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BOUNDARY ESTIMATES FOR SOLUTIONS
TO SINGULAR ELLIPTIC EQUATIONS

CLAUDIA ANEDDA - FABRIZIO CUCCU - GIOVANNI PORRU

We deal with the Dirichlet problem Au 41~ 4 g(u) = 0 in a bounded
smooth domain @ C RY with u = 0 on the boundary 32, where y > 1
and g is a smooth function. Assuming |g(#)| grows like 17", 1 < v < y, as
t — 0, we find optimal estimates of u#(x) in terms of the distance of x from
the boundary 9€2.

1. Introduction.
We investigate the Dirichlet problem

(1.1 Au+ f(u)=0in2, u=0 on L2,

where Q is a bounded smooth domain in RY and f(¢) is a smooth, positive,
decreasing function which tends to infinity as ¢ tends to zero. Existence and
uniqueness for this problem have been discussed by Crandall, Rabinowitz and
Tartar in [5]. In particular, in [5] it is proved that there is a classical solution
u € C2(2) N C°(Q) and that, near the boundary 3, it satisfies

(1.2) AD(S(x)) < ux) < AP((x)),
where ® = ®(s) is a positive solution of the problem

"+ f(@) =0, @(0)=0,
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8(x) is the distance from x to 92, and A, A are two suitable positive constants.
If f¢®) =¢t77,y > 1, we can take ® = ¢, with

y+1 s)ﬁ
V2(y = 1)

In this special case, the estimate (1.2) has been improved in [4], where it is
shown that there is a constant B such that

(1.3) o) = (

(1.4) lu(x) — ¢(8(x))| < BS(x).

For y > 3, the last inequality has been made more precise in [13], where the

estimate
r43

lu(x) — ¢(8(x)| < B(5(x)) "™

has been proved. For 1 < y < 3, in [3] it is shown that

lu(x) — $GG)| < B(5))7.

The existence of a solution of the homogeneous Dirichlet problem for more
general singular elliptic equations has been recently investigated in [6], [8],
[12], [14], [15]. Also the behaviour of the solution near the boundary has been
investigated. However, as far as we know, there are not results concerning the
precise evaluation of the second order term in the boundary approximation of
the solution.

In the present paper we investigate problem (1.1) incase f(¢t) =t~ 7 +g(t),
where y > 1 and g(¢) is a smooth function such that 7" 4 g(¢) is positive and
decreasing for + > 0. First we assume that |g(¢)| grows like the function ¢~
with

1]
max Al <v <y,

and prove that
u(x) = ¢S(x)(1 + 0(1)8”),
where

_ 2(y —v)

(1.5) B V1

and O(1) is a bounded quantity. Note that 0 < 8 < 1.
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Next we take y > 3, suppose that |g(z)| grows like t7” with 1 < v <
(y — 1)/2, and we prove that

(N -DK

u(x) = pE)| 1 + 5=

54 0(1)5'3],

where K = K (x) denotes the mean curvature of the surface {x € Q : §(x) =
constant}. The exponent g is defined as in (1.5), but now we have 1 < 8 < 2
forl <v<(y—1)/2,and 8 =1forv=(y —1)/2.

In case of g =0 and y > 3 we prove that

—1
(1.6) u(x) = ¢(8(x))[1 + (]V?)f)KS + 0(1)8”"],
with
0<o < Y= 3.
y +1

To prove our results we use the estimate

G
im —— =

(1.7) x—>3Q  u(x)

1.

For general f (1.7) follows, for example, by [8]. Indeed, if

(1.8) F(t)Z/ f(r)dr,

Theorem 2.6 of [8] assumes that F(t) — oo as + — 0 and that, for some
M > 1, F(t) < M F(2t) for t small. Both these conditions hold in our situation.

We emphasize that when the perturbation |g(¢)| grows less than 777 then,
concerning the boundary behaviour of the solution, it does not make effects at
the first level. Furthermore, when |g(¢)| grows less than 1~ then it does not
make effects at the first two levels.

Estimate (1.6) with o(8) in place of O(1)§'*° has been announced in [2].
The influence of the domain geometry in boundary blow-up problems has been
discussed in [1], [7].



