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EXISTENCE OF SOLUTION IN WEIGHTED SOBOLEV
SPACES FOR A STRONGLY NONLINEAR DEGENERATE
ELLIPTIC EQUATIONS HAVING NATURAL
GROWTH TERMS AND L' DATA

ALBO CARLOS CAVALHEIRO

In this paper we are interested in the existence of a solution for the
nonlinear degenerate elliptic equations Lu(x) + H (x,u,Vu) 0, = f in the
setting of the weighted Sobolev space WO1 P (Q, @y, ), where H is a non-
linear term with natural growth with respect to Vi and f €L (Q) .

1. Introduction

In this paper we prove the existence of (weak) solutions in the weighted Sobolev
space Wo1 ?(Q, oy, @) for the nonlinear degenerate elliptic problem with Dirich-

let boundary conditions

Lu(x) +H(x,u,Vu) 0 = feL'(Q),
(P) H(x,u,Vu) L' (Q, o),
MEWOI’p(QawI,COZ)a

where L is the partial differential operator Lu = —div(®; A(x,u,Vu)) and the
function H (x,u, Vu) is a non linear lower order term having natural growth (of
order p) with respect to |Vu| (with respect to |u| we do not assume any growth
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restrictions, but we assume the sign-condition H (x,n,&)n >0), Q is a bounded

open set in R”, @; and @, are two weight functions, 1 < p < oo, f € L!(Q) and

the functions A : Q x R x R"—R"” and H : Q X R x R"— R satisfy the following

conditions:

(H1) x—A(x,n,&) is measurable on Q for all (1,§) e RxR",
(n,&)—A(x,n,&) is continuous on RxR" for almost all x € Q;

(H2) [ A, )| <K () +n () [0 7~ o) [E17), KEL?' (@, @) and

hi,hp €L=(Q) (with 1/p+1/p' =1);

(H3) [A(x,n,&) — A(x,n",E)].(§ — &') >0, whenever &,&'eR", EA£E’, where

Ax,n,&) = (Ai(x,n,&),..., 4.(x,m,§)), a dot denote here the Euclidian sca-

lar product in R";

(H4) A(x,n,&).E>a|E|”, where o is a positive constant;

(H5) x— H(x,n,&) is measurable on Q for all (1,£) e RxR",
(n,&)—H(x,n,&) is continuous on RxR" for almost all x€Q;

(H6) |H(x,n,&)|<b(n)(|€]" 1 (1) +h(x)), where he L'(Q, @), h>0 and

@ (x)
0<b(n)<PBforall neR;

(H7) H(x,n,&) 1 =0;
(H8) There exist 6 > 0 and ¥y > 0 (0 < y < ) such that

p (Y (x)
Hien, &) =gl o
if [n|>o0.

By a weight, we shall mean a locally integrable function @ on R” such that
0 < ®(x) < oo for a.e. x€R". Every weight @ gives rise to a measure on the
measurable subsets on R” through integration. This measure will be denoted by
p. Thus, u;(E) = [ @;(x)dx for measurable sets ECR", i =1,2.

In general, the Sobolev spaces W*”(Q) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities
in the coefficients, it is natural to look for solutions in weighted Sobolev spaces
(see [5], [9],[10], [13] and [17]).

In various applications, we can meet boundary value problems for elliptic
equations whose ellipticity is disturbed in the sense that some degeneration or
singularity appears. This bad behaviour can be caused by the coefficients of
the corresponding differential operator as well as by the solution itself. The so-
called p-Laplacian is a prototype of such an operator and its character can be
interpreted as a degeneration or as a singularity of the classical (linear) Laplace
operator (with p = 2). There are several very concrete problems from practice
which lead to such differential equations, e.g. from glaceology, non-Newtonian
fluid mechanics, flows through porous media, differential geometry, celestial
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mechanics, climatology, petroleum extraction, reaction-diffusion problems (see
some examples of applications of degenerate elliptic equations in [4], [8] and
[18D.

A class of weights, which is particularly well understood, is the class of A -
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see
[15]). These classes have found many useful applications in harmonic analysis
(see [16]). Another reason for studying A ,-weights is the fact that powers of the
distance to submanifolds of R" often belong to A, (see [14]). There are, in fact,
many interesting examples of weights (see [13] for p-admissible weights).

