecture mentioned above.
The first counterexample to the original conjecture, due to Pirola, is then
analysed in our framework.

1. Introduction

Hurwitz spaces were classically introduced and studied by Clebsh and Hurwitz
(see [Cle72] and [Hur91]]) as spaces parametrizing branched coverings of P!
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Nowadays, the term Hurwitz space refers to a variety which parametrizes, up to
equivalence, coverings 7 : F' — E of curves with some geometric restrictions. In
this article we will use a local version of Hurwitz spaces, namely a local family
of coverings, whose seminal idea can be found in [Kan0O4]]. Roughly, given a
fixed covering 7 : F — E where E is an elliptic curve, one is able to construct a
map p : F — £ of curves over H, where H is a contractible open set. Then H
is a parameter space for smooth coverings which share the same degree and the
same ramification indices with 7.

Attached to a local family of coverings p : F — £ with parameter space H there
is the Prym map &, which associates to a b € ‘H the generalized Prym variety of
m, = 7|5, : Fp — Ep, i.e. the connected component containing 0 of the kernel
of the norm map Nm(7,). The Prym map is, in some sense, the analogous of
the Torelli map 7 from M,, the moduli space of curves of genus g, to Ay, the
moduli space of principally polarized abelian varieties of dimension g.

A celebrated theorem, the infinitesimal Torelli theorem, states that the differential
of the Torelli map is injective outside the hyperelliptic locus of M, and it should
be interesting to have a similar theorem also for Prym maps or, at least, to their
lifting P to a period domain. We will show that, in our case, i.e. when the
base E is an elliptic curve, the dimension of the kernel of d,P" is at least 1 as a
consequence of how the local families that we will use are constructed. Roughly,
by composing a covering with a traslation of the base we always have coverings
with the same Prym, so there is a tangent direction in the parameter space along
which the Prym map is constant. Hence a question analogous to the one answered
by the infinitesimal Torelli is

Given a family of coverings with central fiber m, which conditions
can we put on T in order to have that Ker(d,P) has dimension 1?

It is already known that an infinitesimal Torelli-like theorem for the Prym map
cannot hold without restrictions as there are examples of coverings 7 : F —
E (moreover with F non hyperelliptic) for which there are two independent
directions along which d,P is 0. One of these examples, due to Pirola, will
be analyzed in Section [5] This paper is devoted to the study of the Prym map
@ : H — A in the cases for which H parametrizes coverings over an elliptic
curve.

A further motivation to study this kind of problems comes from a conjecture
about fibered surfaces. Recall that, given a fibration f : S — B of a smooth
compact surface S over a smooth compact curve B, the relative irregularity q; is
defined to be the difference ¢(S) — g(B). A modified version of a conjecture of



COVERING OF ELLIPTIC CURVES AND THE KERNEL OF THE PRYM MAP 157

Xiao states that, if f is not isotrivial, then

g+1
< )
o< |3

The original conjecture was without the round up and has been modified after
a counterexample of Pirola, the one that we will present in Section[5] To have
an insight of what is known about the relative irregularity and about recent
results about an upper bound a good reference is [BGN15]. The link between
the world of non isotrivial fibrations and the one of the families of coverings
we will define is broadly given as follows. The fibration f induces a surjective
map alb(f) : Alb(S) — Alb(B) = J(B) with dim(Ker(alb(f))) = g¢, which has
a connected component containing 0. We shall denote it with K. If BY is the
open subset of B over which the fibration has smooth fibers, we denote by F,
the fiber over b € B°. Via the map F, — S we have a map JF, — Alb(S) whose
image is, up to translation, exactly K. Dualizing we have a map

ey

K/ JF) =JF,

Note that K ¥ doesn’t depend on b whereas Fj, strongly depends on it. In particular
we have proved that the Jacobian of every smooth fiber of a non isotrivial fibration
contains a fixed abelian variety of dimension gy. Assume now that we are in
an extreme case, i.e., assume that gy = g — 1. Since in this article we are only
interested in non isotrivial fibrations, we will call fibration with maximal relative
irregularity those with gy = g — 1. In fact, every fibration satisfies 0 < gy < g
and the equality gy = g holds if and only if the fibration is trivial (this follows
from a result of Beauville: see the appendix of [Deb82]| for details). In this case
dim(Ky) = qf = g — 1 and we can consider the quotient JF; /K which will be
an abelian variety of dimension g — gy = 1: an elliptic curve Ej,.

®(my) = Ky JF, —> E,

I~

Moreover, in this case KJY is the connected component through the origin of the
kernel of the norm map associated to the ramified covering 7, : Fj, — Ep, i.e. the
Prym variety ®(7,). Hence, an eventual counterexample to the modified version
of the conjecture of Xiao, under the additional assumption gy = g — 1, would
give a family of coverings of elliptic curves with constant Prym variety. At the
moment the question
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Is there a non isotrivial fibration (with maximal relative irregularity qy or not)
giving a counterexample to the modified Xiao’s conjecture?

is still completely open but, by answering precisely to our first question one
should be able to construct counterexamples or to prove that, at least for the
case of maximal relative irregularity, such examples cannot exist. It is worth to
mention that, by the original work of Xiao (see [X1a87]]), a non isotrivial fibration
with maximal relative irregularity can exist only if g < 7.