342 CLAUDIA ANEDDA - FABRIZIO CUCCU - GIOVANNI PORRU

2. Boundary estimates.

Let y > 1 be areal number and let g(¢) be a smooth function satisfying
2.1) gHy=00x"", 1<v<y,
where O(1) is a bounded quantity. We also suppose
(2.2) 7V +g(t)>0 and —ytr 7' +g(1)<0 Vr>0.
Under conditions (2.1) and (2.2), we investigate the Dirichlet problem
(2.3) Au+u?+gu)=0inQ2, u=0 on 9L,

where Q is a bounded smooth domain in R . The integral function F(z) defined
asin (1.8) with f(¢) = t~7 + g(¢) behaves like

t=v
F(t) =

-+ o',

Since F(t) — oo as t — 0 and since we have, for some M > 1 and for ¢ small
F(t) < M F(2t), we can use the estimate (1.7) for the solution u to problem
(2.3). We have the following

Theorem 2.1. Let Q C RY, N > 2, be a bounded smooth domain, let y > 1
be a real number, and let g(t) be a smooth function satisfying (2.2) and (2.1)
with

[=1]
max A <v <y
If u(x) is a solution to problem (2.3) then

_2y—v

u(x) = p@EE)[1 + 0(1)8?], p N

where ¢ is defined in (1.3), and O(1) is a bounded quantity.

Proof. We look for a super-solution of the form
w(x) = pB)(1 + as”),
where « is a positive real number to be determined. We have

wy, = ¢'8,, (1 + ad”) + aBps’ s,
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Recall that [9]

N N
D 8y =1 Y 8y =—(N - DK,
i=1 i=1

where K = K(x) is the mean curvature of the surface {x € Q : §(x) =
constant}. Putting (N — 1)K = H we find

24) Aw = ¢"(1 +as’) — ¢'H(1 + as®) + 208"~ '¢' +

+ paf(B — 1)6" 7 —appHS .

The function ¢ = ¢(s) satisfies the equations

"o_ - I 7V+1 (V+1)2
(2.5) =07, ¢>—¢>yy_1s, ¢ = ¢>y2(y_1)
By (2.4) and (2.5) we obtain
(2.6) —Aw =¢*V[1 +ad? + }):iaﬂ(l +a8’3)—2a,3£ “_L 15/3
(y +1? 4 (v +1° 40
—aB(p = Dy a3 H.

By (2.6) we get

1 12
2.7) —Aw > ¢*V[1+aaﬂ(1—2i: “_L lﬁ—g(’;_ 1),3(,3—1)—C18>—C28],

where C;,i = 1, 2, - - -, here and in the sequel, denote suitable positive constants
independent of «. We will take o and §p > O such that

g1
(2.8) ad, < 3

and consider points x € © such that §(x) < &;. Using condition (2.1) and
Taylor’s expansion we find

(2.9) w7 +gw)=¢ " [(1+ad’)" + 0]
< ¢77[1 — yas® + C3(a8’)’ + C48"].
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By (2.7) and (2.9) we find that

(2.10) —Aw > w7’ 4+ g(w)

provided

1 1)?
1+o¢5ﬂ(1—2)’“L g+
y—1 2y —1)

BB — 1) = C18) - Gz

> 1 — yas? + Cy () + Cu8°.

After simplification we find

1 2
2.11) Cy +Cy8'~F < a[%(ﬁ%— 1)(

Since 8 < 2(y — 1)/(y + 1), we can take o and §; so that (in addition to (2.8))

%—ﬁ) — 18— Cas’ .

+ 1)? 2(y — 1
C180 + Csa8t < %(ﬁ + 1)(% ~B).

Since (y — 1)/2 < v, we have 8 < 1. Increase « (and decrease §y) until (2.11)
holds for § < &y.

Let us show now that we can choose §y and « so that u(x) < w(x) for
8(x) = 8p. Letg = aéﬂ, where o and § are as in above. Since by (1.7)

lim 20 _
im ———

=1,
x—>3Q  u(x)

we can decrease §j (increasing o according to aé(’f = ¢) until

$(3(x)) 1
>
u(x) 1+¢

for 8(x) < 8. Multiplying by (1 + «8”) we find

w(x) 1 P
e > T +q(1 + ad?).

Then w(x) > u(x) for §(x) = §;. On 92 we have w(x) = u(x) = 0.
Therefore, since 1 ~7 + g(¢) is decreasing, by (2.10) we find that w(x) > u(x)
on{xeQ:d§x) < do}.



BOUNDARY ESTIMATES FOR SOLUTIONS. .. 345

Now we seek for a sub-solution of the type

v(x) = ¢(d)(1 — as’).

We find an equation similar to (2.6) with —« in place of «, that is

—Av:¢*y[1—a8 +)):“_L SH(1 — 8’3)+2a,3)):i—18’3
(V+ )2 (v +1° 541

From this equation we find

2
(2.12) —Av < ¢*V[1—a5ﬂ(1—2)): “_L 1,3—g(/;_li)ﬁ(ﬁ—1)—C58>+C68]

Let 8y and « satisfy (2.8). For §(x) < &, using condition (2.1) and Taylor’s
expansion we find

@13) v +gw) = ¢ 7 [(1 - adh) T + 0" ]

> @77 [1 — yas? — C787].
By (2.12) and (2.13) we find that

(2.14) —Av < v ¥+ g)

provided

| 1)
1—o¢5ﬂ(1—2)’“L g+

—1—C8> Ced < 1—yash —Cq8°.
— 2(y_1)ﬁ(ﬁ )—Cs58 )+ Ceé < ya 7

After simplification we find

2
(2.15) Cr+Ces'F < a[g(/ +_ i)(ﬂ n )(% — ﬁ) —csa].