Note that, in the proof of our main results, many ideas have been adapted
from [1], [2], [3], [5], [6] and [7]. This problem is a generalization of [3] by L.
Boccardo and T. Gallouet. In [3] the existence of a solutions has been proved in
Wol’p(Q) (non degenerate case, i.e., when @ = @, = 1).

The following theorem will be proved in section 3.

Theorem 1.1. Assume (HI)-(HS8). If 01,0p €A, (with 1 < p < o) and , < oy,
then there exist a solution u e WO1 P(Q, w1, @) of problem (P).

2. Definitions and Basic Results

Let @ be a locally integrable nonnegative function in R"” and assume that 0 <
o (x) < oo almost everywhere. We say that @ belongs to the Muckenhoupt class
Ap, 1 < p <, or that @ is an A ,-weight, if there is a constant C = C), » such

that
! L[ oaep) -
_ o —p <
<]B\ /Ba)(x)dx> (]B\ /Ba) (x)dx) <Cpw

for all balls BCR", where |.| denotes the n-dimensional Lebesgue measure in
R". If 1 < g<p, then A;CA, (see [12], [13],[14] or [17] for more informa-
tion about A,-weights). The weight @ satisfies the doubling condition if there
exists a positive constant C such that u(B(x;2r)) <Cu(B(x;r)) for every ball
B = B(x;r) CR", where p(B) = [y o(x)dx. If ®€A,, then u is doubling (see
Corollary 15.7 in [13]).

As an example of A ,-weight, the function (x) = |x|%, x€R", isin A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [16]).

Definition 2.1. Let @ be a weight, and let Q CR"” be open. For 1 <p < o we
define L”(Q, m) as the set of measurable functions f on Q such that

1Al r(0.0) = </Q |f(X)|pw(x)dx> v < oo,
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If o€A,, 1 < p <o, then o~ '/(P=1) i locally integrable and we have
LP(Q,®) CLL.(Q) for every open set Q (see Remark 1.2.4 in [17]). It thus
makes sense to talk about weak derivatives of functions in L?(Q, ®).

Definition 2.2. Let Q CR" be open and let @; and @, be A ,-weights (1 < p <
). We define the weighted Sobolev space W'”(Q, w;, @) as the set of func-
tions u € L?(Q, ») with weak derivatives Dju € L (Q, w;) for j =1,...,n. The
norm of u in WP (Q, w;, @) is defined by

1/p
s = W @xas+ [ Futranmar) )
We also define Wol’p (Q, w1, ) as the closure of i’ (Q) with respect to the norm
(1).

Remark 2.3. (a) If @ €A, then C*(Q) is dense in W7 (Q, 0) = W!P(Q, 0, ®)
(see Corollary 2.1.6 in [17]).
(b) If @, < @y then W, ”(Q, @) CW, ? (Q, @1, @) C Wy P (Q, o).

The spaces W!'*(Q, o1, 0,) and WO1 ?(Q, o), @) are Banach spaces. The dual
space of W, 7 (Q, @1, @) is the space [W, " (Q, oy, )]* = W17 (Q, @y, an),
W,y P (Q, 01, @) = {T = fo—div(F), F = (fi,... fa) :

fO fj

@eu”(g,wz) eL’ (Q, o), ln}

If T e[W, 1”(Q o, )]*, and (peWOl”’(Q,a)l,a)z) we denote
1.9)= [ fowdi+ ¥ [ fiDigax,
Q U

n
L (@) T Zl 115/ @ HL"’(QJDI)’
J:

(O ITIL IOy 0

IT1]. = [0/ 2]

In this article we use the following results.