The paper is organized as follows. In Section [2| we recall some definitions and
facts about Prym varieties associated to ramified coverings and Prym maps that
we are going to use extensively in what follows. In Section 3| we will extend the
techniques developed in [Kan(04] for coverings with simple ramification to the
case of arbitrary one. The main result is this theorem

Theorem 1.1 (3.3). With the notations of section|3} if ¢ € Sym?(H(wr)™) we

have
doP" () = X;Resa,- (";((Z)) dtj+ (Z :(23 (xk)> ds. @

k=0

that describe the (dual of the) differential of the Period map in terms of residues of
some meromorphic forms. In Section{4] given a covering 7 : F — E and assuming
that F is not hyperelliptic, we prove Theorem[.4] a geometric criterion on the
canonical model F that is a sufficient condition in order to have dim(Ker(d,P)) =
1. Finally, in Section 5] we analyze in our framework the family that was
constructed in [Pir92]. We will prove, using our framework, that the existence of
the family is consistent with our Theorem as well as other interesting geometric
aspects that may suggest a different way to approach, in the future, the problem
of finding an answer to the second question by starting from the geometry of
canonical models.

2. Some preliminaries

In this section we recall some definitions that we are going to use in the following
sections.

Let F, E be two smooth curves of genus g > 2 and 1 respectively and consider
the covering 7 : F — E. One can consider the Albanese variety associated to F,
which coincides with its Jacobian, because F is a curve. Namely

H'(Or)

) = Gy = AP =

3)
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This is a principally polarized abelian variety of dimension g. As E has genus
1 we have E = J(E) = Alb(E). By the universal property of Alb(F) there is a
map alb(7) such that the diagram

F——F
JF —JE
(ﬂ)

commutes, where the map F — JF is the Albanese map of F, also called the
Abel-Jacobi map. The map alb(x) is also called the norm map of ©, Nmy, and it
is surjective. The generalized Prym variety associated to © : F — E (or simply
Prym variety) is the connected component of Ker(alb(7)) that contains the 0, i.e.

P(m) = Ker(alb(7))o. “)

P(m) is an abelian variety of dimension g — 1 with a natural polarization ®p
given by O, |p via the embedding

P(m)—— JF.

The map 7 : F — E induces a map tr : H'(wp) — H(wg) called the trace of
7 (see Appendix A of [Kan(04] for the definition). The trace satisfies

trron” = Deg(7)1dgo(q,) -
If we define
H°(owFp)™ =Ker(try) 6))
we have a canonical splitting
H(wr) =" H® (wp) ® H(0F) ™ (©6)

and we can identify the quotient H°(wr)/7*H(wg) with H%(wr)~. In particu-
lar, the tangent bundle of P(7) can be described as

H°(or)

\
,rHo<wE)> ® Op(z) = (H*(0F) )" @ Op(n). ©)

TP(m) = <

Now we will introduce the families of coverings of elliptic curves we are inter-
ested in. Fix a smooth curve F of genus g > 2 and consider a degree d covering
7 : F — E, where E is an elliptic curve. Denote with

n
R:Z(nj—
j=1
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the ramification divisor and call b; the branch point corresponding to the ramifi-
cation point a, i.e. w(a;) = b;. Thus n; is the degree of 7 when restricted to a
suitable neighborhood of a;.

Fix a generator o of H(wg). Choose a suitable set {A;} of coordinate neighbor-

hoods centered in the points b; and call w; the corresponding coordinate on E.

This is not needed at the moment but observe that we can assume that o[y, = dw;.

We can chose a collection of pairwise disjoint coordinate neighborhoods (Uj, z;)
nj

centered in a; in such a way that w; = 7|y, (z;) = z;.

Denote by #p the polydisc IT;_;A; and consider the coordinates t = (?/)?;1
defined by the relation
1j(Pry-e, Py) = wi(Py).
We can consider, as in Section 4.1 of [Kan04], a family
(W,f): F—ExXHg
of d-sheeted branched coverings deforming 7 parametrized by Hg such that
wj:lP|Uj(Zj>t):Z’;j+tj' (8)

In this way, to each b’ € Hp, it is associated a covering 7, : Fjy — E which is a
deformation of 7, the central fiber. Note that (8] forces the ramification orders to
remain costant and allows different branch points to move indipendently. This is
what we will call in the following local family of coverings over E with central
fiber w parametrized by HE.

The tangent space to Hg in b = (by,...,b,) € Hg is

n n
P
TyHe ~ DT E ~ EBCaij
j=1 j=1

where the tangent vectors on the right are evaluated in 0.

We can also take into account the deformation of the elliptic curve. Indeed,
following [ACGL11], if one chooses ¢ € E not among the b; and considers a
small coordinate neighborhood (N, v) of ¢ (eventually shrinking A; in such a way
that for all j they are disjoint from N), one can consider the associated Schiffer
variation £ — N of E with coordinate s. Observe that we can assume o|y = dv.
Taking into account also the movement of the branch points one has a family
f 1 F — Hg X N of curves of genus g that fits into the diagram

F—r ¢ )

(N

/HEXNH-N
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For a choice (V',s") € H = Hg x N we have an elliptic curve Ey, the fiber of the
map £ — N over s', a curve Fyy o) of genus g and a covering

Ty .s) = p‘F(b’.x’) :F(b’,s’) —Ey.

For this reason, the map p is what we will call local family of coverings with
central fiber ® parametrized by H or, simply, local family of coverings. The
tangent space to # in (b, s) is

N O %)
T M ~ @Ca—tj eC-.
j=1

and, clearly, containts 7, H g in a natural way. We stress that, through the whole
article, unless otherwise stated, we will always refer to the families of coverings
constructed in this sections.

If we have a family of coverings parametrized by #, for each (b,s) we can
construct the Prym variety associated to the covering. Moreover, the type of
polarization remains constant. Hence we can consider the Prym map

H—2 A, (10)

(b,s) ——[P(7(p,5))]

where A,_; is the moduli space of abelian varieties with polarization (which
will be omitted) equal to the one of the central fiber. In the same way one has the
Prym map ®f associated to a local family of coverings over E.