Inequality (2.15) (which is similar to (2.11) but easier) holds for § < §y with &y
small enough and « large enough.
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Let us show that we can choose 8y and « so that v(x) < u(x) for §(x) = Jy.
Letg = aég , with o and §, as in above. Since we have

lim 206D _
im ——= =

17
x—>3Q  u(x)

we can decrease §j (increasing o according to aég = ¢) until
$((x)) 1
<

u(x) 1—gq
for 6(x) < §y. As a consequence we have

LN B
ulx) l—gq

Then v(x) < u(x) for §(x) = §y. By (2.14) it follows that v(x) < u(x) on
{x e Q:6(x) < 8p}.
We have proved that for x near €2 and « large enough we have

P(S)(1 — adf) < u(x) < ¢6)(1 + as?).
Equivalently we have
u(x) = pd)[1 + 0(1)s"].
The theorem is proved. U

Recall that A§ = —(N — 1)K, where K is the mean curvature of the
surface {x € Q : §(x) = constant}. We state now our main result.

Theorem 2.2. Let Q C RY, N > 2, be a bounded smooth domain, let y >3
be a real number, and let g(t) be a smooth function satisfying (2.2) and (2.1)
with .
l<v< V;
2

If u(x) is a solution to problem (2.3) then
(N - DK 2(y —v)
3—vy y +1

where ¢ is defined in (1.3), and O(1) is a bounded quantity. Furthermore, if
g(t) = 0 then we have

’

u(x) = ¢(8(x))[1 n 5+ 0(1)5/3], B =

(N
3

where o is any positive real number such that o < (y —3)/(y + 1).

DK

u(x) = N[ 1+ 5+ 0('" ]
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Proof. Define

H
(2.16) A=—— H=(N-1DK.
3—y

We look for a super-solution of the kind
wx) = ¢(8)(1 + A5 +as'*7),

where o is a positive real number such that 0 < (y — 3)/(y + 1) and « is a
positive real number to be determined. We have

=¢'8, (1+ A8 +a8') + ¢(A, 8 + A8y, +a(1 +0)8%8,,).
Since Aé = —H we find
Aw=¢"(1+ A5 +a8' ™) — ¢'H(1 + AS + 8'*)
+2¢' (VA V85 + A+ a(l +0)57)
+¢(AAS+2VA-V5— AH + a(l +0)08° ' —a(l +0)HS).
Using equations (2.5) we find

y+1

—Aw = ¢ [14 A48 + 8" + L5 H (14 46 +a8')

y+1

—20—8(VA- V85 + A+ a(l +0)5° )
y —
(V+ )2 o—1 o
“20 26 =1 (AAS+2VA- V38— AH +a(1 +0)08° " —a(l + 0)HS?) |.
Denoting with C;, i = 1,2, - - -, positive constants independent of o we get
1 1
2.17) —Aw>¢*y[1+5(A+V+ o2t A)
y —1 y —1
2
Y-

For « fixed, we consider §; > 0 such that for 6(x) < &9 we have

1 140
(2.18) —5 <At <1
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Using condition (2.1) and Taylor’s expansion we have
(2.19) w + g(w) =7 [(1 +AS+as't) T 4 0(1)¢H]

< ¢ [1 — Y AS — yas'TT 4 382 + Cabas' T + Cs(@s' ) + céaﬂ].

Observe that we can take C¢ = 0 when g(¢) < 0. By (2.17) and (2.19) we find
that

(2.20) —Aw > w7 +g(w)
provided
1 1
@.21) 1+ (a4 T m -2l a)s
y —1 y —1
1 1)’
+astt(1 -2 4oy - Y o) - C18) - C;8?
" 2y = 1)

>1—yAS — yas'™ + C36% + C48as' + Cs(ad' ™) + Co8°.
Using (2.16) we find

(2.22) A+ —H 22" A=—yA.

Hence, (2.21) can be rewritten as

1 1)?
AL G e S (1+0)0—C15>—C282

(2.23) aa”“(l YT
y—1 2(y =1

> —yad' 4+ C38% 4 C48a8'7 4+ Cs(a8'79)? + Ce8”.

