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INVARIANT SUBRING OF THE COX RING OF K3 SURFACES

AKIYOSHI SANNAI

In this paper, we consider the invariant subring of the Cox ring by the
automorphism group of the projective variety X under some assumption.
We prove that the ring is finitely generated if X is a K3 surface.

1. Introduction

Cox rings were introduced by D.Cox in [C] and are important rings which ap-
peared in algebraic geometry, which is defined as follows:

Definition 1.1 (Multi-section rings and Cox rings). Let X be a normal projective
variety over an algebraically closed field k. For a semigroup Γ of Weil divisors
on X , the Γ-graded ring

RX(Γ) =
⊕
D∈Γ

H0(D)

is called the multi-section ring of Γ.
Suppose that Cl(X) is finitely generated. For such X , choose a group Γ of

Weil divisors on X such that ΓQ → Cl(X)Q is an isomorphism. Then we say
that the multi-section ring RX(Γ) is a Cox ring of X .
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One of the main topics related with Cox rings is their finite generation . The
main theorem of this paper is the following:

Theorem 1.2. Let X be a smooth algebraic K3 surface defined over C. Assume
that there is an Aut(X)-invariant semigroup Γ of Weil divisors on X. Then the
invariant subring of RX(Γ) by Aut(X) is finitely generated over C.

The theorem has the following meaning. At first, by [BCHM] and [TVAV],
we know the Cox rings are finitely generated if the base varieties are of Fano
type or smooth surfaces with big anticanonical divisor. This means that the
positivity of the anticanonical divisors makes the Cox rings finitely generated.
Secondly, we consider the boundary of this case, namely, the case in which
the anticanonical divisor is trivial. If the variety is an Abelian variety, then the
Picard group is not finitely generated, so that we can not define the Cox ring.
Therefore, the next case to be considered is the case of the K3 surfaces.
By [K] and [AHL], we know the Cox ring of a K3 surface is finitely generated
if and only if the automorphism group is a finite group. Therefore, among K3
surfaces we have both of examples of finitely generated and not finitely gen-
erated Cox ring. This suggests that if the Cox ring is finitely generated and if
the automorphism group acts on the Cox ring, then the invariant subring of the
Cox ring is finitely generated . It is natural to ask whether this holds in general
or not. This question is first asked in the draft of ”lectures on K3 surfaces” by
D. Huybrechts [H]. As we see in the proof, finite generation of the invariant
subring by the automorphism group is related to the Kawamata-Morrison cone
conjecture.
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2. Cox rings and grading

Definition 2.1 (Multi-section rings and Cox rings). Let X be a normal projective
variety over an algebraically closed field k. For a semigroup Γ of Weil divisors
on X , the Γ-graded ring

RX(Γ) =
⊕
D∈Γ

H0(D)
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is called the multi-section ring of Γ.
Suppose that Cl(X) is finitely generated. For such X , choose a group Γ of

Weil divisors on X such that ΓQ → Cl(X)Q is an isomorphism. Then we say
that the multi-section ring RX(Γ) is a Cox ring of X . It is known that the finite
generation of such ring is independent of the choice of Γ (See [GOST, Remark
2.17] for example).

We want to define the action of Aut(X) to the Cox ring of X . But as the
following example shows, Aut(X) does not acts on a Cox ring of X in general.

Example 2.2. Let X be a n-dimensional projective space. Then we can take
the Cox ring of X as the ring of the polynomials of n+ 1 valuables, on which
the projective general linear group PGL((n+1),C) never acts. This is because
PGL((n+1),C) is projective group variety and the spectrum of the ring of the
polynomials of n+1 valuables is affine.

Remark 2.3. In this case, we can take the Cox ring of X as the second Veronese
subring of the polynomial of n+1 valuables. Then we can define the action of
Aut(X) by using the action of the special linear group.

Hence from now on, we assume the existence of Γ which is stable under the
action of Aut(X), namely g∗Γ = Γ for any g ∈ Aut(X) in this paper.