Theorem 2.4. Let w€A), 1 < p < oo, and let Q be a bounded open set in
R™. If uy— u in L’ (Q, @) then there exist a subsequence {uy, } and a function
PcLP(Q,w) such that

(i) wpm, (x) = u(x), mg— oo, U-a.e. on Q;

(i) |y, (x)] <D(x), H-a.e. on ;

(where W(E) = [ o(x)dx).
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Proof. The proof of this theorem follows the lines of Theorem 2.8.1in[11]. O

Theorem 2.5. (The weighted Sobolev inequality) Let Q be an open bounded set
inR" and €A, (1 < p < o). There exist positive constants Cq and & such that
forallu GWol’p(Q, ) and all 0 satisfying 1<0<n/(n—1)+36,

Hu||L91'(Q,w) SCQHVMHLP(Q,(D)‘ 2

Proof. Tts suffices to prove the inequality for functions u € Ci’(Q) (see Theorem
1.3 in [10]). To extend the estimates (2) to arbitrary uEWO1 7(Q, ), we let
{un} be a sequence of Ci' () functions tending to u in WO1 P(Q,®). Applying
the estimates (2) to differences uy,, — um,, we see that {u,,} will be a Cauchy
sequence in L97(Q, ®). Consequently the limit function « will lie in the desired
spaces and satisfy (2). O

E[\” u(E) . .
Lemma 2.6. If o €A, then W <Cpro @, whenever B is a ball in R"
and E is a measurable subset of B.

Proof. See Theorem 15.5 Strong doubling of A,-weights in [13]. Ul

By Lemma 2.6, if u(E) = 0 then |E| = 0. Therefore, u(E) = 0 if and only
if |[E| =0.

Lemma 2.7. Let @; and @, be A,-weights, 1 < p < oo, and a sequence {uy},
Uy € Wol’p(Q, 1, @) satisfies
(i) u, —uin Wol’p(Q, , ) and U-a.e. in L

(ii) / (A(x,up, Vuy) — A(x, uy, Vi), V(1 — 1)) @) dx— 0 with n— oo.
Q
Then u, —u in Wol’p(Q, 01, 0).

Proof. The proof of this lemma follows the line of Lemma 5 in [2]. O

Definition 2.8. We say that u € WO1 ?(Q, @y, ) is a solution of problem (P) if
for any @ € W, " (Q, @, 0,) NL=(Q) we have

/A(x,u,Vu).V(pa)ldx+/H(x,u,Vu)(pa)zdx:/fq)dx, 3)
Q Q Q
H(x,u,Vu) €L'(Q, an). 4)
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Definition 2.9. For a given constant k > 0 we define the cut-function 7; : R—R

as
s if |s| <k,
Tils) _{ k sign(s) if |s| > k.

Remark 2.10. (i) Note that for given 4 > 0 and k£ > 0 we have

0 if |u| <k,
Ty(u—Ti(u)) = (|lu| — k) sign(u) if k < |u|<k+h,
hsign(u) if |u| > k+h.

And if @ €R, a#0, we have Ty (au) = 00 Tj)| o (u).

(i) Ifue Wl(l)’c1 (Q, ®) then we have VT (1) = x{u <y Vi, where xg denotes the
characteristic function of a measurable set £ C R".

(i) If uy,uo EWOL’p(Q, (D) then 0= Tk(u1 -+ uz) EWOl’p(.Q., CO) ﬂLW<Q), and we
have Vo = VT (u) +up) = V(u; + Mz))({‘ulJruz‘ <k}

3. Proof of Theorem 1.1

To prove Theorem 1.1. we will apply the same technique as introduced in [3]
(which is the non degenerate case when @; = @, = 1).

Step 1. If f eU"(Q, ;) then the problem (P) has a solution (see [6]). Consi-
dering a sequence of functions { e}, fe € C(Q) (fe €L”' (Q, @,)), € > 0, which
fe—f in L'(Q) and 1 fellzi@) < I f1l11(q). there exists a unique solution

Ug € WO1 ?(Q, @y, @) to the Dirichlet problem
L(ug) + H(x,ue,Vue) @ = fe in Q,
(PE) l/thWOLP(Q,w],ab),
H (x,ue, Vue) EL'(Q, ).

