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EXTENDING DIVISORS FROM COMPLETE INTERSECTION
SURFACES
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The aim of this paper is to extend a theorem of Griffiths, Harris and Hulek
[4], [6] on the extendability of divisors of a smooth complete intersection
surface in P" to the case when the ambient space is a product of projective
spaces or a Grassmannian. The proofs generalize the proof of the result of
Griffiths-Harris-Hulek given by Ellingsrud-Gruson-Peskine-Stramme in [3].

Introduction.

A well known theorem due to Griffiths, Harris and Hulek (see [4],
[6]) asserts that if X is a complete intersection surface in P", a smooth
curve Y C X istheideal theoretic intersection of a hypersurface H c P"
if and only if the exact sequence of norma bundles

0— NY/X — Ny/pn —> NX/P”lY — 0

splits.
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A new proof of this result was given in [3]. The am of this paper
is to prove similar results when X is a complete intersection surface in
a product of projective spaces or in a Grassmannian, adapting the ideas
and methods of [3] to the new situations. In this sense, the paper [2]
helps to clarify ideas toward some possible generalizations (cf. aso [1],
Chapter 8).

The main results of this paper are the following:

Theorem 01. Let X ¢ P =P" x ... x P"* be a smooth surface that
is complete intersection of ample hypersurfaces Dy, ..., Dx_» of P, with
k=ny+---4+n, and D; € |0pbY,...0)],i=1,...k—=2 Let Y C X
be a smooth curve. Suppose that the canonical exact sequence of vector
bundles

(1) 0— NY/X —> Ny/p —> Nx/p|y -0

splits. Then there exist ay, ..., & € Z such that Ox(Y) >~ Ox(ay, ..., &).
In particular, Y is linearly equivalent to with an effective divisor on X
which is a scheme-theoretic intersection of X with an ample hypersurface
of P. Moreover, Y is itself a scheme-theoretic intersection of X with an
ample hypersurface of P if one of the following conditions is satisfied:

i) for all j=1,..r,a >bl+..4+b%—nj,or
i) for all j=1,...r,i=1..k-2 a <b.

Theorem 02. Let X be a complete intersection surface in the grassman-
nian G(k, n) of k-planes in P". Let Y C X be a smooth Cartier divisor
on X. Then Y is the scheme-theoretic complete intersection of X and a
hypersurface H on G(k, n) if and only if the short exact sequence

0 — Nvy,x = Nv/cin = Nxcrmly — 0
splits.

The proofs of these two theorems generalize the proof of the result
of Griffiths-Harris-Hulek given by Ellingsrud-Gruson-Peskine-Strgmme
in [3]. This paper is organized as follows. After some preliminaries in
Section 1, in Section 2 we prove Theorem 01 and in Section 3, Theorem
02.



EXTENDING DIVISORS FROM COMPLETE INTERSECTION SURFACES 85

Acknowledgements. The author would like to thank Professor Lucian
Badescu for proposing the problem and supervising thiswork. This project
started during a stay in the PRAGMATIC 2006 held at the Department
of Mathematics of the University of Catania. The author also thanks this
institution for their hospitality and for the mentioned event, which highly
improved his mathematical abilities. Thanks also to Professor Enrique
Arrondo, who helped to make the text understandable. Finaly, the author
acknowledges the partial support from Ministerio de Educacion y Ciencia
under grant BFM2003-03971/MATE.

1. Notation and preliminaries.

For therest of the paper, P will be an ambient variety (to be specified),
X a complete intersection of ample divisorsin P and Y a smooth curve
in X. We will denote by X (1) to the first infinitesimal neighbourhood of
X in P. We will use as usua the notation 27 for the cotangent sheaf
of any scheme Z. The normal bundle of A in B will be written Na/g
and Pic(A) and Num(A) will be for the Picard group and numerica
class divisor group of A (respectively). We will write also H for the
hyperplane section class.

