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INT-SOFT STRUCTURES APPLIED TO ORDERED
SEMIHYPERGROUPS

BIJAN DAVVAZ - ASGHAR KHAN - MUHAMMAD FAROOQ

Molodtsov introduced the theory of soft sets, which can be seen as a
new mathematical approach to vagueness. The main goal of this paper is
to introduce and study some classes of ordered semihypergroups and to
investigate some interesting characterizations theorems of these classes in
terms of int-soft hyperideals. In this respect, we characterize weakly regu-
lar ordered semihypergroups for example (see Theorems 3.4, 3.5 and 3.7)
intra-regular and left weakly-regular ordered semihypergroups (see The-
orems 4.2 and 4.4) and semisimple ordered semihypergroups (see Theo-
rems 5.5 and 5.7) in terms of int-soft hyperideals. In this regard, we study
semisimple ordered semihypergroups and characterize it in terms of int-
soft hyperideals. We also characterize intra-regular and weakly-regular
ordered semihypergroups in terms of int-soft hyperideals.

1. Introduction

The theory of hyperstructures was introduced by Marty in 1934 during the 87"
Congress of the Scandinavian Mathematicians [8]. Marty introduced hyper-
groups as a generalization of groups. He published some papers on hypergroups,
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using them in different contexts as algebraic functions, rational fractions, non
commutative groups. In the following decades and nowadays, a number of dif-
ferent hyperstructures are widely studied from the theoretical point of view and
for their applications to many subjects of pure and applied mathematics by many
mathematicians. In [15] Corsini and Leoreanu-Fotea collected numerous ap-
plications of algebraic hyperstructures such as: geometry, hypergraphs, binary
relations, lattices, fuzzy sets and rough sets, automata, cryptography, codes,
median algebras, relation algebras, artificial intelligence, and probabilities. Es-
pecially, semihypergroups are the simplest algebraic hyperstructures which pos-
sess the properties of closure and associativity. Nowadays many scholars have
studied different aspects of semihypergroups. The concept of ordering hyper-
groups investigated by Chvalina [22], as a special class of hypergroups and
studied by him and many others. Heidari and Davvaz [16], applied the theory
of hyperstructures to ordered semigroups and introduced the concepts of or-
dered semihypergroups, which is a generalization of ordered semigroups. Hei-
dari and Davvaz, also studied hyperideals of ordered semihypergroups in [16].
Changphas and Davvaz introduced the concepts of bi-hyperideals and quasi-
hyperideals in ordered semihypergroups [20]. Pibaljommee et al. [17] intro-
duced the notions of fuzzy hyperideals, fuzzy bi-hyperideals and fuzzy quasi-
hyperideals of ordered semihypergroups. Tipachot and Pibaljommee in [18],
and Tang et al. in [19], studied the notion of fuzzy interior hyperideals in or-
dered semihypergroups. Tang et al. [21], introduced the notions of hyperfilters
and fuzzy hyperfilters of ordered semihypergroups.

Problems in many fields involve data that contain uncertainties. Uncertain-
ties may be dealt with using a wide range of existing theories such as theory of
probability, fuzzy set theory [25], intuitionistic fuzzy set [23], vague set [24],
theory of interval mathematics [26], rough set theory [27], etc. All of these the-
ories have their own difficulties which are pointed out in [6]. To overcome these
difficulties, Molodtsov [6], introduced the concept of soft set as a new mathe-
matical tool for dealing with uncertainties that is free from the difficulties. In
[6, 28], Molodtsov pointed out several directions for the applications of soft sets,
such as smoothness of functions, game theory, operations research, Riemann-
integration, Perron integration, probability, theory of measurement and so on.
Maji et al. [29], described the application of soft set theory to a decision making
problem. Maji et al. [30], also studied several operations on the theory of soft
sets. Cagman and Enginoglu [31], introduced fuzzy parameterized (FP) soft sets
and their related properties. They proposed a decision making method based on
FP-soft set theory and provided an example which shows that the method can
be successfully applied to the problems that contain uncertainties. Feng [32],
considered the application of soft rough approximations in multicriteria group
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decision making problems. In fact, in the aspect of algebraic structures, the soft
set theory has been applied to groups [33], semirings [2], ordered semigroups
[35] and hemirings [5, 7] and so on. Feng et al. [3], discussed soft relations in
semigroups. In [12], Naz and Shabir applied soft set theory to semihypergroups.
Farooq et al. [14], applied soft set theory to ordered semihypergroups.

The purpose of this paper is to characterize weakly-regular, intra-regular and
semisimple ordered semihypergroups by the properties of their int-soft hyper-
ideals. We have shown that an ordered semihypergroup is left weakly-regular if
and only if every int-soft left hyperideal of S is idempotent and S is semisimple
if and only if every int-soft two-sided hyperideal of S is idempotent.

2. Preliminaries

By an ordered semihypergroup we mean a structure (5,0, <) in which the fol-
lowing conditions are satisfied:

(OS1) (S,0) is a semihypergroup.

(0S2) (S,<) is a poset.

(0S3) (Va,b,x € S) a < bimplies xoa < xobandaox < box.

For A C S,we denote (A] :={r€ S:t < hforsomehecA}.

For A,B C S, we have AoB:=|J{aob:a €A, b e B}.

A nonempty subset A of an ordered semihypergroup S is called a subsemi-
hypergroup of S if A2 C A.

A nonempty subset A of S is called a left (resp. right) hyperideal of S if it
satisfies the following conditions:

(1) SoA C A (resp. AoS C A).

(i)IfacA,beSandb <a,thenb € A.

By a two sided hyperideal or simply a hyperideal of S we mean a nonempty
subset of S which is both a left hyperideal and a right hyperideal of S.