To avoid technical subtleties around singular points of A,_1, we will consider the
period map P : H — D (or P : Hg — D) instead of the Prym map & (respectively
@), where ID is a suitable period domain for A,_;. The interested reader is
referred to [Kan04) Section 3] for technical details.

Through the whole article, giving two sections s1,s, € H(Ox (D)) we will write
51 ® s to mean their symmetric product, i.e.

S5 @545 @51) € Sym(H(Ox(D)).

If s; € H*(Ox(D;)), 51 - s2 will mean the evaluation of s; ® 55 in H*(Ox (D1 +
D,)) under the multiplication map.
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3. A direct formula for the codifferential of the Prym map

In this section we will prove an explicit formula for the codifferential of the
period map in terms of the residue at the ramification points of some forms. The
framework is similar to the one in [KanO4] with the main difference being that
we don’t restrict ourselves to the case of simple ramification. First of all we
introduce some notations.

Fix an elliptic curve E and let & : F — E be a covering of E with F of genus g.
Consider

(W,f): F—EXxHg,

the local family of coverings with fixed base E, central fiber & and parameter
space Hp constructed in Section[2} By construction, it induces a family f : F —
‘Hp with central fiber F, = F. If we consider a minimal versal deformation
f'+F — M of F then the previous family is induced by f’ by means of a
pullback. More precisely there exists a holomorphic map hg : Hg — M such that

F——sF (11)

1)

Hg —M
hg

is commutative. Being f’ a minimal versal deformation we have
T,M ~ H'(Tr) ~ H(w5?)".
Moreover, under this identification, if we take a tangent vector v in T,Hg and

evaluate dhg in v we get the Kodaira-Spencer map KSg associated to 7 — Hpg
evaluated in v.

We are able to prove the first important part of Theorem [3.3]

Proposition 3.1. Using the identifications introduced above, we have that
dhl :T)M — T))Hg

can be written as
n (p
\/ _ o .
dhg (@) = g : y;dt; where Yj = 2miRes,; (77'[*06) (12)
Jj=

and ¢ € T))M = H(wZ?).
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Proof. For every ¢ € H(w?) we have that dhy (@) is identified, as cotangent
vector on M in o, by the complex numbers 7; such that

dny(@) ="y
j=1

By construction, we can obtain these numbers simply by pairing dh).(¢) against

d
1o (2) s (o (3)) (e (3)

th:

In order to develop the computation we may proceed using a description of KSg
in terms of the Cech cohomology (details of this can be found in [Hor73[]). To
do it consider the exact sequence

0—Tr — " i, Y S R0 (13)

and let § be the coboundary map H°(R) — H'(Tr). Then KSg factors as
801 =KSg where 7: T,H — H°(R) is the characteristic map of the family (see
[Hor73] for the definition and the proof of this fact). Hence we can unfold the
calculation using these exact sequences.

If one restricts the exact sequence @ on U; (or some sufficiently small subset
of this coordinate neighborhood), it can be identified with

LOU@%}_ Y Ry, 0. (14)

9d
0 OUjTZj J J

The first map sends % ton jz';j - % while the second one is simply the restric-
*] J

tion to the ramification locus. Let i = {Uy,Uy,...,U,} where U for j=1,...,n

are the neighborhoods defined above and Uy = F \ {a,}. Let, as usual, Uy g, be

a shorthand faor UaNUp with o < B. If n = [n,] € H*(U,R) with 7 = 0 and
n; = Pj(z)) gy; we have

pj(z;) 9

8(M) = [Aop] with Ao,jzn.znjfla—z
J J

for j > 0and A, = 0if o, f > 0. Following [Hor73] and using Equation (8]

we have
d ; . ; 0 k#j
T <8tj> = [’L']EJ)] with ’L’,EJ) = { 2 k= (15)
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(3 -5 (<(3) -

g =

Hence we have

where

Xa

)

0 otherwise.

If ¢ € H(w?) we can represent it as Cech-cocycle as [¢;] where

$o=90ly, and ¢;=q;(z;)ds;

are the local expressions of ¢ in coordinates around a;. The numbers we are
interested in are simply the ones obtained by considering the perfect pairing

H(0f*)@H (Tr) — H'(0Fp) —C (16)

applied to KSg (%) and ¢. Using Cech cohomology, the image in H' (o) of

j

our product is given by the Cech class [Sg ;3} with

) _ |tz (@)= (0.))

P 0 otherwise.

What remains to be proven is the analogous to the calculation of [Kan0O4]] for the
case of simple ramification: roughly, one can adapt the techniques of [ACG11},
pag. 14-15] to develop the last isomorphism of (I6) in order to finally get

(z)dz3
Y; = 2miResy % =2miRes,;

T
Ul

Consider now the family p : 7 — £ with central fiber 7 : F — E and parameter
space 1 = Hg X N as defined in Section 2] As before, we have an induced
deformation f : F — H of F, its associated Kodaira-Spencer map KS and, when
a minimal versal deformation f': 7' — M of F is chosen, an holomorphic map
h:H — M such that

F—F a7n

fl J/f/

is commutative. Again, as T,M ~ H 1(TF), we can identify dh with KS. We
will denote by xp,...,x4 the points of the fiber of w over the point ¢ which, by
construction, are all different.
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Proposition 3.2. Using the identifications introduced above, we have that
dh’ :T/)M — T,’H

can be written for any ¢ € H(0g?) = T’M as dh" (@) = > iy vdt + yds
where

d
g ¢ —iS " ?
v =2miRes, () and y= an; (). (18)

Proof. As before, by duality,
dh” (@) =@odh= @oKS.