Remark 2.4. If g∗Γ = Γ holds for any g ∈ Aut(X), then Aut(X) naturally acts
onRX(Γ) by pulling back the section and its grading.

To prove the main theorem, we introduce the notion of divisor of finite orbit.

Definition 2.5. A divisor D ∈ Γ (resp. a section f ) is said to have finite orbit if
the set {g∗D |g ∈ Aut(X)}(resp. {g∗ f |g ∈ Aut(X)}) is a finite set.

Proposition 2.6. Let X be a normal projective variety over an algebraically
closed field k with freely finitely generated divisor class group. Let f ∈RX(Γ)

Aut(X).
Let f = Σn

i=1 fi be the homogenous decomposition by Γ, where fi ∈ H0(Di) and
Di ∈ Γ. Then Di has finite orbit by the action of Aut(X)} for any i.

Proof. Since f is Aut(X)-invariant, f = g∗ f = Σn
i=1g∗ fi. Hence g∗ fi appears

in the homogenous decomposition of f , namely g∗ fi = f j for some j. Since
g∗ fi ∈ H0(D j), g∗Di = D j. This implies that for any g ∈ Aut(X), there exists j
such that g∗Di coincides with D j. This implies the assersion.

Remark 2.7. We denote the semigroup of the divisors of finite orbit in Γ by
Γ f and the semigroup of nef divisors of finite orbit in Γ by Nef f (X). Then the
proposition above means that RX(Γ)

Aut(X) is contained in RX(Γ f ).
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Proposition 2.8. Let X be a normal projective surface over an algebraically
closed field k with freely finitely generated divisor class group. Let Γ be a semi-
group of Weil divisors on X such that Γ→ Cl(X) is an isomorphism. Then
RX(Γ f ) is generated by the global sections of negative curves of finite orbit and
RX(Nef f (X)).

Proof. Let D be a divisor in Γ f and f ∈ H0(D). Take an ample divisor A on
X . We claim that f is the product of the global sections of a nef divisor and
negative curves by induction on A.D = n. Assume A.D = n. If D is nef, then
there is nothing to prove. If D is not nef, there is a negative curve C such that
D.C < 0, therefore H0(D−C) = H0(D). If C has finite orbit, then D−C has
finite orbit and A.(D−C)< n. The claim follows from the inductive hypothesis.
Therefore, it is enough to show that C has finite orbit. If C does not have finite
orbit, then there is an infinite sequence {gn} in Aut(X) such that g∗i C 6= g∗jC
for any i 6= j. Since D has finite orbit, there is an infinite subsequence {gni}
such that g∗ni

D = g∗n j
D for any i, j. We fix n0. Since g∗n0

D.g∗ni
C = D.C < 0, g∗ni

C
is contained in the base locus of |g∗n0

D|. This contradicts the finiteness of the
irreducible components of the base locus.

3. the cone conjecture for K3 surfaces

In this section, we continue to assume the existence of Γ which is stable under
the action of Aut(X), namely g∗Γ = Γ for any g ∈ Aut(X).

Definition 3.1. A K3 surface over k is a smooth projective surface X such that
ωX/k =OX and H1(X ,OX) = 0.

In this section, we work on a K3 surface over an algebraically closed field
k. We first remark that for a K3 surface X , linear equivalence and numerical
equivalence coincide (See [H, Proposition 2.3] for example). Hence, we natu-
rally see Γ⊗R∼= N1(X)R. Secondly, the divisor class group of a K3 surface is
freely finitely generated and its rank is at most 22. Hence we can consider the
Cox rings of K3 surfaces. We fix Γ as in the Definition 2.1.

Note 3.2. In this section, let us denote the cone generated by the divisors of
finite orbit (resp. the nef divisors of finite orbit) in N1(X)R by Γ f ,R (resp.
Ne f f (X)R). For a cone C in N1(X)R, we denote RX(C∩Γ) simply by RX(C). It
is easy to see that this notation is compatible with the notation in the previous
section.