The terminology and notation used are standard, unless otherwise
specified. When P is a product of projective spaces, we will note p;
to the i-th canonica projection, O (0, ...,0,1,0, ...,0) (with 1 on the
i-th place) to the pullback by p; of ©@(1) and H; for the divisor class
associated to this line bundle. In the case of grassmannians, we will write
Q and S for the universal quotient bundle and the universal subbundie
respectively.

We finish this section by recalling a result from [3] that will be very
useful in the two cases we consider.

Lemma 1.1. ([3], cf. dso [1], Lemma 8.1). Let Y ¢ X C P be three
smooth irreducible varieties, with Y (resp. X) closed in X (resp. in P).
The canonical exact sequence of normal bundles

0— Ny/x —> Ny/p — Nx/p|y —-0

splits if and only if there exist an effective Cartier divisor Y C X(1)
such that Y = Y N X (scheme-theoretically).
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The main idea to prove Theorems 0.1 and 0.2 is the following. First
we use Lemma 1.1 to prove that (when the normal sequence splits) the
composition of natura maps PicX (1) —PicX —NumX has the same
image as the natural restricion NumP —NumX (where NumZ, as we
said, is the quotient of PicZ by the numerical equvalence relationship).
Then we use the simply connectedness of the surface X and Lefschetz
Hyperplane Theorem to get that O x(Y) is the restriction of aline bundle
E on P. We then prove that the morphism HO(P, E) — HO(X, Ox(Y))
is surjective to conclude the proof.

2. Surfaces in a product of projective spaces.

This section is devoted to prove Theorem 0.1, so from now on, X
will be a smooth scheme-theoretic complete intersection surface of ample
divisors of P := P" x ... x P"". We start with the following technical
result.

Lemma 2.1. Let X and P be as above. Then h'(X, Q1|x) =T.

Proof. First of al, we consider the decomposition
Qplx = p;(Q2pn)x @ ... D P (e )|x,

where py, ..., pr arethe canonical projections. Then we have the following
exact sequence as the sum of the pullbacks of the tautological exact
sequence:

0— Qpix = Pr(2pm)|x & ... Py (Qpnr)|x —

S e2™(1,0,...0®...» 02" (0,....0,~1) > OF - 0.
This leads to the exact sequence

HO(X, 0™ ™D (~1,0,...00®...0 0" (0, ..,0,-1) —
— HO(X, 0% %
s HY(X, QpIX) — HY(X, 02" (=1,0,..,0 @ ... @ OF™
2 ©, ...,0,—1)

Now, since X is the complete intersection of ample divisors and al the
n; > 2, we have that all projections have genera fibre of dimension zero.
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This means that al bundles ©x(O0,...,0,1,0, ...,0) are at least 1-ample
and then (by a vanishing theorem of Sommese)

HO(X, 02™* P (~1,0,...,0®...® 0" (0, ...,0,-1)) =0,

SO ¢ is injective. Now we decompose ¢ as the product of al
¢ HO(X, Ox) — H(X, pr(Qemi)x).

To show that ¢ is onto, we have to show that al H?
(09x(,...,0,-1,0,...,0) vanish. So let K =n; + ... +n, and consider
P =Xk D Xk_1D ... D> Xpo = X suchthat Xj_; isanampledivisor of X;.
Set E=0p(0,...,0,10,...,0). Snce Ejx, :=0x(0,..,0,1,0,..,0) is
nef, we get that Ejx, ® Ox, (Xi_1) is ample in X;. Now we consider the
short exact sequence

0— EX% ®0x(=Xi-1) > Ex - E%_,— 0
which leads to
HY(E, ® Ox (—Xi-0) - HYE}) - HYEY ) —

— H3(E% ® Ox (—Xi-1))
The left and the right vector spaces are zero because of the following
clam:

e Hi(Xi,EY(ay,..,a)) =0foral a,....,a <0, j=1,...,i —1,

i =1.,k.
We prove this claim by induction. It is clear by Kodaira vanishing that
HI(P,EY(ay,....a)) =0 for dl a,...,a <0 and j=1,...k—1.