Hence,
/ A(x,ug, Vue). Vo ) dx+/ He(x,ug,Vug) @ 0y dx = / feodx, (5)
Q Q Q
forall p WO1 P(Q, w1, @) NL*(Q). In particular, for ¢ = T;(ue) we have

AA(x,ug,Vug).VTk(ug)wldx + /QHg(x,ug,Vug)Tk(ug)a)zdx

= / Je Tk(”e)dx- (6)
Q
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Since VTi(ue) = Vue X{|u,| <} and by (H4) we have

/Q.A(x,ug,Vug).VTk(ug)a)ldx = /QA(x,ug,VTk(ug)).VTk(ug)a)ldx

v

a / VT (u)|” @1 d,
Q

and using (H7) we have that

H (x,ug, Vue) T (ue)

H(x ug,Vug ug if |ug| <k,
k sign(ug) H (x,ue, Vug) if |ug| > k,
0.

v

Hence, in (6) we obtain

a / VT (ue)|” @ dx
Q

IN

[ feTetue)a [ |fel Tefue)
Q Q
k[ 1l dr =l el 9

IN

Step 2. We will prove that, for any ¢ > 0,

/ ]H(x,ug,Vug)]a)zdxg/ | fe| dxx.
{luel>r} {Jue|>}

We follow a technique of [3]. Let {y;} be a sequence of real smooth increas-
ing bounded functions with y; € L*(R) and y;(0) = 0. We have V(y;(ug)) =
V! (ug) Vug. Then l//i(ug)EWOI"p(Q,a)l,a)z)ﬂL“(Q), and using y;(ug) as test
function in (5) we obtain

/A(x,MSVug).V(I//,-(ug))a)ldx + /H(x,ug,Vug)l/f,-(ug)a)zdx
Q Q

/Qfewi(ug)dx

By (H4) and V(y;(u¢)) = y!(ue) Vue we have

/Q.A(x, e, Vitg).V (Wi (ug)) @1 dx = /

(A(x, U, Vug).Vug> V! (ue) 0y dx >0,
Q

and we obtain
/Q H(x,ug, Vitg) Wi (i) 0 dx < /Q fo wilug) . )

Now, we can choose a sequence {y;} that converges to the function y,

1 ifs>rt,
y(s) = 0if —r<s<t,
—1 ifs< —1,
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(where ¢t > 0). Hence, we obtain
|G Vue)odr< [ filax 9)
{lue[>1} {lue[>1}

Step 3. The sequence {u, } is bounded in WO1 P(Q, 01, @). In fact, by (H8) we
obtain fort > o

/ |H (x,ue, Vue)| ydx > y/ |Vug|pﬂ(o2dx
(e >} {lue|>1} s

= }// |Vue|? @ dx,
{lue|>t}

and by (9) we obtain (for t > )

?’/ IVus\”wldng | fe| dx.
{lue|>1} {Jue|>1}

Hence, if t > o, we have

/ Ve |” oy dxgl/ | fe|dx. (10)
{Juel>1} Y Hjuel>1}

Using (7) we have, for all £k > 0,

(x/ \Vug]pwldxgk/ |fe|dx, (11)
{Juel <k} o

and from (10) and (11) we obtain

/]Vug]pa)]dx _ \Vug\pa)ldx—i—/ Vite|” o dx
o {lue| > )

{lue| <o}

:/ VT (ue)|” a1 dx+ Vite|” @ dx
Q {|ug| >0}

o 1

<% [l +f/ d
o Jolelavts [ el
o 1

S(a"i_}/)”f&‘HLl(Q)

o 1
(24 ) Wflar

By Theorem 2.5 (with 8 = 1) and w, < ®;, we have that the sequence {u,} is
bounded in WO1 P (Q, w1, ;). Therefore, there exits a subsequence (still denoted
by {u¢}) and a function u € Wo1 ?(Q, y, @) such that

|ue| >0

Ue —uin Wol’p(Q,(Dl,(Dz), (12)
ug — uin L (Q, ) (i=1,2), (13)
Ue —u ll; —a.e. (14)
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Step 4. We will prove that u} —u* and uy —u~ in W, ”(Q, @1, @).

First, we will prove that uf —u™ in WO1 P(Q, @y, @,). For this, we split the
demonstration in two parts.