We show that RX(Γ f ) is finitely generated. By Proposition 2.8, it is enough
to see that the number of (-2)-curves of finite orbit is finite and that RX(Nef f (X))
is finitely generated. The first assertion follows from a result due to H. Sterk.
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Proposition 3.3. Let X be a K3 surface over an algebraically closed field k.
Then the number of (-2)-curves of finite orbit is finite.

Proof. By [S, Proposition 2.5], the number of Aut(X)-orbits of (-2)-curves is
finite. The assertion follows from this fact.

To see the finite generation of RX(Nef f (X)), we need the cone conjecture.

Definition 3.4. Let C be a cone in N1(X)R and G be a group acting on C. A
rational polyhedral cone ρ ⊂C is said to be a rational polyhedral fundamental
domain for the action of G if the following two conditions are satisfied:

1. C = ∪g∈Gg(ρ)

2. g(ρ)∩h(ρ) does not contains inner points for g 6= h

Let Nefe(X)R (resp. Nefe
f (X)R) denote the cone generated by nef and ef-

fective divisors (resp. the cone generated by nef and effective divisors of finite
orbit). The cone conjecture states that Nefe(X)R has a fundamental domain.

Theorem 3.5. [S][H, Chapter 4, Theorem 4.2.] Let X be a K3 surface over
an algebraically closed field k of characteristic 6= 2. The action of Aut(X) on
Nefe(X)R admits a rational polyhedral fundamental domain ρ .

Let ρ f denote the cone generated by nef divisors in ρ of finite orbit.

Proposition 3.6. Let X be a K3 surface over an algebraically closed field k of
characteristic 6= 2. Then RX(ρ f ) is finitely generated over k. In particular, ρ f is
a rational polyhedral cone.

Proof. Consider the natural inclusion i : RX(ρ f )→ RX(ρ). Since RX(ρ) is a
multisection ring associated to a rational polyhedral cone generated by finitely
many semiample divisors, RX(ρ) is finitely generated over k by [HK, Lemma
2.8]. Since a pure subring of a Noetherian ring is Noetherian, it is enough to
prove that the map i splits as RX(ρ f )-module homomorphism. We have the
projection π : RX(ρ)→ RX(ρ f ) as k-vector spaces, namely for a homogenous
element s in RX(ρ), π(s) is s if s is in RX(ρ f ) and 0 otherwise. We see that π

is RX(ρ f )-linear. To confirm this, we show that for any element a ∈ RX(ρ)−
RX(ρ f ) and any r ∈ RX(ρ f ), ra ∈ RX(ρ)−RX(ρ f ). We may assume a and r are
homogenous, namely a ∈ H0(N1) and r ∈ H0(N2) for some divisor of infinite
orbit N1 and divisor of finite orbit N2. Then ra ∈H0(N1 +N2) and N1 +N2 is of
infinite orbit. Hence ra ∈ RX(ρ)−RX(ρ f ). The second assertion follows from
the first assertion.
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Corollary 3.7. Let X be a K3 surface over an algebraically closed field k of
characteristic 6= 2. Let Γ be a group of Weil divisors on X such that Γ→Cl(X) is
an isomorphism.Then RX(Nef f (X)) is finitely generated over k. Hence RX(Γ f )
is finitely generated over k.

Proof. By Proposition 3.6, ρ f is generated by finitely many semiample divisors
of finite orbit. Since ρ f spans Γ f ,R by actions of Aut(X), Γ f ,R is generated by
finitely many semiample divisors. This implies the first assertion. The second
assertion follows from the first assertion and Proposition 2.8 and Proposition
3.3.

4. log canonical representations

In this section, we work on algebraic varieties over C.