So now let us suppose we have this statement for X;. Let ag, ..., a; be
strictly negative integers. Since X;_; is an ample divisor, by Lefschetz
hyperplane theorem we have that there exist strictly positive integers
bl, ceey br such that (9)(i (Xi—l) >~ (9xi (bl, ceey br) Then the result for Xi_1
follows by induction using the cohomology exact sequence associated to
the following exact sequence:

0— Ey (@1—by,....,a —b) - Ex (&,....&) — Ey_ (&, ....,&) — 0.
Therefore
H(Ox(,...,0,—1,0,...,0) ~ HY{(O¥p (O, ...,0,-1,0, ..., 0)).
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On the other side, ¥ (0, ...,0, -1, 0, ..., 0) can be seen as Kp ® O(n1 +
1,...n_1+1n,ny1+1, ..., n +1), where Kp is the canonical bundle
of P, so by Kodaira vanishing theorem again we get

H(Ox(,...,0,-1,0,...,0) = HY{(¥p(QO,...,0,-1,0,..,0) = 0. O

The following result is crucia in the proof of Theorem 0.1 (which
in fact is the main technical novelty in [3]):

Lemma2.2. Let X and P be as above. Let X (1) be thefirst infinitesimal
neighbourhood of X in P. Then

S(Pic(X (1)) — Pic(X)) = J(Pic(P) — Pic(X)) =Z".

Proof. The inclusion
I((Pic(P) — Pic(X)) € I(Pic(X (1)) — Pic(X))

is trivial. For the reverse inclusion we shall adapt the proof of Lemma 2
of [3] (cf. aso the proof of [1, Lemma 8.3]) in our situation. Since X isa
complete intersection surface in P, by Lefschetz theorem the restriction
map Pic(P) = Z' — Pic(X) is injective with torsion free cokernel.
Moreover, X is a simply connected surface. In particular, the linear
equivalence and the numerical equivalence of divisors on X coincide.
Let « = dlogy : Pic(X) — HY(X, Qx) be the logarithmic derivative
map defined in the following way. Every L e Pic(X) >~ H1(©¥%), can be
considered, via Cech cohomology, as {vi; }i j where ¥i; € I'(U;NU;, O0%).
Then L — {%} . X is simply connected, the map « is injective.
i i

Taking into account that X is a smooth projective surface, from [7,
Exercise 1V.1.8] it follows that the non-degenerate intersection pairing
on Pic(X) = Num(X) (where Num(X), is the quotient of Pic(X)
modulo the numerical equivalence) is compatible via the injective map
o with a non-degenerate pairing on H!(X, Qx) coming from Serre
duality (H(X,Qyx) is self-dual). This easily implies that the map
ac : Pic(X) ® C — HY(X, Qx) induced by « is injective.

Now it is a simple fact (see [3]) that the canonical map Qp|x —
Qxlx is an isomorphism. This follows from the exact sequence

/1% — Qplxay = Qxa — 0,

in which the first map becomes zero when restricted to X.
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Then we get the following commutative diagram:

. diog(1) | 4 1 1
Pic(X(1) — HY(X(QD), Qx@) — H (X, Qx@lx) = H (X, 2plx)
J J

Pic(X) 5 Pic(x) @ C 25 HL(X, Q)