A subsemihypergroup A of S is called an interior hyperideal of S if it satisfies
the following conditions:

(i) SoAoS CA.

(i) IfacAbeSand b <a,thenb € A.

A nonempty subset B of an ordered semihypergroup S is called a bi-hyper-
ideal of § if it satisfies the following conditions:

(i) BoSoB CB.

() IfaeB,beSand b <a,thenb € B.

A nonempty subset Q of an ordered semihypergroup § is called a quasi-
hyperideal of § if it satisfies the following conditions:

(i) (QoS]IN(SoQ] C Q.

(i) Ifae Q,be Sand b <a,thenb € Q.
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We denote by R(a) (resp. L(a), I(a), Z(a), B(a) and Q(a)) the right (resp.
left, two-sided, interior, bi- and quasi- ) hyperideal of S generated by a (a € S).
We obtain

R(a)=(aUaoS],

L(a)=(aUSod],

I(a) =(aUaoSUSoaUSoaos],

Z(a) = (aUa*USoaos],

B(a) = (aUa*UaoSoal,

Q(a)=(aU(aoSNSoa)].

An ordered semihypergroup (S, 0, <) is called regular if for every a € S there
exists x € S such that a < aoxoa. Equivalent Definitions: (1) A C (Ao SoA]
VACS.(2)a€ (aoSoalVYaeS.

An ordered semihypergroup S is called intra-regular if for every a € S, there
exist x,y € S such that a < xoa? oy. Equivalent Definitions: (1) A C (SoA%0 5]

VACS.(2)a€ (Soa’oS]|VaeS.

An ordered semihypergroup S is called left (resp. right) weakly-regular if
for every a € S there exist x,y € S such thata < xoaoyoa (resp. a < aoxoaoy).

Equivalent Definitions: a € ((Soa)z} (resp. ae ((aoS)z]) VaeS. (2)AC

((SoA)ﬂ (resp. A C <(A os)z} VA CS.

If S is left weakly-reguar and right-weakly regular then it is called weakly-
regular. Thus, if § is commutative and weakly-regular, then S is regular.

An ordered semigroup S is called semisimple if for every a € S, there ex-
ist x,y,z € S such that a < xoaoyoaoz Equivalent Definitions: (1) a €
(ScaoSoaoS|VaeS. (2)AC (SoAoSoAoS|VACS.

For subsets A and B of an ordered semihypergroup S we obtain

A C (A] and if A C B, then (A] C (B], (A] o (B] C (Ao B, ((A]] = (A].

For the sake of simplicity throughout this paper, we denote a* =go...oa.

n-copies

2.1. Basic concepts of soft sets

In [34], Sezgin and Atagun introduced some new operations on soft set theory.
They defined soft sets in the following manner.

In what follows, we take E = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise specified.

From now on, U is an initial universe set, E is a set of parameters, P(U) is the
power set of U and A,B,C... CE.

Definition 2.1. (see [34]). A soft set f4 over U is defined as fy : E — P(U)
such that fs(x) = 0 if x ¢ A. Hence, f4 is also called an approximation function.
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A soft set f4 over U can be represented by the set of ordered pairs

Ja={(x, fa(x))|x € E, fa(x) € P(U)}.

It is clear that a soft set is a parameterized family of subsets of U. Note that the
set of all soft sets over U will be denoted by S(U).

Definition 2.2. (see [34]). Let fu, fp € S (U). Then, fy is called a soft subset of
fB, denoted by f4C fp if fa (x)~§ fa(x) for all x € E. Two soft sets f and fj are
said to be equal soft sets if f4C fp and fgC f4 and is denoted by f4=/3.

Definition 2.3. (see [34]). Let fa, fg € S(U). Then, the soft union of f4 and

/3, denoted by f4Ufz = faus, is defined by (f4Ufz) (x) = fa(x) U f(x) for all
xek.

Definition 2.4. (see [34]). Let f4, fp € S(U). Then, the soft intersection of fy

and f3, denoted by faMf3 = fans, is defined by (faNfz) (x) = fa(x) N fz(x) for
allx € E.

For x € S, we define
Ac={(yz) €SxS|x<yoz}.

Definition 2.5. (see [9]). Let f4 and gp be two soft sets of an ordered semi-
hypergroup S over U. Then, the int-soft product, denoted by f4*gg, is defined
by

_ _ U {fay)Nes(2)}, if A # 0,
faxgp: S — P(U),x — (fa*xgp) (x) = (N)@EAX o
) Ira,="u,

forallx € S.

For a nonempty subset A of S the characteristic soft set is defined to be the
soft set S 4 of A over U in which S 4 is given by
U, if xe€A
0, otherwise

For an ordered semihypergroup S, the soft set “Ss” of S over U is defined
as follows:

Sa:S— P(U). X|—>{

Ss:S— P(U),x— Ss(x) =U forall x € S.

The soft set ’Ss” of an ordered semihypergroup S over U is called the whole
soft set of S over U.

Definition 2.6. (see [9]). A soft set f4 of an ordered semihypergroup S over U
is called an int-soft subsemihypergroup of S over U if:
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(Vx,yeS) N fala) 2 fa(x)Nfa(y).
oexoy
Definition 2.7. (see [9]). Let f4 be a soft set of § over U. Then, f4 is called
an int-soft left (resp. right) hyperideal of S over U if it satisfies the following
conditions:

(1) (vx,yeS8) N fala) 2 fa(y) (resp. N fa(@) 2 falx)).

oexoy oexoy
(2) (Vx,y € 8) x <y = fa(x) 2 fa(y)-
A soft set fj of an ordered semihypergroup S over U is called an int-soft hy-
perideal (or int-soft two-sided hyperideal) if it is both an int-soft left hyperideal
and an int-soft right hyperideal of S over U.