Part 1. Let k > o, and considering the test function ¢ = T;((uf —u™)™) in (5)
we obtain

/ A(x, e, Vitg) VTi((uF — ™) on dx

Q

+/ H(x, e, Vite) Ty (5 — u™) ") o dx
Q

- / feTul(uf —u™)) wdx. (15)
Q

If T ((uf (x) —ut(x))™) > 0 then uf (x) > 0 and we have u,(x) > 0. Hence, by
(H7) we have H (x,ug, Vug) > 0. Therefore, in (15) we obtain

/Q.A(x,ug,Vug).VTk((uj—u+)+)a)1dx§ /Qngk((u:—uJ’)Jr)dx. (16)

Since ug(x) = uf(x) on the set {x€Q : uf(x) —u'(x) > 0} and
VTi((uf —u™)") =0 on the set {x€Q: uf (x) —u"(x) <0}, we can also write
(16) as

[ Aue Vi) VTG )Y ondr< [ STl —at))dx, ()
Q Q
which implies

lim [ (A(x,ue, Vug ) — A(x,ue, Vu)) VI((ug —u®)")@dx=0. (18)

e—=0J0Q

Using that u7 (x) = ue(x) where (ug (x) —u™(x))™ > 0, and also by condition
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(H2), we obtain

<.A(x, ue, Vul) — A(x, ue, Vu+)> V((uf —u™)") @ dx

{uf —ut>k}

/{ } (.A(x7 ug, Vug) — A(x, ug, Vqu)) V(ue —u") @ dx
ug >k

IN

IN

[ (wx, e, Vite)] + | A(x, ug,vmr) Ve — ") dx
ug >k

IN

[ (Gl ¥l
{ug>k}
FKG) + e +hzwu+|P‘1>)<|ws\+ Vit |) o d

_ <2K(x) 20 | PN+ |V [P +hz|Vu+\”l>
{ug>k}
X (|Vue| + |Vu™|) o dx

— (2K(x)|Vu€| +2h1]u£\p71]Vug] +h2]Vug|p+h2|Vu+p_IIVug|> o dx
{ug>k}

+/ <2K(x)yvu+\+2h1|u£yp—‘|vu+y+hzyvu£yp—lyvu+\+h2wu+|"> @) dx
{ug>k}

:17
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hence

, 1/p’ 1/p
ISZ(/ K? a)ldx> </ |Vu£\pa)1dx>
{ue>k} {ue>k}

1/p' 1/p
il ([ weroas) ([ vwPo)

ol | Vel o d

{ug>k}

o 1/p’ ) 1/p
sl / Vit d > (/ Vue|P o d >
il ([, WuPonax) ([ vueanas
) 1/p' 1/p
—|—2(/ K’ o dx) (/ VP oy dx)
{ue>k} {ue>k}
) 1/p’ o 1/p
2 / o d / VP d >
linliei ([, o) ([ v Paas

1/p' » 1/p
il ([ apoa) ([ roa)

il [

{ug>k

}\Vu+|p(o] dx=1I, (19)

and by Young’s inequality and (10), we obtain

11<C (/ |Vug‘p(1)1 dx—l—/ |ug’p6()1 dx+/ ’Vqu‘pa)] dx
{ueg>k} {ueg>k} {ug>k}
—|—/ Kp/(l)l dx)
{ug>k}

1
<C (/ ]fg\dx—ir/ e P oy dx+/ Vit |7 o dx
Y J{ue>k} {ue>k} {ug>k}

+ K" o dx) =R (k), (20)
{ug>k}

where C} is a positive constant which depends only of ||| =), [|h2]|;~(q) and
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p. We have ]}im R¢ (k) = 0 (uniformly with respect to €) and from (18) we obtain
—»00

lim <A(x, ue, Vug ) — A(x, ue, Vbﬁ)) NV((uf —ut)") w0y dx
e—=0J0

= lim |:/{0§(u2ru+)+§k} <.A(x, ue, Vug ) — A(x, ug,Vqu)) V((uf —u™)") @ dx

£—0
—f_/{(u+ u+)+ >k} <A<x’ e VMZF) - A(X7 ue,vqu)) V((u: - M+)+) @ dx:|

s —

= lim {/ (.A(x,ug,Vu;r) —.A()c,ztg,szr)).VTk((uE+ —u")) o dx
Q

£—0

+/{( - <.A(x, ue, Vul) — Alx, ug,Vqu)) V((uf —u") ) dx]
uf —ut)t >k

e —

=0. 21

Part 2. Now, let us consider the function g, = (uf — Ti(u"))”. We have
0<gg <k, hence g, € L*(Q).