It is then clear that the formula for y; follows directly from Proposition @ The
one that gives 7, as it involves calculations done far from the ramification points,
doesn’t depend on the type of the ramifications. Hence, the one given in [KanO4]]
when 7 as only simple ramification is still valid. OJ

Recall that we have a decomposition of H’(wr) given by H?(wr)~ @ n*H'(wg)
where the first space is the vector space of 1-forms on F with trivial trace.
This induces a decomposition on Sym?(H®(@r)). Unless otherwise specified,
consider Sym?(H®(wr)~) as a subspace of Sym?(H(wy)) in the natural way.
Let m : Sym?(H%(wp)?) — H(®3?) be the multiplication map. Denote by
P : H — D the period map associated to the Prym map & : H — A,_; where D
is a suitable period domain. We are ready to prove Theorem 3.3]

Theorem 3.3. With the notation introduced in this section, for any
¢ € Sym?(H(wr) ™) we have

n d
doP" (@) = ;RGSQ, (Z_&?) dtj+ (kz_; m(Xk)> ds. (19)

Proof. Theorem 3.21 of [Kan04]] expresses the codifferential of the period map
calculated in ¢ € Sym?(H°(wy)~) and paired with % as
J

o(w5(3))

without any restriction on the ramification type. In particular, this formula,
together with Proposition [3.2] ends the proof of the Theorem. O
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Remark 3.4. As a consequence of the last Theorem we can conclude that, if we
fix E, the codifferential d, Py, : Sym? (H°(wF)~) — T, H factors as

HO(0?) < sym? (H(wr)) (20)

dhgl j

T HE W Sym?(H(wr)™)
where T is the Torelli map (so that m = dT") and o is the lifting of the projection
of Sym?(H®(wr)) — Sym?(H®(wF)~) induced by the decomposition H%(wy) =
H'(owp)” ® n*H°(®g). The commutativity of the diagram is a consequence of
Proposition [3.1| as, for any ¢ € H(wr) & n*H(wg), we have that ¢ /7"« is
holomorphic and hence has residue zero everywhere.

4. A geometric approach via the canonical embedding

In this section we will use the technical result of the previous section in order to
prove that dim(Ker(d,Pg)) = 1 for arbitrary ramification types and a geometric
criterion to determine whether dim(Ker(d,P)) = 1 or not. First we fix some
notation and facts about the canonical curves that we are going to use extensively
in the following.

As F has genus g > 3 and is not hyperelliptic, we may identify it with its
canonical model in P = PH®(@wr)". This is a non-degenerate curve of degree
2g — 2, which is also projectively normal by a classical result of Max Noether
(see, for example, [ACGHSS5]). One of the consequences of this fact is that the
multiplication map my, : Sym* H%(wr) — H(wg*) is surjective. As before we
will denote m; simply by m. We will use frequently the natural identifications
H°(Op(d)) = Sym? H (@) which enable us to identify P(Ker(mgy)) with the
space of hypersurfaces of degree d in PH"(wr)" that contain F. By abuse of
notation we will simply say that an element in Sym? H(wf) is an hypersurface
of degree d if no confusion arises. In particular, if /¢ is the ideal sheaf of F in
PH(wr)", then Ker(m) = H°(Ir(2)) gives the set of all quadrics in PH?(wr)"

containing the curve F, and has dimension W'

Recall that the decomposition
H'(op) = H*(0p)” ® n"H’ (o)
where the first space is the space of forms with zero trace.

Since elements in H (@) are linear equations on PH®(wr)", all the hyperplanes
defined by elements in H°(@r )~ intersect in a single point ¢~ of P which is a
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point really important in what will follows. We have also a particular hyperplane,
the one defined by the subspace 7*H(wg) which will be denoted by H~. More
precisely,

g =P(H(wp)7)") and  H =P((x"H(wp))")
As before, we will fix a generator a of H(wg) so that
Sym*(H’(wr)) = Sym*(H'(0wr) ") & (7" 2 & H (wF)) . (21)

Given a quadric Q in P we will denote by Gy € Sym?(H°(wr)) one of its
equations and by G, € Sym?(H°(wF)~) and ®p € H°(wr) the only elements
such that

Go=Gy+m adwg

under the decomposition . Finally, given a quadric Q, we will denote by O~
the cone given by the equation G, i.e. the quadric such that Go- = Gé, =Gy.

In order to prove Theorem 2] we will need the following result:
Lemma 4.1. We have a natural inclusion of H(Ir(2)) in Ker(doPY).

Proof. Recall that, fixed a family of coverings with base £ and central fiber
7. F — E, by fixing a minimal versal deformation 7' — M of F, we can
construct hg : H — M like in diagram (TT)). As observed in Remark 3.4 we have
a commutative diagram

0 (22)

0—— KerdOPEC—j> Sym?(H’(wp)™) > TV Hg

A
7l pr dhy,

0 HHO(;F(Z))C—1> Sym? (H(wr)) —"— H(0?) —=0

H (o) & HO ()

0

It is easy to see that the image of prot lives in Ker(d,Py) so we have a well
defined map y: H(Ir(2)) — Ker(d,Py). We want to prove that this map is
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indeed injective. This follows from the geometry of the problem. Indeed, if a
quadric Q contains F, i.e. if the quadric has equation

Go = Gé +7C*OC®(J)Q € HO(IF(Z)),

and if ¥(Gg) = 0 then we have that the quadric has equation 7* 0t ® @p. But this
is impossible because such a quadric the union of two planes (one of which is
H™) and the canonical curve is non-degenerate. Hence ¥ is injective. O

Theorem 4.2. Let w: F — E be a covering with F non-hyperelliptic, consider a
local family of coverings with base E and parameter space Hg constructed in
Section |2} Let Pg be the period mapping associated to the Prym map ®g. Then
dim(Ker(doPg)) = 1.

Proof. First of all, observe that for dimensional reasons, one has
dim(Ker(doPg)) =1

if and only if

glg—1)
2

From the splitting H(wr) = H(wr)~ @ n*H°(wg) we have the commutative

diagram

dim(Ker(doPy.)) = —n+1.