Definition 2.8. (see [10]). An int-soft subsemihypergroup f4 of an ordered
semihypergroup S over U is called an int-soft interior hyperideal of S over U if
it satisfies the following conditions:

(1) (vxyae8) N fale) 2 fala).

oExoaoy

(2) (Vx,yeS) x<y= fa(x) 2 fa(y).

Definition 2.9. (see [11]). An int-soft subsemihypergroup fi of an ordered
semihypergroup S over U is called an int-soft bi-hyperideal of S over U if it
satisfies the following conditions:

(1) (anyaZES) ﬂ fA(a) QfA(x)ﬂfA(Z)-

o exoyoz

(2) (Vx,yeS) x<y= fa(x) D fa(y).

Definition 2.10. (see [13]). A soft set f4 of an ordered semihypergroup S over
U is called an int-soft quasi-hyperideal of S over U if it satisfies the following
conditions:

(1) (f4%Ss) N (Ss*fa) Cfa
(2) (Vx,yeS)x<y= fa(x) 2 fa(y)-

Definition 2.11. (see [11]). A soft set f4 of an ordered semihypergroup S over
U is called idempotent if

faxfa = fa.

Proposition 2.12. (see [9]). Let S be an ordered semihypergroup. Let S 4 and
S be soft sets of S over U where A and B are nonempty subsets of S. Then,

SA;ESB - S(AOB] .
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Lemma 2.13. (see [10, 14]). Let (S,0,<) be an ordered semihypergroup. A
nonempty subset A of S is a left (resp. right, interior) hyperideal of S if and only
if the characteristic function S of A is an int-soft left (resp. right, interior)
hyperideal of S over U.

Lemma 2.14. (see [13, 14]). Let (S,0,<) be an ordered semihypergroup. A
nonempty subset A of S is a quasi-(resp. bi-) hyperideal of S if and only if the
characteristic function S 4 of A is an int-soft quasi- (resp. bi-) hyperideal of S
over U.

Proposition 2.15. (see [10]). Let (S,0,<) be an ordered semihypergroup and
fa be an int-soft hyperideal of S over U. Then, f4 is an int-soft interior hyper-
ideal of S over U.

Proposition 2.16. (see [9]). Let (S,0,<) be an ordered semihypergroup, fa an
int-soft right hyperideal and gg an int-soft left hyperideal of S over U. Then,

fa¥grCfalgs.

Proposition 2.17. (see [9]). Let (S,0,<) be an ordered semihypergroup, f4
an int-soft left (resp. right) hyperideal of S over U. Then, Ss*faCfa (resp.
Ja*SsCfa).

Proposition 2.18. (see [9]). Let (S,0,<) be an ordered semihypergroup, fa an
int-soft left (resp. right) hyperideal of S over U. Then,

Fa*f2C fa.

Corollary 2.19. Let (S,0,<) be an ordered semihypergroup, fx an int-soft hy-
perideal of S over U. Then,

FaxfaCfa.

Proposition 2.20. (see [13]). Let (S,0,<) be an ordered semihypergroup.
Then, every one sided hyperideal is a quasi-hyperideal.

Proposition 2.21. (see [13]).Let (S,0,<) be an ordered semihypergroup. Then,
every one sided int-soft hyperideal is an int-soft quasi-hyperideal S over U.

3. Characterizations of weakly-regular ordered semihypergroups in
terms of int-soft hyperideals

Lemma 3.1. Let (S,0,<) be an ordered semihypergroup. Then, the following
are equivalent:
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(1) S is left (resp. right) weakly-regular.
(2) (Lz] = L (resp. (Rz] = R) for every left hyperideal L, (resp. right hy-
perideal R) of S.

(3) (L (a)Z} =L(a) (resp. (R (a)z} =R (a)) foreverya € S.

Proof. (1) =>(2).Let L be a left hyperideal of a weakly-regular ordered semi-
hypergroup S. Then, (L?] C (SoL] C (L] = L. For the reverse inclusion let
a € L. Since S is left weakly-regular, it follows that there exist x,y € § such
thata < xoaoyoa C (SoL)o(SoL) C LoL C (L?]. Thus, (L?] = L.

(2) = (3). Obvious.

(3) = (1) . Suppose that a € S. Then,

a € La)= (L(a)z}
= ((aUSoa]o(aUSod]
C (((aUSoa)o(aUSoca)]]
= ((aUSoa)o(aUSoa)]

= (aZUaoSoaUSoaQUSoaoSoa].

Then, a < a? ora<aoxoaora<xoa?ora < xoaoyoa for some x,y € S.

Ifa<a’thena<a?=aoa<a?oa*=aoacaoa.If a<xod?®then a <
xoa? =xoaoa<xoaoxoa® =xoao(xoa)oa=xoaoyoawherey € xoa.
Ifa <aoxoathena <aoxoa< (aox)oaoxoa=yoaoxoawherey€ aox.
Thus, S is left weakly-regular. 0

Proposition 3.2. Let (S,0,<) be an ordered semihypergroup. Let fa be a soft
set of S over U. Then, Ssxfa (resp. fa*Ss) is an int-soft left (resp. right)
hyperideal of S over U.

Proof. Straightforward. 0

Corollary 3.3. Let (S, 0, <) be an ordered semihypergroup with identity element
1. Let fx be a soft set of S over U. Then, Ssxf4 ( resp. faxSs) is the smallest
int-soft left (resp. right) hyperideal of S over U containing fu.