in which g is the canonical injective map. Now, from Lemma 2.1 we
have that h'(X, Qp|x) = r. Since the maps ac and B are injective, it
follows that the image J(Pic(X (1)) — Num(X)) is isomorphic to the
image of the composition Pic(X (1)) — H(X, Qx), which is contained
in the image of the right vertical map. Since by theorem of Néron-
Severi, Num(X) = Pic(X) is a finitely generated group, it follows
that J(Pic(X(1)) — HY(X, Qx)) is a finitely generated subgroup of
rank < r. On the other hand, by Lefschetz theorem the classes of
0x(1,0,...,0),.., 0x(@,...,0,1) are linearly independent in Num(X),
the rank of J(Pic(X(1)) — Num(X)) is > r, whence this rank is
precisely r. Moreover, since Num(X) is a free abelian group of finite
rank, it follows that J(Pic(X (1)) — Num(X)) is a free abelian group of
rank r, which, together with the fact that coker(Pic(P) —Pic(X)) has
no torsion (by Lefschetz’'s theorem), concludes the proof. O

Lemma 2.3. Let X and P as above and let k be thesum ny + ... +n;,.
Let Dy, ..., Dx2 b_e the hypersurfaces whose ideal-theoretic intersection
is X and (b}, ..., b}) the multidegree of D;. Let ay, ..., & € Z be integers
satisfying one of the following conditions:

i) for all j=1,...r,a>b+...+b"%—n;,

i) for all j=1,...r,i=1..k-2 a <b.

Then the restriction map HO(P, Op(ay, ..., &)) — HO(X, Ox(ay, ..., &))
is surjective.

Proof. Let X; := DyN...N Dx_; (asin the proof of Lemma 2.1) with
Xk = P. Then we have to prove that al the restrictions
HO(XI’ (9X| (al’ AR ar)) - Ho(xl—l’ (9X|,1(a17 AR ar))

are surjective.
To prove this consider the exact sequence

0— Ox (g — bli_i—i_l, R - blr(fiJrl) — Ox (ag, ..., ) =
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— (9xi_1(a1, e &) > 0

| is easy to check that the first sheaf is either O(—Kx,) twisted with an
ample line bundle or the dual of an ample line bundle. Therefore, by
Kodaira vanishing theorem we get that H(X;, Ox; (ag — b'f'“, e, B —
bk—1+1)) = 0, which finishes the proof. O

After al this preparation we can now prove Theorem 0.1:

Proof of Theorem 9.1. For the nontrivial implication assume that the exact
sequence (1) splits. Since X is the smooth complete intersection of ample
divisors of dimension 2 in P and since P is simply connected, X is aso
simply connected by Lefschetz theorem. Therefore Num(X) = Pic(X).
By Lemma 1.1, there exists an effective Cartier divisor Y on X (1) such
that, scheme theoretically, Y = YN X; in particular, the isomorphism class
of [Ox(Y)] liesin the image of the restriction map Pic(X (1)) — Pic(X).
Therefore by Lemma 2.2, there are integers ay, ..., & and a positive integer
m such that Ox(mY) = Ox(ay, ..., a). On the other hand, by Lefschetz
theorem again the cokernel of the restriction map Pic(P) — Pic(X) is
torsion-free. This implies that m divides a/, i = 1, ...,r, and if we set
a =ma, i =1 ..r,thenit follows that Ox(Y) = Ox(ay, ..., &), with
ai, ..., &, non-negative integers, which gives the first part of the theorem.

Then the proof can be concluded asfollows. Let s € HO(X, Ox(Y)) =
HO(X, Ox(ay, ..., ay)). By Lemma 2.3, the section s can be lifted to a
section s’ of HO(P, Up(ay, ..., &)). Setting H = divp(s) we get a
hypersurface H of P such that X N H =Y (scheme-theoretically). O

3. Surfaces in Grassmannians.

In this section we study the extendability of divisors of complete
intersection surfaces in grassmannians, just applying the method in [3]
or in former section.

n
S0 let thistime P = G(k, n), where0 < k < > be the grassmannian

of k-planes in P" and let X be a scheme-theoretic complete intersection
surface in P. We begin as before with awell known result in cohomology:

Lemma 3.1. Let G(k, n) be the grassmannian of k-planes in P". Then:

) Gk, n), Q@) =0forali=2 . (k+Hn-k-11tez
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i) hY(G(k, ), Q¢ 1) =0 for all t <O.

iii) h'(G(k, ), Q%) = L.