0 — HOoor) 5 Sym? (HO(wor)) > Sym*(HO(wr) ) —> 0

d,Py
x l E
T,/ Hg

with ¥ defined by extending the formula in Theorem to Sym?(H(w)). This
can be done because, as previously observed (see Remark [3.4)),

doPE(H(0r) & m*ax) = {0}.
In particular, we have the relation
dim(Ker(d,Py)) = dim(Ker(¥)) — dim(Ker(pr)) = dim(Ker(¥)) —g. (23)

By definition, ¥ factors through the multiplication map m as ¥ = ¥ om. The
map W is well defined as, by Lemma 4.1}, Ker(m) C Ker(¥).

0— H%(wr) 25 Sym?(HO(wr)) — > Sym?(HO(0F) ") ——= 0

Sl

HO((X)I,@z) TO%E
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Being m surjective (as F is non-hyperelliptic) we obtain the further relation
dim(Ker(¥)) = dim(Ker(¥)) + dim(Ker(m)) =
- —2)(g—3
— dim(Ker(®)) + (g)z(g). (24)

As the divisor associated to 7" ¢ is exactly R, the ramification divisor, we have
that @ = OF (R) and there is an exact sequence

0 wp 2% pF? 0Z2|g —=0 (25)

which yields, denoting with V' the quotient H*(@3?)/(H®(wr) - 7* ), the exact
sequences

0——= H(wp) =% HO(0f?) — 5>V 0 (26)

0 vV HY(0fg) —— H'(0F) —0

Let 1 € Ker(€). We want to prove that ¥(1) = 0. This is easily proven: write 7
as @ - T« and observe that

¥(n)=Pom) (@& ) = (doPgopr) (@& a) =0

because ® & ¥ o € Ker(pr). In particular, Ker(g) C Ker(m) and we can define
amapA:V — TOV’HE such that ¥ = A o €. Moreover

dim(Ker(¥)) = dim(Ker(1)) + g. (27)
Using the second exact sequence in[26| we can also define a map
w: HY (g% ) — T, HE
such that guo§ = A.

HO(Ir(2))

HO ()% Sym?(HO (a ) —— = Sym?(H(wr) ")
2“ QL,,, \ lduPbY
2

H (D T(,VHE

\VA 02]%) ——= H'(wp)
(28)
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Note that we have several ways to define p1. Since W7?|g = @p (R)|r the global
sections of a);‘?2| g are just collections of meromorphic tails on the points of
ramification, i.e. elements

n—1

Z ﬁjk dzk

k agr€R

where 7y is the ramification index of the point a;. In particular, we can define u
as the map which gives the residue in the corresponding point of the meromorphic
tail. This ensures that the diagram is commutative. In addition, p is surjective
(this because the image of a collection of meromorphic tails {s;}, one for each
point of ramification, with 31,, = O, generates the image), and as a consequence,
€lker(2) is an isomorphism between Ker(4) and Ker(u). Hence,

dimKer(d,Pg) = dim(¥) — g = dim(¥) + dim(Ker(m)) — g =
= dim(A) + dim(Ker(m)) = dim(u) + dim(Ker(m)) =

g(g—1)
2

=h%(wr(R)|g) — dim T’ Hg + dim(Ker(m)) = —n+1 (29)

as wanted. O

Now we will prove the first main theorem:

Theorem 4.3. Let n: F — E be a covering with F non-hyperelliptic, consider
the local family of coverings with parameter space H constructed in Section 2]
Let P be the period mapping associated to the Prym map ® : H — A,_1. Using
the same notations of Theorem we have

(B

~—

dim(Ker(d,P))) =1 = 3B € Ker(doPg)

M&
3

7r*oc2
k=1
Proof. First of all consider the diagrams
T, H Tp(0)D T'H TPV(O)}D)
J doPy i dyPy
Z)HE TOVHE

and observe that one always has

Ker(doPg) C Ker(d,P) Ker(doP") C Ker(doPy.).
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Moreover, the codimensions are at most 1. If one considers the exact sequences

0—— Ker(doPE) TOHE TP(())]D) - Ker(dop%)v 0

0 —— Ker(d,P) T,H Tp(o)D — Ker(do,P")" —=0

it is clear that Ker(doPg) = Ker(d,P) if and only if Ker(d,P") C Ker(d,Pg).
Hence we have

dim(Ker(doP))) = 1 <= Ker(doP") C Ker(doPY).

This is true if and only there exists an element 8 € Ker(d,Pg) on which d,P"
doesn’t vanish. This can only be possible if d,P () is not zero on %, where s
is the parameter taking into account the moduli of the elliptic curve. By using
Theorem [3.3] we have

d
doP' (B) = 3" "B ()

and this concludes the proof. O

This result improves the one in [KanO4]] where it is proved only for simple
ramification. In the same work is proved that, for simple ramification, having the
sum in Theorem [4.3|different from zero for some 8 € Ker(d,Pg) is equivalent
to ask that the intersection of the quadrics that contain the canonical model of
F doesn’t contain the point ¢~ defined before. Unfortunately, in the case of
arbitrary ramification, we are not able to prove this equivalence but only one
implication.

Theorem 4.4. With the same hypotesis of Theorem if we identify F with its

canonical model in PH®(wr )", then we have

g ¢ () Q= dim(Ker(dP)) = 1, (30)
Fco

where Q ranges in the set of quadrics of PH O(a)p)v containing F.

The proof of the theorem uses some arguments developed in [Kan04] that we
have summarized in the following Lemma.