Proof. By Proposition 3.2, Ss*f, is an int-soft left hyperideal of S over U. If
x € S, then (1,x) € A,.

(Ss¥fa)(x) = J {Ss(@nfa(d)}
(a,b)EA,
2 {Ss(1)Nfa(x)}
= UNfy (X)
= falx).



INT-SOFT STRUCTURES APPLIED TO ORDERED SEMIHYPERGROUPS 243

Hence, fa CSs+ fa. Let gp be an int-soft left hyperideal of S over U such that
faCgp. Then, Ss*f4CSs*gp = gp by Proposition 3.2. Hence, Ss*fy is the
smallest int-soft left hyperideal of S over U containing fj. O

Theorem 3.4. An ordered semihypergroup S is left weakly-regular if and only
if for every int-soft left hyperideal fx of S over U, we have

faxfa = fa.

Proof. Let S be a left weakly-regular ordered semihypergroup, f4 be an int-soft
left hyperideal of S over U and a € S. Then,

(faxfa)(a) = fa(a).

Since S is left weakly-regular, it follows that there exist x,y € S such that a <
(xoa)o(yoa). So there exist u € xoa and v € yoa such that a < uov. Then,
(u,v) € A,. Since A, # 0, it follows that

(faxfa) (@) = | {falp)nfa(a)}

(p,9)€Aq

{faw)Nfa(v)}.

Since fj is an int-soft left hyperideal of S over U, it follows that

N fa(u) 2 fa(a) and N fa(v) 2 fa(a).

1V}

uexoa Veyoﬂ
Hence, fa (1) 2 fa(a) and fx (v) 2 fa (a). Thus,
(faxfa) (@) 2 {fa@)nfa(v)}
2 {fal@)Nfa(a)}
= fa(a).

Thus, f4C fa%f4. For the reverse inclusion, since f4 is an int-soft left hyperideal
of S over U, so by Proposition 2.18, it follows that f* f4 C fa. Thus, faxfa = fa.

Conversely, assume that fyxf4 = f4 for every int-soft left hyperideal f4 of
S over U. Then, S is left weakly-regular. In fact, it is enough to prove that

L(a)= (L (a)Z} foralla € S.

Leta € Sand b € L(a). Then, b € (L (a)z} . Indeed, L (a) is left hyperideal of

S generated by a. Then, S, is an int-soft left hyperideal of S over U. Then, by
hypothesis

(S1(a)*S1(a)) (P) = Sp(a) (b).
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Since b € L(a), it follows that Sy, (b) = U. This implies that

(SL(a);SL(a)) (b) =U.

But by Proposition 2.12, we obtain SL(a)ISL(a) = S(L(a)z} . Thus,

S(uap) () =U = be (L (a)z] .

(a

Therefore, L (a) C (L (a)z} . On the other hand, <L (a)z} C L(a) always true.
Thus, L (a) = (L (a)z} . 0

Similarly, we can prove the following theorem.

Theorem 3.5. An ordered semihypergroup S is right weakly-regular if and only
if for every int-soft right hyperideal fa of S over U, we obtain

faxfa = fa.

Lemma 3.6. Let (S,0,<) be an ordered semihypergroup. Then, the following
are equivalent:

(1) S is weakly-regular.
(2) @ = (QoS]*N(SoQ]* for every quasi-hyperideal Q of S.

Proof. (1) = (2). Let S be a weakly-regular ordered semihypergroup and Q
a quasi-hyperideal of S. Then, the left hyperideal (So Q] and right hyperideal
(Q o 8] are idempotents, by Lemma 3.1. Thus, we obtain

(QoS]*N(SoQ]* = (QoS|N(S0Q] C Q.

For the reverse inclusion, let a € Q. Since S is left weakly-regular, it follows
that there exist x,y € S such that a < xoaoyoa C (SoQ)o (S0 Q) C (SoQ]*.
Similarly, we can prove that a € (QoS]*. Thus, a € (QoS]*N (So Q]*. There-
fore, 0 C (QoS8]*N(So Q). Hence, Q = (QoS]*N (S0 Q.

(2) = (1). Let R be any right hyperideal of S. Then, R is a quasi-hyperideal
of S by Proposition 2.20. By (2) we obtain ,

R=(RoS’N(SoR* C (RoS]> C (R* C (R*] € (R|=R.

Thus, (Rz] =R, and so S is right weakly-regular ordered semihypergroup. On
the same way we can prove that S is left weakly-regular. O
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Theorem 3.7. An ordered semihypergroup S is weakly-regular if and only if for
every int-soft quasi-hyperideal fa of S over U, we obtain

fa = (f23Ss)* N (Ss¥fa)*.

Proof. Let S be a weakly-regular ordered semihypergroup, f4 an int-soft quasi-
hyperideal of S over U. Since fj is an int-soft quasi-hyperideal of S over U, so
by Proposition 3.2, f4*Ss is an int-soft right hyperideal and Sgx fy is an int-soft
left hyperideal of S over U. Since S is weakly-regular, by Theorems 3.4 and 3.5,
we have Ss* fy and f4*Ss are idempotents. Hence,

(fa%Ss)* N (SsHf1)” = (fa*Ss) P1(Ssxfa) Cfa

(since f4 is an int-soft quasi-hyperideal).

In order to prove the reverse inclusion, let a € S. Since § is right weakly-
regular, it follows that there exist x,y € S such that a < (aox)o (aoy). Then,
there exist ¢ € aox and B € aoy such thata < ao 8. Hence, (@, ) € A,. Since
A, # 0, it follows that

(fa%8s)*(a) = |J {(fa%Ss) (p) N (f4%Ss) (q)}

(p,9)€A,

2 {(faxSs) (@) N (fa*Ss) (B)}
= U {a@nSsmyin| U {fa@nSs)}

(u,v)EAq (u,v)€A
2 {fa(@)NSs(x)}N{fa(a)NSs(v)}
= {fal@nUin{fa(a)nU}

= fala)Nfa(a) = fa(a).