Rearranging we have

(2.24) (Cy + C3)8% + Co8”
12,y -3
< aa””[g(/;—_ 1)()): 1 0)(0 +2)— Csa8'™ —(C; + C4)5]-

If we take 1 + o = B8 we find

(2.25) (Cy + C3)8% P + C¢
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(y +1)° 2(y — 1)
“[2(;/ —pH P 1)( y+1

Take o and 8y > O so that

_ ,3) — Csadf —(C, + C4)8].

5 (v +1) 2v=D _
Csady + (C1 + Cy)do < 2y — 1)('3 + 1)( y + 1 '3>'

Decrease §y again and increase « so that (2.25) and (2.18) (with 1 + 0 = 8)
hold for §(x) < &y. In this situation, inequality (2.20) holds.

As in the proof of the previous theorem, let us show that we can choose &
and « so that u(x) < w(x) for §(x) = §y. Let ¢ = aég, with @ and §; as in
above. Since we have

dB(x))

1m =1,
x—=>3Q  u(x)

we can decrease §j (increasing o according to aé(’f = ¢) until

$(8(x)) - 2
u(x) 24g¢q

for 6(x) < §y. As a consequence we have

w(x) 2 8
ok —2+q(1+A8+a5 )-

Decrease &y again and increase « in order to have aég = g and Ady > —q/2.
Then w(x) > wu(x) for 6(x) = §y. Since w(x) = u(x) on 92, and since
t~7 4+ g(t) is decreasing, by (2.20) it follows that w(x) > u(x) on {x € Q :
S8(x) < 8p}.

To finish, we look for a sub-solution of the kind

v(x) = ¢(B)(1 + As — as'*).

We find an inequality similar to (2.17) with —« in place of «, that is

I 1
(2.26) —Av<¢*y[1+5(f‘+y+ -2l 2 A>
y—1 y—1
1 1)’
_aa”“(l - 2)):—7:1(1 +0)— %(1 +0)o — C75> + Cg‘sz]'
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Take o and 8y > O such that for §(x) < §, we have

1 140
2.27) —3 < AS —aé < 1.
Using condition (2.1) and Taylor’s expansion we have

@28) v g =@ [(1+ 45 —as™) 7 + 0]

> ¢*V[1 — Y AS + yas'to — Cgaﬂ].

In case of g(z) > 0 we can take C9 = 0. By (2.26) and (2.28) we find that

(2.29) —Av < v 4+ g(v)
when | 1
1+5(A+VjL H—2YE A)
y —1 y —1
1 1)?
_a8]+0(1 _2i(]—{—a)—m(1+0)0—C75>+C852
y —1 20y =D

<1 —yASs +yas'™ — Cys”.

Using (2.22), after simplification we find the following inequality (similar to
(2.24) but easier):

(V+1)2(V—3

230 caz+caﬂ<a5‘+"[
(@30 Gt G 27— D\y 1

—a>(0+2)—C75].
With 1 + o = 8 we have

172 2y — 1
231) Cg8* P4+ Co < a[%w + 1)(%

Now let us take o and &y so that (2.31) and (2.27) (with 1 + ¢ = B) hold for
< 5().
With « and § as in above, let g = aég. Since we have

_ ,3) _ c75].

lim 200 _
im —— =

17
x—>3Q  u(x)
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we can decrease §j (increasing o according to aé(’f = ¢) until

$(5(x)) - 2
u(x) 2—¢q
for 6(x) < §y. As a consequence we have
v(x) 2

- — st
s 2_q(1+A5 as’).

Decrease §y again and increase « in order to have aég = g and Ady < q/2.
Then v(x) < u(x) for §(x) = §y. By (2.29) it follows that v(x) < u(x) on
{x e Q:5(x) < 8p}.
Therefore, for x near 02 and « large enough we have
P8 (1 + A8 —ad”) < u(x) < ¢p(8)(1 + AS + 8”).
Equivalently we have
u(x) = ¢p(8)(1 + As + 0(1)8”).

Recalling the definition of A given in (2.16), the first assertion of the theorem
follows.
Now let g = 0. Looking for a super-solution of the form

w(x) = pB)(1 + AS + as'*?),
we find that
—Aw > w7’
provided inequality (2.24) with C¢ = 0 holds, that is, provided
(2.32) (C2 4 C3)8'™°

[(V + 1) (V -3
<a
2y — D\y +1
Since 0 < o < (y —3)/(y + 1), for « fixed (2.32) holds with § small enough.
By the same argument used in the proof of the first part of this theorem, we can
increase « and decrease §y so that w(x) > u(x) for 6(x) = §y. It follows that
w(x) is a super-solution on {x € Q : §(x) < dp}.

By a similar argument, using (2.30) with C9 = 0, we find that the function

v(x) = pS)(1 + AS — 8'*7),

is a sub-solution on {x € 2 : §(x) < &p}. The theorem follows. J

_ a)(a +2)— Csad' — (Cy + c4)5].
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