Lemma 4.5. Let Q be a quadric of PH®(wr)" containing F and denote by
Go=G,+m'a & wg one of its equations. Then

4 m(Gy) . .
> p—— () =0<=Gp(g")=0<=¢ €Q.
k=1
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Proof. The last statement is clear by definition so we really need to prove
only the first one. First of all observe that we can choose the coordinate s in
such a way that « is locally given by ds. Then, as G, = Go — T a® mg and

Q € H°(Ir(2)) = Ker(m) by hypotesis, one has

d - d A
m(G,) m(m*a® wp) Trz(wp)
0 _ % _ \%o
> g k) = -3 (xe) = — (c).
k=1 k=1
But Trz(wp) is an element of H(®g) so it is equal to - ¢ for some r. Thus we
have

which is zero if and only if @y has trace 0, i.e. if and only if Wy € H®(wr)~.
This happens if and only if (7*o)®? doesn’t appear in the equation of Q, i.e. if
andonlyif g~ € Q. O

Using Lemma[4.T|and Lemma [.5|the proof of Theorem[4.4]is straightforward.

Proof of Theorem Assume that

a¢()eo

FCQ

Then, there exists a quadric which cointains F but doesn’t contain g~ . Denote
by Gy its equation. By Lemmawe know that B = ¥(Gg) = G, € Ker(d,Pg)
and by Lemma4.5|we have that

d
m
> ") ey #0.
k=1
Hence, using Theorem[4.3| we have the thesis. O

Remark 4.6. In [Kan04], with different methods, it is proved that H(Ix(2)) =
Ker(d,Py,) if the ramification is simple. This fact is exactly what allows to prove
the converse implication of Theorem [4.4]

Remark 4.7. Notice that H(Ir(2)) = Ker(d,Py.) if and only if all the ramifi-
cation indices are equal to 2. Indeed, denote by R,.; the reduced divisor whose
support equals the support of the ramification divisor. Let R be R — R,.4. From
Riemann-Hurwitz we have

2g —2 =deg(R) = deg(Ryeq) +deg(R) = n+deg(R).
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Hence, from Equation one has
dimKerd,Py = h°(Ir(2)) +deg(R).

As R > 0 and is trivial if and only if all the ramification indices are equal to 2
the claim follows. In particular, the converse implication of (30) in Theorem 4.4]
holds for coverings whose ramification indices are all equal to 2.

We conclude this section by proving the existence of an exact sequence which
should help to measure, in a more intrinsic way, how much H(Iz(2)) and
Ker(d,Py) differ.

Proposition 4.8. Under the hypotesis of Theoremd.4|there is an exact sequence

Ker(dh")

OHHO(IF(Z))C$ Ker(d,Py) HO(wp) & m*HO(wg)

0.

(31

Proof. Starting from diagram it is easy to see that the composition of the
inclusion of H%(wr) & n*H® (wg) with m has image in H%(wg?) but also in the
kernel of dh". Hence there is a map

g:H(wp)&n*H®(wg) — Ker(dh),

which is easily proven to be injective as we have done with y. We can also
complete the diagram on the right by adding two (trivial) vertical arrows. The
complete diagram looks like this

. dopv
0 —> KerdoPY > Sym?(H"(wp)~) ——> TV Hr —> (Kerd,Pg)" —> 0
Y pr danV T
0 —> H(Ip (2))—— Sym*(H (o)) —"> H"(0;*) ——0

| |

0 — HwF) (5717*H0(a)5)(—8> Kerdh” —— Cokere — 0

(32)

By using the snake lemma on the central columns one obtain the wanted sequence.
O
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5. An interesting family of curves

In this section we review the first example, due to Pirola, of a non-trivial family
of coverings of elliptic curves with 2 independent directions along which the
Prym map @ is constant. Hence the kernel of the differential of the Period map
associated to ® has dimension greater than 1. The existence of the family is
proved in [Pir92] but the proof is not constructive and uses a framework different
form ours. After some notations and a brief idea of how to prove the existence of
this family (for details, see [Pir92]), we will prove that g~ belongs to the only
quadric that contains F and that for all the elements of Ker(d,P}) the sum in
Theorem 4.3]is 0.

In order to prove the existence of such a family, let G >~ Z3 and consider the
space HC of Galois coverings 7 : F — E of degree 3 with ramification given by
3 points (so the number of branch points is exactly 3 and the genus of F is 4)
modulo the identifications given by a commutative diagram like

~

Fi-=>5
ﬂll lﬂz
Ei-=->E

With this type of identification of two coverings the dimension of ¢ is 3. Note
that, with this definition, a covering 7 : F — E and the covering obtained by
composing 7 with a translation of E are equivalent: they represent the same
point in HC.

Fix a generator g of G and p, a primitive root of 1 of order 3. If V is a vector
space on which G acts, we will denote by V,,« the subspace where g acts as the
multiplication by p*. As 7 is the quotient by the group G, the G-action on F
induces several other G-actions. We will do now a small list of the one that we
are going to use in this section.

a) The canonical action on H(wr) via pullback: by changing, if necessary, g
with g2, we have

H(ar) = H(0F)1 © H'(0F)p & H'(0F) 2 = 7 H’(05) ® C, & C.
(33)

b) A canonical G-action on H°(®wp)~ which is simply the restriction of the
canonical representation on H° ().

¢) An action on Sym?(H°(ar)), whose decomposition in irreducible subrepre-
sentations is given by

Sym*(H(wF)) = G C) & C,.
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d) anactionon H O(wf?z) using the surjectivity of m by imposing that m becomes
a morphism of G-vector spaces and hence on its dual H' (7).

e) An action on H%(Ir(2)) as the kernel of m.

f) An action on the Prym ®(7): this is induced at level of tangent spaces (as the
tangent space To®(7) is H(wr) ™) and it is compatible with the quotient by
the periods’ lattice.

g) An action of G on PH’(wr)" = PP as every automorphism of F, seen as a
canonical curve in P lifts to an automorphism of the whole space.