Thus, we obtain fAé( fA¥SS)2. Similarly, we can show that fA§ (SS;fA)Z.
Thus, 4 C (f4%Ss)* N (Ss*f41)* . Hence,

fa = (fa¥8s)* N (Ss*fa)*.

Conversely, assume that, f4 is an int-soft right hyperideal of S over U. By
Proposition 2.21, f4 is an int-soft quasi-hyperideal of S over U. By assumption
and Proposition 2.17, we obtain

fa = (fa%S5)* N (SsFfn)* C (fa7Ss) ChFfaC fa.

Hence, fa*xfs = fa. Thus by Theorem 3.5, S is right weakly-regular. By the
same way we can prove that S is left weakly-regular. O



246 BIJAN DAVVAZ - ASGHAR KHAN - MUHAMMAD FAROOQ

4. Characterizations of intra-regular and left weakly-regular ordered
semihypergroups in terms of int-soft hyperideals

In this paragraph we characterize intra-regular and left weakly-regular ordered
semihypergroups in terms of their int-soft left (resp. right, quasi- and bi-) hy-
perideals

Lemma 4.1. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, the following are equivalent:

(1) S is both intra-regular and left weakly-regular.

(2) LNRNQ C (LoRoQ] for every quasi-hyperideal Q, every left hyper-
ideal L and every right hyperideal R of S.

(3)L(a)NR(a)NQ(a) C (L(a)oR(a)oQ(a)] foreverya € S.

Proof. (1) = (2). Let S be both an intra-regular and left weakly-regular or-
dered semihypergroup. Then, for every left hyperideal L, right hyperideal R and
quasi-hyperideal Q of S, we have

LNRNQ C (LoRoQ].

In fact,ifa€ LNRNQ,thena € L,a € R and a € Q. Since S is intra-regular, it
follows that there exist x,y € S such that « < xoa? oy and since S is left weakly-
regular, it follows that there exist u,v € S such that a < uoaovoa. Hence,

a < wuoaovoa<uo(xoaoaoy)ovoa

((uox)oa)o((aoyov)oa)
(SoL)o(RoS) 00
(LoRoQ)
(LoRoQ].

N 1N 1N

(2) = (3). If a € S, then L(a) the left hyperideal, R (a) right hyperideal
and Q (a) quasi-hyperideal of S generated by a respectively. By (2) we have

L(a)NR(a)NQ(a) C (L(a)oR(a)oQ(a)].
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(3) = (1) . Suppose that a € S. Then,

a

N 1N 1IN m

= (S oa-o S] .
Thus, S is intra-regular ordered semihypergroup. Again, we have

a € L(a)NR(a)NQ(a)
(L(a)oR(a)oQ(a)]
((Sod]o(aoS]o(Soanaos]]
((Soa)o(aoS)o(Soanaos]]
(

C
(Soa)o(aoS)o(Socanaos)]
= ((Soa oS)o(Soanaos)]
= (Soa 208%0anSod® oSoaoS]
C (ScaoSocanSoaoSoaoSs]
C (ScaoSod].
Thus, S is left-weakly regular. Ul

Theorem 4.2. An ordered semihypergroup S with identity element 1, is both
intra-regular and left weakly-regular if and only if for every int-soft left hyper-
ideal fa, every int-soft right hyperideal gg and every int-soft quasi-hyperideal
he of S over U, we have

FaNgeNheC fa¥gp¥he.

Proof. Let S be both intra-regular and left weakly-regular ordered semihyper-
group. Let f4 be an int-soft left hyperideal, gz an int-soft right hyperideal and
h¢ an int-soft quasi-hyperideal of S over U. Then, for each a € S, we obtain

(fafgsNhc) (a) C (faxgs*he) (a).

Since § is intra-regular, it follows that there exist x,y € S such that a < xo ao

y. Since S is left weakly-regular, it follows that there exist u,v € S, such that
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a<wuoaovoa. Then, a<wuoaovoa<uo (xoazoy) ovoa= ((uox)oa)o
(ao(yov)oa). So there exist o € (uox)oa and B € ao(yov)oa such that
a< aof. Then, (a,p) € A,. Since A, ;é@ it follows that

(faxgs*he) (@) = |J {fa(p)n(gs¥hc) (@)}

(P9)€Aa

2 {fala)N(gpxhc) (B)}
= han U (gs(p1)Nhe(qr))

(p1,91)€Ag
2 fala)ngp(y)Nhc(a).

Since B € ao(yov)oa= (aoyov)oa, it follows that there exists ¥ € (aoyov)
such that B < yoa. Since fy is an int-soft left hyperideal and gp is an int-soft
right hyperideal of Sover U, then (|  fa(a)2 fa(a)and () gp(y) 2

oe(uox)oa Yeao(yov)

gp(a).Hence, fs (¢¢) 2 fa(a) and gg(y) 2 gp (a). Thus, we obtain ,

(faxgp¥he) (a) 2 fa(a)Ngp(Y)Nhe(a)
2 fala)Ngs(a)Nhc(a)
= (fAﬁgBﬁhc) (a) .