We define the function ve = @, (g5 ), where @, (s) = se* s and A = B%/40? R
(where « is the constant in (H4) and 3 is the constant in (H6)).

If ve(x)#0 then 0 <uj (x) <k. Hence, v, EWOI”’(Q, ®)NL*(Q) and using
as test function v, in (5), we obtain

[ AGue, Vi) Ve: o (g ondx + | Hivoe Vue) ga(s) wnds

- /Q fe 2 (g7 ) dx. (22)

Now we can follow the proof of [1],[3] and [6], because the left-hand side of
(22) is exactly the left-hand side of (3.10) of [6].

Since ¢, (g; )70 where 0 <u (x) <k, we have @, (g; ) €L*(Q), and then

lim/gfg(p,l(gg)dx:/Qf(p,l((Lﬁ—Tk(qu))*)dx:O.

e—0

Now, analogously to (3.18) of [6] we obtain (for k fixed)

lin}) - (A(x, ue, Vug) — Alx, ug,VTk(u+)> V((uf =T (u™)) ™) o dx<0.
e=0J0
(23)
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We can write

= (Al ¥ = A, 7)) ()

- + +_ o+
{Ti(ut)<uf <ut} <A(x,u£,Vu8) Alx, ug, Vu )>'V("‘e u") o dx

+/ (.A(x, ug, Vul) — Alx, ug,Vu+)> NVud —u") o dx =111,
{ué <Ti(ut)}
and using that

{xeQ : T (u") < uf <u™}
={xeQik<uf <utU{xeQ:T(u") <uf <u', withul <k}

and also that {x€ Q: T, (u™) < u} <u™, with uf <k} = 0, we obtain

I = (A(x,ug,Vu:)—A(x,ug,Vu+)>.V(u2”—u+)a)1dx

/{k<u2’—u5<u+}
+ / — (A(x, ue, Vug) — A(x, ue, VTk(u+))> V(uf —Th(u™)) o dx
Q

+ /Q - <.A(x, ue, VI (u™) — Alx, ug,Vu+)> V((uf —Ti(u™))7) 0 dx

+ / <.A(x, ug, Vul ) — A(x, ug, Vu+)> NV(T(u") —ut) o dx
{ug <Ti(ut)}
= L +11LH + 115K+ 1. (24)
We have
(i) For 111,

I = / (A(x, ue, Vug) — A(x, ug,Vqu)) Nul —u") o dx—0
{k<u£ =ug< u*}

for k— oo, uniformly with respect to €, analogously to (20),
(i1) For 1115,

I1L = /Q — (.A(x, ue, Vuy ) — A(x, Mg,VTk(M+))> V(g —Ti(u™))” o dx

we have the limit (23),
(iii) For 11,

1113:/Q—(A(x,ug,VTk(u+))—.A(xjug,Vqu)).V((uj—Tk(Lﬁ)))wldx—>0,

for k fixed and € — 0,
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(iv) For 1114 we have

1L

= ‘/ (A(x, ue, Vug ) — Alx, uE,sz’)) N(Ti(ut) —ut) o dx
{ud <Ti(ut)}

, 1/p'
S(/ |A(x, ue, Vil ) — A(x, ue, Vu™)|? a)ldx>
Q
1/p

X (/ |V(Tk(u+)—u+)|pw1dx> —0 for k— oo. (25)
Q

Therefore, by (24), (i), (ii), (iii) and (iv) we obtain

lim (A(x, ug, Vul ) — Alx, ug,Vbﬁ)) V((uf —ut) )wydx=0. (26)
e—=0J0

Hence, from (21) and (26) we obtain

lim <A(x, ue, Vug ) — A(x, ue, Vu*)) NV —u") 0 dx=0.
e—=0J0

Therefore, by Lemma 2.7, we have
uf —u™ in Wy P (Q, oy, ). (27)