All these actions, by construction, are compatible via the usual identification.
For example, if we interpret H(wr) as the space of equations of hyperplanes of
P an invariant hyperplane in PP has an equation which is an eigenvector of g in
H 0 ( (O] ) .

One has a Prym map & : H¢ — Ag—1 and a period map P : HE — D. We stress
that, by construction, if we prove that dim(Ker(d,P)) > k then, the period map
P associated to the Prym map of a local family of coverings with 7 as central
fiber will have kernel of dimension at least K+ 1.

The rough idea to prove that there exists a family of coverings in H which gets
contracted by @ is to observe, as we have done in |ﬂ), that the Prym map & factors
through the inclusion of AgGil, the space of abelian varieties of dimension g — 1

with an action of G, in A,_;. If we denote by DY a period domain for Agfl we

have an analogous period map P° : H% — DY, We want to get a bound on the
dimension of the image dP°.

Clearly, the image of dP® has dimension at most the dimension of
TDC = Sym?(H(wp)")°

and the same bound holds, by construction, for the dimension of the image of
dP. As Sym?(H°(wr)~)¢ is isomorphic, by @) to

H(or)p @H(0F) p2,

we have that its dimension is 2. As T[n]HG has dimension 3 this implies that the
kernel of dP has dimension at least 1 and the existence of the family is proved.

Proposition 5.1. Let v : F — E with [n] € HO, identify F with its canonical
model and let Q be the only quadric containing F. Then q— € Q and either

H°(Ip(2)) € Sym*(H (wr))p or H°(Ip(2)) C Sym*(H’(wr)) 2.
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Proof. There exists only a quadric containing F because g(F) = 4. More pre-
cisely F is the complete intersection of a quadric Q and a cubic surface C. Let
Go € H°(Ir(2)) be an equation for Q. Being F invariant under the G-action
introduced in[g), we have that the orbit of G under the action given ing), is
simply given by itself plus, possibly, some of its multiple by elements in C*. The
key point now is to see that H%(Ir(2)); = 0. In order to prove this observe that,
by construction, we have an exact sequence of G-vector spaces given by

0 —— HO(Iy (2)) — Sym?(H"(@r)) —> H(0%) — 0
Hence, by taking invariant parts and dimensions we have
dim(H°(1(2))¢) = dim(Sym? (H (o ))®) — dim(H° (@g?)9).

As claimed in [P1r92], we can identify T[,,]’HG with
H'(15)% = (H(0F2)")°.

Hence, we have dim(H’(®;?)¢) = 3. Using|c)) we have that also
dim(Sym?(H°(wr))¢) =3

s0, as claimed, H%(Ir(2)); = 0.

As consequence we have either

Go € Symz(HO(a)F))p or Gpe€ Symz(HO(a)F))pz.

Note that, in both cases, as 7*H(wg)? C Sym?(H°(wr))1, we have Go(g7) =0
sog  €0. O

Lemma 5.2. Let 0 : F — E with [r] € HC and assume that F is not hyperelliptic.
Denote by ay,ay and asz the 3 ramification points of @. Let L be a g%. Then:

e L is G-invariant, i.e. gL =1L;
o hO(OF(3a,~)) = 1,’
o IfLl'isaglthen L~L ie. thereis only one g} on F.

Proof. Recall that every curve of genus 4 is trigonal and moreover, the number
of gé is at most 2. If there is only one gé clearly it is G-invariant. If there are 2,
as G has order 3 and acts on a set of two elements, it has to fix both of them.

Now let’s prove that 41°(OF (3a;)) = 1. The Riemann-Roch formula for Or (3a;)
is
W (Or (3a;)) — h' (Or (3a;)) = deg(h’(OF (3a;))) —4+1=0
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so, by Serre duality, we have
hO(OF(3Cli)) = ]’lO(COF(*3a[)).

From
0 — wr(—3a;) = op(—2a;) = 0p(—2a;)|s, — 0

one has H%(wr(—3a;)) < H(wr(—24;)). In particular, as F is not hyperelliptic
we obtain that the dimension of H°(wr(—3a;)) is either 1 or 2. Moreover,
h°(wr(—3a;)) = 2 if and only if H(wp(—3a;)) = H*(®r(—2a;)). But this
cannot happen as the pullback 1 of a non-zero holomorphic form on E has a zero
of multiplicity 2 exactly in the ramification points so there is at least one element
in H(wr(—2a;)) \ H*(wr(—3a;)). Hence h°(Or(3a;)) = 1 as claimed.

Recall that on F' there are at most two g% and they are related by
Lol = O = (’)F(2a1 +2ap —|—2a3).

Hence we will conclude by proving that L = Op(a; +az +az). Let A,Bin F
such that L ~ Op(a; +A + B). As a is invariant and the same holds for L, we
have that Op(g(A) 4+ g(B)) = Or(A+ B). Therefore, as F is not hyperelliptic,
also the equality of divisors g(A) + g(B) = A + B has to hold. Moreover, as
g has order 3, it cannot exchange A and B: we have proved that A and B are
ramification points. If we assume that L # Op(a; + a2 + a3) there are several
possibilities:

A = a; = B This is impossible as we would have

2=h'(L) = h°(OF(3ar)) = 1.

A =a; #B Assume that A = a; and B = a; so that L ~ Op(2a; + a;). Let
C,D € F such that Op(2a; +az) ~ O (az +C+ D). As before, we have
that C and D are ramification points and as F is not hyperelliptic the
only possible option is to have C = D = a3. But then, again, we have a
contradiction

2 =h(OF(L)) = i°(OF (2a) +a2)) = i°(OF (3a3)) = 1.