Conversely, assume that fy NgaNhc é faxgp*hc for every int-soft left hyper-
ideal f4, every int-soft right hyperideal gz and every int-soft quasi-hyperideal
hc of S over U. Then, S is both intra-regular and left weakly-regular. In fact, by
Lemma 4.1, it is enough to prove that

L(a)NR(a)NQ(a) C(L(a)oR(a)oQ(a)] foralla € S.
LetaeS,beL(a)NR(a)NQ(a). Then, b e (L(a)oR(a)oQ(a)]. Indeed,
L(a) is a left hyperideal, R (a) a right hyperideal and Q (a) a quasi-hyperideal
of § generated by a respectively. Then by Lemma 2.13, Sy, is an int-soft left

hyperideal, Sg(,) an int-soft right hyperideal and by Lemma 2.14, Sy, an int-
soft quasi-hyperideal of S over U. Then by hypothesis,

(S22 Sk VSo@) (8) € (St Sk *So(w) (b)
Since (SL(a)ﬁSR(a)ﬁSQ(a)) (b) = {SL(a) (b) ﬂSR(a) (b)N SQ(a) (b)} , it follows
that
{S1a) (0) N Sk (6) NSo(a) () } € (Si(a)*Sria)*Sota)) ()
Since b € L(a),b€ R (a) and b € Q (a), it follows that S, ) (b) U, SR( ) (D) =
U and Sy, (b) = U. Thus, we obtain {S; 4 (b) NSga) (b) NSp(a) (b)} = U
and so

(S1(0)*Sk(@)*So(a)) (b) = U.
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But from Proposition 2.12, it follows that

S1(a)*SR(a)*S0(a) = S(L(a)oR(a)00(a))-

Thus, S(1(a)or(a)o0(a) (P) = U implies that b € (L(a)oR(a)o Q(a)]. Therefore
by Lemma 4.1, it follows that S is both intra-regular and left weakly-regular. [

Lemma 4.3. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, the following are equivalent:

(1) S is both intra-regular and left weakly-regular.

(2) LNRNB C (LoRo B for every left hyperideal L, every right hyperideal
R and every bi-hyperideal B of S.

(3) L(a)NR(a)NB(a) C (L(a)oR(a)oB(a)] foreverya € S.

Proof. (1) = (2). Let S be both intra-regular and left weakly-regular ordered
semihypergroup. Then, LNRN B C (Lo R o B] for every left hyperideal L, right
hyperideal R and bi-hyperideal B of S. In fact,ifa € LNRNB,thenac L,a €R
and a € B. Since S is intra-regular, it follows that there exist x,y € S such that
a < xoa*ovy and since S is left weakly-regular, there exist u,v € § such that
a<uoaovoa. Hence,

Q
IN

uoaovoa<uo(xoaoaoy)ovoa
= ((uox)oa)o(ao(yov)oa)C (SoL)o(RoS)oB
C (LoRoB)C (LoRoBJ.

(2) = (3). Obvious.
(3) = (1) . Suppose that a € S. Then,

N 1N IN-m

Il
—~
%]
(¢]
Q

(S}
o
2,
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Then, S is intra-regular ordered semihypergroup. Also, we have

a € L(a)NR(a)NB(a)
L(a)oR(a)oB(a)]
oajo(aoSjo(aoSoadll
Oa) (aoS)o(aoSoa)]l

oa)o(aoS)o(aoSoa)]
Soad® oS)o(acSoa)l
Soa oSoaoSoa]
(ScaoSod].

I I
—~ o~

|
/_\Af—\
A/—\

N 1N

Hence, S is left weakly-regular. O

Theorem 4.4. An ordered semihypergroup S is both intra-regular and left weak-
ly-regular if and only if for every int-soft left hyperideal fa, every int-soft right
hyperideal gg and every int-soft bi-hyperideal h¢ of S over U, we have

faNgpNheC fa*gp¥he.

Proof. Let S be both intra-regular and left weakly-regular ordered semihyper-
group. Let f4 be an int-soft left hyperideal, gz an int-soft right hyperideal and
hc an int-soft bi-hyperideal of S over U. Then, for each a € S, we obtain

(faNgsNhc) (a) C (faxgs¥hc) (a).

Since § is intra-regular, it follows that there exist x,y € S such thata < xoa?oy.
Since § is left weakly-regular, it follows that there exist u,v € S, such that a <
uoaovoa. Then,

a<uoaovoa<uo(xoa’oy)ovoa= ((uox)oa)o(ao(yov)oa).

So there exist & € (uox)oa and B € ao(yov)oa such that a < oco 3. Then,
(a,B) € A,. Since A, # 0, it follows that

(faxgs*he) (@) = |J {fa(p)N(gs¥he) (9)}

(p,9)€Aa

2 {fa(a)N(grxhc) (B)}
= fan |J  (gs(p1)Nhc(ar))

(P1,q1)€AR
2 falo)Ngp(y)Nhc(a).
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Since B € ao(yov)oa = (aoyov)oa, it follows that there exists ¥ € ao
yov such that B < yoa. Since f4 is an int-soft left hyperideal and gg is an
int-soft right hyperideal of S over U, we have (| fa(a) O fa(a) and

o.€(uox)oa

Q )gB (v) 2 gs(a). Hence, fa (&) 2 fa(a) and gg (y) 2 gp(a). Thus,
Ycao(yov

fa(o)Ngp(y)Nhc(a)
fa(a)Ngg(a)Nhc(a)

(faNgsNhc) (a).

(fa*xgp*hc)(a) 2
>

Conversely, assume that f4(gshcC fa*gs*hcfor every int-soft left hyper-
ideal f4, every int-soft right hyperideal gz and every int-soft bi-hyperideal /¢
of S over U. Then § is both intra-regular and left weakly-regular. In fact, by
Lemma 4.3, it is enough to prove that

L(a)NR(a)NB(a) C (L(a)oR(a)oB(a)] foralla € S.