Step 5. We will prove that u; —u~ in WO1 P(Q, @y, ). Using the test function
@ =Ti((u; —u)") and v = @y ((uz — T (u~))~) we obtain, analogously to
Step 4, that

u; —u_ in WOI”’(Q, ), ). (28)

Step 6. By (27) and (28) there exists a subsequence (which will be denoted by
{ug}) such that
Vue —Vuin L (Q, o), (29)
Vue—Vu ) —a.e. in Q, 30)

(and, by Lemma 2.6, Vu, — Vu a.e. in Q). Using (H5), H(x,n, &) is continuous
in (n,&), we have

H (x,ue(x), Vug(x)) — H(x,u(x), Vu(x) a.e., 31

and H (x,ue (x), Ve (x)) = H (x,u(x), Vu(x) U —a.e..
Step 7. We will prove that H (x,ue, Vie)— H (x,u, Vu) in L' (Q, @,). For m > 0
we define

X ={xeQ: |ue(x)| <m},

Yi={xeQ: |ug(x)| > m}.
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For any measurable subset EC Q we have

/\H(x,ug,Vug)\a)zdx - / | (x, e, Vig)| @2 dx
E ENXE
+ / |H (x,ue, Vug )| @ dx.
ENYE
Using (H6) and (9), we obtain
/|H(x,u£,Vug)|a)2dx
E

<B [ (90l 2 -44) ) oran+ feldx

{lue|>m}

= [3(/ |Vue |’ o dx+/h(x)w2dx> —i—/ | fe| dx.
E E {|ue|>m}
Hence, for m— o, we have
/|H(x,u£,Vu8)|a)2dx§ﬁ (/ |Vu£|pa)1dx+/h(x)w2dx>,
E E E

and since |Vug|— |Vu| in LP(Q, @), we obtain

lim/ |H (x,ue, Vue)| 0 dx < </ |Vu|pa)1dx+/h(x)a)2dx> < oo,
E E E

£—0

Now, by Vitali’s Theorem we have lim / |H (x,ue, Vug )| @ dx = 0, uni-
Ww(E)—=0JE
formly in €. Hence,

H(x,ue,Vug) — H(x,u,Vu) in L'(Q, ). (32)
Step 8. In (5) we have

/.A(xjug,Vug).Vq)a)ldxﬂ—/H(x,ug,Vug)(pa)zdx:/fg(pdx,
Q Q Q

for any @ €W, ?(Q, @1, @) NL™(Q). Since ue — u in LP(Q, @), Vieg — Vuu in
LP(Q, ), fe— f in L'(Q) and (32), for € —0 we obtain

/.A(x,u,Vu).V(pa)]dx—l—/H(x,u,Vu)(pa)zdx:/fqodx,
Q Q Q

for any ¢ GWOI"”(Q, 01, 0m)NL?(Q).
Therefore, u € WO1 P(Q, @, @) NL*(Q) is a solution to problem (P).
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Example 3.1. Let Q = {(x,y)€R? :x>+y? < 1}, and consider the weights
o (x,y) = (> +y*)"12 and @y (x,y) = (x* +y*)/? (w1, €A; and p = 2), the
functions A : QxRxR?>—R? and H : QxRxR?*—R defined by

A((x,y),n,é) = hZ(xay)g7

inZ(x
). 8) = (1R 2L

247) + h(x,y)> arctan(1n),

where /i (x,y) = e~ 77, h(

1,ﬁ:§,o:1andy:

=

y) = (& +%)2cos (xy), b(1) = |arctan(n)], & =
. Let us consider the partial differential operator

ool 8

Lu(x,y) = —div [a)(x, Y A((x, y),u,Vu)]

and f(x,y) = (x> +y*)"/4cos(1/(x* +3?)) €L'(Q). Therefore, by Theorem
1.1, the problem

Lu(xay) +H(x,u,Vu) D = f in Qa
(P) H(x,u,Vu)€L'(Q, ),
ueWOI”’(Q,a)l,wz),

has a solution.
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