A # a; = B This case is analogous to the previous one.
A = B # a; This case is analogous to the second one.

Hence, we have proved that L = Of(a; + ay + a3) and thus that L ~ L' and there
isonlyag} onF. O
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Proposition 5.3. Let 7t : F — E with [r] € HC and assume that F is not hyperel-
liptic. Denote by Q be the only quadric containing the canonical curve F. Then
Q is a quadric cone with vertex V and V &€ F. Moreover, the hyperplane H™ is
tangent to the cone and the 3 ramification points of & lie on a line on the cone.

Proof. Recall that if the quadric Q containing F is smooth, then F can be seen
as a curve of bidegree (3,3) in P! x P! and the projections on each factor give
two different g%. If, instead, Q is a cone (these are the only possible cases as
F is non degenerate) there exists only one g%. Hence, by Lemma we can
conclude that Q is a cone. If V is the vertex, it is clear that V & F as, otherwise
F would be singular.

Now we will prove that the ramification points are on a line in the canonical
model of F. By what we have seen in this section we have a decomposition of
H°(wr) into subrepresentations with H(wr); = 7*H®(wg). We can assume, as
before, that H(wr), has dimension 2. Denote respectively with {uo}, {u1,u}
and {u3} a basis for 7*H%(wg), H(wF), and Ho(a)F)pz. By abuse of notation
we will write u;u; to mean u; ®u;. With these coordinates, the hyperplane H~
has equation ug =0and g~ = (1:0:0:0). As

SYmZ(HO(a)F)) = <u%,u1u3,u2u3)1 () <u0u1,u0u2,u%)p (&) (u0u3, M%, M%, u1u2>p2
(34)
We know by Proposition @ that an equatlon G of Q is either an element of
Sym?(H’(wF)) ))p or of Sym~(H"( (o) pz In the first case the generic element of

Sym?(H®(®r)), is a quadric cone and has equation
u% +up(au; +buy) = 0.

Moreover, it is easy to see that H~ is tangent to the cone along the line L; =
{u3 = up = 0}. In the second case the generic element of Sym?(H°(wr)) p2isa
smooth quadric but it is easy to see that the generic singular element is a cone
with equation
usug + (au; + buz)z =0.

As before, H™ is a plane tangent to Q along the line Ly = {uo = au; + buy = 0}.
So, in both cases, as the ramification points of the canonical curve F are given
exactly as H~ N F, they are on a line as claimed. O

Now we are going to calculate the sum in Theorem [4.3]and to see that it is zero
for each element in Ker(d,Py).

Proposition 5.4. Let w: F — E be a Galois covering of degree 3 as before and
consider a local family of coverings with central fiber w. Then, if

> m(B)

T+ o2
k=1

v(B) = (i)
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one has v(fB) =0 for all B € Ker(d,Pg).

Proof. Ker(d,Py,) is a subspace of Sym?(H®(wr)~). If B € Ker(d,Py) we can
decompose it as

B = Bi+Bp+ By
with B, € Sym?(H®(wr) ™). First of all we will prove that v(B,) = V(Bp2) =0.

As c is not a branch point, we have that the fiber 7! (c) = {x1,x2,x3} over c is
equal to the orbit of each of its points: 7! (c) = {x1,g(x1),&%(x1)}. Hence

If we assume that f3 is in the eigenspace Sym*(H®(wf)), of g* then

(S ®)  m(Tiows 2 N\ m
v(B)= ("niaz )y -2k — )<x1>=<§uk) ),

Hence, if u # 1, we have A () = 0 as claimed.

Hence we have that v(f3) = v(B;) so it is enough to prove that

ker(doP) C Sym®(H" (o) )p @ Sym®(H (o)) 2
i.e., that B; = 0.

Let a be a ramification point and consider holomorphic coordinates (U,z) cen-
tered in a and (V,w) centered in m(a) = b. Assume, moreover, that oy = dw,
the relation w = z3 holds and the action of g € G near a is given by z +— pz for
p # 1 such that p? = 1. By changing p with p?> we can assume, moreover, that
the decomposition of H(wr) in invariant subspaces with respect to the action of
G is the one given in Equation . Consider 1 € H°(wy). Near a we can write

nu=|>_n< |dz and gnlu=p | np'e | dz.
>0 J=0
In particular, n € H°(wr) if and only if, near a we have

Nlv = an+3jz”3f dz

Jj=0
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and an analogous decomposition holds near the other ramification points. Simi-
larly, we have

Nv = Zn3jz3j dz and ny= Zn1+3jzl+3j dz
>0 >0

ifn € H(oF), and n € HO(wF)pz respectively.
As

Sym®(H"(ar) ™)1 = H'(0F)p @ H(0F) 2,  Sym®(H’(wr)")p = H" (@),

and
Sym?(H(F) ") p2 = Sym*(H"(wr)p),

if ¢ € Sym?(H°(wr)~)y we can write it in coordinate near a as
olu =z(Qo+ @12 +0(2°)) dz*

for u =1 and as

2 2

olu=(po+ @2 +o(z°))d* and @ly=2"(Po+ i1z’ +0(z°))dz

if u = p and u = p?, respectively. In the latter cases, we have that the residue of
o/m*oin ais 0 as @/m* o is either holomorphic or has a pole of order 2 with
coefficient of degree —1 equal to 0. Hence

Sym*(H(wr) ™), @Symz(HO(a)F)f)pz C Ker(d,Py).

By Theorem @.2|and using Diagram we obtain dim(Ker(d,Py)) = 4. This
is equal to the dimension of Sym?(H’(wr) ™), & Sym? (Ho(a)F)_)pz SO

Sym?(H(wr)7), EBSymZ(HO(a)p)*)pz = Ker(doPy).

In particular, B; = 0 and v(3) = 0 as claimed.
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