Letac S,beL(a)NR(a)NB(a). Clearly, b € (L(a)oR(a)oB(a)]. Since
L(a) is a left hyperideal, R (a) a right hyperideal and B (a) a bi-hyperideal of S
generated by a respectively, by Lemma 2.13, we have that Sy, is an int-soft
left hyperideal, Sg(,) an int-soft right hyperideal and by Lemma 2.14, Sp(,) an
int-soft bi-hyperideal of S over U. Hence by hypothesis,

(SLa)Sk(@)1S8(a)) (b) € (SL(a)*Sk(a) *Sh(a)) (b) -
Since
(S1(a)Sr(a)SB(a)) (b) = {Si(a) (b) N Sr(a) () NSp(a) (B) }
we obtain
{St() (6) N Sra) (b) NSpa) (b) } S (Sr(0)*Sk(w) *Sp(a)) (b) -

Since b € L(a), b € R(a) and b € B(a), hence Sy, (b) = U, Sg(q) (b) =U and
Sp(a) (b) = U, thus we obtain {Sy 4 (b) NSg(a) (b) N Sp(a) (b) } = U and so

(SL(a);SR(a);SB(a)) (b) - U
From Proposition 2.12, it follows that
S1(a)*SR(a) *SB(a) = S(L(a)oR(a)oB(a)]-

Thus, S(z(a)or(a)oB(a)] () = U implies that b € (L(a)o R (a)o B(a)]. Therefore
by Lemma 4.3, it follows that S is both intra-regular and left weakly-regular. []
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5. Characterizations of semisimple ordered semihypergroups in terms of
int-soft hyperideals

In this paragraph, we prove that an ordered semihypergroup S is semisimple
if and only if for every int-soft two-sided hyperideal f4 of S over U, we have,
faxfa = fa. We prove that in semisimple ordered semihypergroups the concepts
of int-soft hyperideals and int-soft interior hyperideals coincide.

Proposition 5.1. Let (S,0,<) be a semisimple ordered semihypergroup, fu be
an int-soft interior hyperideal of S over U. Then, f4 an int-soft two-sided hy-
perideal of S over U.

Proof. Let f4 be an int-soft interior hyperideal of S over U. Let a,b € §. Since
S is semisimple, it follows that there exist x,y,z € S such thata <xoaoyoaoz.
Thus, aob < xoaoyoaozob= (xoaoy)oao(zob). Then, there exist @ € aob,
B €xoaoy,yEzoband 6 € Boaoysuchthat @ < J. Since fy is an int-soft
interior hyperideal of S over U, it follows that f4 (@) D fa(8) 2 () fa(0)2

d€Boaoy

fa(a). Thus, (| fa(a) D fa(a). Therefore, f4 is an int-soft right hyperideal

a€aob
of S over U. Similarly we can prove that f4 is an int-soft left hyperideal of §

over U. Thus, fj is an int-soft hyperideal of S over U. U
The following proposition is a special case of Proposition 5.1.

Proposition 5.2. Let (S,0,<) be a semisimple ordered semihypergroup, I an
interior hyperideal of S. Then, I is a two-sided hyperideal of S.

Combining Propositions 2.15 and 5.2, we have the following:

Theorem 5.3. In semisimple ordered semihypergroups the concepts of int-soft
hyperideals and int-soft interior hyperideals coincide.

Lemma 5.4. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, the following are equivalent:

(1) Sis semisimple.

(2) L NI = (I o ] for all hyperideals I}, 1, of S.
(3)1= (12] for every hyperideal I of S.
(4)1

4)1(a) = ((a)}foreveryaES.

Proof. (1) = (2).LetI; and I, be the hyperideals of S, and a € I} NI,. Clearly,
ac€lyand a € I,. Since S is semisimple, it follows that there exist x,y,z € S such
thata < xoaoyoaoz. Thus,

€ (SoaoSoaoS| C ((Solj)o(SohoS)|C (lioh].
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On the other hand, (I, o] C I} NI, always true. Thus,
LhnNnh = (I] 012] .

(2)=(3).Take [, =L =Ithen I =I,NL = (I o o] = (I*].
(3) = (4).Leta € S. Then, I (a) be a two sided hyperideal of S generated
by a. By (2), we obtain ,

(1 (a)z} —1(a).

(4) = (1). Suppose that a € S. Then,

a € Ia)=(I(a)]
= ((aUSoaUaoSUSocaoS]o(aUSocaUaoSUSoaos]]
(((ScaoS)o(SoaoS)]]
= ((SoaoS)o(Socaos)]
C (SoaoSoaoS].
Thus, S is a semisimple ordered semihypergroup. O

Theorem 5.5. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, S is semisimple if and only if for every int-soft two-sided hyperideal f4
of S over U, we obtain ,

Jaxfa = fa.
Proof. Let S be a semisimple ordered semihypergroup, and a € S. Then,

(faxfa)(a) = fa(a).

In fact, since S is semisimple, there exist x,y,z € S such that a < (xoaoy)o
(aoz). Then, for some o € xoaoy and B € aoz, we have a < oo 3. Then,
(a,B) € A,. Since A, # 0, it follows that

(faxfa)(@) = |J {falp)nfa(q)}

(p,q)€A,

2 {falo)Nfa(B)}-

Since f4 is an int-soft two-sided hyperideal of S over U, it follows that

N fa(a) N fa(e)

oexoaoy oexou
ucaoy

D fa(u)
2 N fa(u)

ucaoy

2 fa(a)
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and

() fa(B) 2 fala).