Definition 4.1. Let X be a normal variety over C and let ∆ be an R-divisor on
X such that KX +∆ is R-Cartier. Let π : Y → X be a log resolution of (X ,∆).
We set KY = π∗(KX +∆)+ΣaiEi, where Ei is a prime divisor on Y . The pair
(X ,∆) is called subkawamata logterminal (subklt, for short) if the coefficients
of ∆ are smaller than 1 and ai > −1 for all i. Futhremore, if ∆ is effective, we
simply call (X ,∆) klt.

Definition 4.2. [FG, Definition 3.1] Let (X ,∆) be an n-dimensional projective
subklt pair such that X is smooth and ∆ has a simple normal crossing support.
We denote the group of birational mappings of X onto itself by Bir(X). We
define

B̃irm(X ,∆)=
{

g∈Bir(X) |g∗ω ∈H0(m(KX +∆)) foreveryω ∈H0(m(KX +∆))
}
.

It is easy to see that B̃irm(X ,∆) is a subgroup of Bir(X). An element g ∈
B̃irm(X ,∆) is called a B̃-birational map of (X ,∆). By definition, we have the
group homomorphism

ρ̃m : B̃irm(X ,∆)→ Aut(H0(X ,m(KX +∆))).

The homomorphism ρ̃m is called the B̃-pluricanonical representation of B̃irm(X ,∆).

Theorem 4.3. [FG, Theorem 3.9.] Let (X ,∆) be a projective subklt pair such
that X is smooth, ∆ has a simple normal crossing support, and m(KX +∆) is
Cartier where m is a positive integer. Then ρ̃m(B̃irm(X ,∆)) is a finite group.

We can regard any effective nef divisor N on a K3 surface X as a log pluri-
canonical divisor of a klt pair (X ,1/mN) for an enough large m. And the fol-
lowing theorem (abundance theorem) tells us the semiampleness of this divisor.
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Proposition 4.4. (See, for example [H, Corollary 3.11.]) Let L be a nef divisor
on a smooth algebraic K3 surface defined over C, then L is semiample.

Theorem 4.5. Let X be a smooth algebraic K3 surface defined over C. Let Γ

be a group of Weil divisors on X such that Γ→ Cl(X) is an isomorphism. Then
the invariant subring of RX(Γ) by Aut(X) is finitely generated over C.

Proof. By Corollary 3.7, RX(Γ f ) is finitely generated over C. By Proposition
2.8, we put e1, ...,em and s1, ...,sn be homogenous generators of RX(Γ f ) which
belong to H0(E1), ...,H0(Em) and H0(D1), ...,H0(Dn) respectively where Ei is a
(−2)-curve and Di is a nef divisor. Put V =

⊕
H0(Ei)

⊕
(
⊕

g∈Aut(X) H0(g∗Di)).
Since the orbit of each Di is finite, V is finite dimensional. The action on the
sections gives the representation π : Aut(X)→ End(V ). We claim the image
of this map is a finite group. By the Burnside’s theorem (see, for example, [U,
Theorem 14.9]), it is enough to show that any element π(g) has uniformly finite
order. π(gn!) induces the map π(gn!) : H0(Di)→ H0(Di) for each i and Di. By
Proposition 4.4 and Bertini’s theorem, we may assume (X ,1/mDi) is klt and Di

is simple normal crossing for a positive integer m. By Theorem 4.3, we have
π(gn!) has finite order. Hence π(g) has uniformly finite order. And we can
also do same thing to Ei and ei.Then Cox(X)Aut(X) = RX(Γ f )

π(Aut(X)) and since
RX(Γ f ) is finitely generated and π(Aut(X)) is a finite group, the right hand side
is finitely generated over C.

The following example implies that the invariant subring of the Cox ring by
the automorphism group is not finitely generated in general.

Example 4.6. Let X be a blow up of the projective plane over k at general
9 points. Let Γ be a group of Weil divisors on X such that Γ→ Cl(X) is an
isomorphism. Then the invariant subring of RX(Γ) by Aut(X) is not finitely
generated over k.

Since X has infinitely many (-1)-curves, the Cox ring of X is not finitely
generated. Moreover, the automorphism group of X is trivial (see, [Ko]).
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