Banz
Hence, fs (o) 2 fa(a) and fa (B) 2 fa (a). Thus, we obtain ,
(faxfa) (a)

2
2

= Ja

For the reverse inclusion, since f4 is an int-soft hyperideal of S over U, by
Corollary 2.19, it follows that f* f4 C fa. Thus, faxfa = fa.

Conversely, assume that fqxf4 = fa for every int-soft two-sided hyperideal
fa of S over U. Then, S is semisimple. In fact: By Lemma 5.4, it is enough to
prove that

I(a) = (I(a)z] Va € S.

Leta€e S, b€ l(a). By Lemma 2.13, since I (a) is a hyperideal of S generated
by a, then Sy, is an int-soft hyperideal of S over U. By hypothesis

(Si(a)*Si(a)) (b) = Si(a) (b).

Since b € I (a), it follows that Sy, (b) = U. Hence, we have

(Si(a)*Sia)) (b) = U.

By Proposition 2.12, we have,

Si(a)*Sia) = S(z(a)2]~

Thus, S(I(u)z] (b)=U=be (I (a)Z} . Consequently, I (a) C (I (a)z] . On the

other hand, (1 (a)2] C I(a) always true. Hence, I (a) = (1 (a)z} . Therefore, S
is semisimple. 0

Lemma 5.6. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, the following are equivalent:

(1) S is semisimple.

(2) RNI C (IoR] (resp. LNI C (Lol])
for each right hyperideal R (resp. each left hyperideal L) and two-sided hyper-
ideal I of S.

(3) R(a)NI(a) C (I(a)oR(a)] (resp. L(a)NI(a) C (L(a)ol(a)]) for ev-
eryacS.
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Proof. (1) = (2). Let S be a semisimple ordered semihypergroup. Leta € RN
I. Clearly,a € Rand a € I. Since a € S and S is semisimple, it follows that there
exist x,y,z € S such that a < (xoaoy)o(aoz) C ((SoloS)o(RoS)] C (IoR].
(2) = (3). Suppose that a € S. Then, R(a) a right hyperideal and I (a) a
two-sided hyperideal of S generated by a, respectively. By (2) we obtain ,

R(a)NI(a) C (I(a)oR(a)].
(3) = (1) . Suppose that a € S. Then,

a

m

R(a)NI(a) C (I(a)oR(a)]
((SoaoS]o(acs]]

C (((ScaoS)o(aoS)]
(SoaoSoaoSs].

Thus, S is semisimple. O

Theorem 5.7. Let (S,0,<) be an ordered semihypergroup with identity element
1. Then, S is semisimple if and only if for every int-soft left hyperideal fs and
every int-soft two-sided hyperideal gg of S over U, we obtain ,

faNgsCfa*gp.

Proof. Let S be a semisimple ordered semihypergroup, and a € S. Since S is
semisimple, it follows that there exist x,y,z € S such thata < (xoa)o(yoaoz).
Then, for some o € xoa and f € yoaoz, we have a < o f and (a, ) € A,.
Since A, # 0, it follows that

(faxgs) (@) = |J {falp)nes(q)}

(P,9)€Aq

2 {fal@)nfa(B)}-

Since fy4 is an int-soft left hyperideal and gp an int-soft two-sided hyperideal
of S over U, we obtain (1 f4(a) D fa(a)and N gs(B)= N g5(B)2

ocxoa Beyoaoz BEyou
ucaozg

gs(u)2 (N gp(u)2gp(a).Hence, fy (at) 2 fa (a) and g5 (B) 2 g5 (a) . Thus,

ueaoz

(faxgp) (a) {fa(a)Nfa(B)}
fa(a)Ngs(a)

= (faNgs) (a).

2
2

Hence, f41g5C fA%*ga.
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Conversely, assume that f4Ngp C faxgp for every int-soft left hyperideal fx
and int-soft two-sided hyperideal gg of S over U. Suppose that a € S. Then, S is
semisimple. Indeed, by Lemma 5.6, we show that

R(a)NI(a) C (I(a)oR(a)] Ya€ES.

Leta € Sand b€ R(a)NI(a). Then, b € (I(a)oR(a)]. Indeed, L(a) is a left
hyperideal and R (a) a right hyperideal of S generated by a respectively. By
Lemma 2.13, &) is an int-soft left hyperideal and S, is an int-soft two-sided
hyperideal of S over U, and by hypothesis

(St@)NSia)) (0) € (St *Sia)) (b).-

Since (SL(a) ﬁSI(a)) (b) = (SL(a) (b) ﬁSI(a) (b)) , we obtain

(Stia) () NSiay (B)) € (St *Sia)) (b)-

Since b € L(a) and b € I(a), hence Sy, (b) = U and Sy, (b) = U, then we
have, (Sy(4) (b)NSya) (b)) = U, and hence (Sy(4)*Sj(4)) (b) = U. But from
Proposition 2.12, it follows that

S1(a)*S1(a) = S(L(a)ol(a))-

Thus, S(1(4)o1(a)) (b)) =U == b € (L(a)oI(a)]. Thus by Lemma 5.6, it follows
that S is semisimple. O

6. Conclusion

We have considered the following items.

1. To characterize weakly regular ordered semihypergroups by means of
int-soft left (right) hyperideals and int-soft quasi-hyperideals.

2. To characterize intra-regular and left weakly-regular ordered semihyper-
groups by means of int-soft left (right) hyperideals, int-soft bi-hyperideals and
quasi-hyperideals.

3. To characterize semisimple ordered semihypergroups by means of int-
soft two-sided hyperideal and int-soft left hyperideals

Work is on going. Some important issues for future work are

1. To develop strategies for obtaining more valuable results.

2. To apply these notions and results for studying related notions in other
soft algebraic structures.
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