Proof. The cohomology of these bundles can be easily computed
using the classic Littlewood-Richardson rule, which can be found in [8].
O

Lemma 3.2. Let X and P be as above. Then h'(X, Q1|X) = 1.

Proof. Consider a chain X = Xz C ... € Xk+1n—k) = P such that
Xi is adivisor in X1 and O, (Xi) >~ Ox,,,(b) for some possitive
integer b;. Now we claim the following:

o hi(X,QL|x (1)) =0for adli =3, ..., k+t)(n—k), j=2,...,i—1,
t <O.

e hi(X;, Qblx (1) =0for ali=3, .. (k+1n-k),t<O.
o hi(X, QLlx)=1for ali=3 .. (k+1)(n-Kk).

We prove all three properties together by induction on i. While for
i = (k+1)(n—Kk) it is Lemma 3.1, for the case "i impliesi — 1" we
consider the cohomology sequence associated to the short exact sequence

0— Qp|x (t—bi_1) = Qplx () = Qp|x,_, (&) = 0.
Let ustake j € {1,...,i — 2}, t <0 and consider
o = HI(Xi, Qplx (t — bi_p) — HI(X;, Qplx (1) —

3 = HI(Xi_1, Qplx_, (1) = HITHX;, Qplx (t —bi_1) — ...

Here the first and last groups are zero because t —bj_; <t < 0 and
by induction hypothesis. Then, since the second group in 3 satisfies the
claim by induction hypothesis (it is {0} or C dependingont and j), the
third one satisfies the claim.

To finish the proof, put t = 0, and j = 3 in the sequence (3) and
applying the claim we get immediately H(X, Qp|x) ~ C. O

Now we have the following analogue of [1, Lemma 8.3].
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Lemma3.3. Let X and P be asabove, sothat dmP = (k+1)(n—k) > 2.
Let X(1) be the first infinitesimal neighbourhood of X in P. Then the
image of the natural maps

Pic(X (1)) — Pic(X) — Num(X)

is isomorphic to Z

Proof. We will not repeat the part of the proof in Lemma 2.2 (since
it is independent of the ambient space P) that leads to a commutative
diagram similar to the one occurring in that proof. To finish, the only
thing remaining is to prove that H(X, Qp|x) >~ Z, but this is exactly
Lemma 3.2. O

Before proving Theorem 02, we need a new result on cohomology:

Lemma3.4. Let X and P be as above. Then for all a € Z, therestriction
H%(Op(a)) — H%Ox(a)) is surjective.

Proof. Since PicP ~ 7, X isacomplete intersection of ample divisors,
we can find a chain X = X, € X3 C .... € Xk+1m—k) = P such that
Ox, (Xj_1) =~ Ox,(by) for some by > 0. On the other side, it is well
known that all line bundles on a grassmannian have vanishing intermediate
cohomology (see for example [9]). Therefore we can prove by induction
that every line bundle of type Ox (a), i = 3,...,(k+ 1)(n — k) has
vanishing intermediate cohomology applying the arguments in the proof
of Lemma 3.2 but substituting Qp|x, (t) by Ox, (a).

Now, since all the intermediate cohomology of O, (a) vanishes,
we get that, in particular, HY(X;, Ox (@ — bi_1)) >~ {0} for dl i =
2, ..., (k+1)(n—k). But this group contains the cokernel of the restriction
map HO(X;, Ox, (a)) — H%(X;_1, Ox,_,(a)) hence such map issurjective.
So themap HO(P, Op(a)) — HO(X, Ox(a)) isacomposition ofsurjective
maps and then it is surjective. O

And now we finish with the proof of the second main result of this
paper.

Proof of Theorem 0.2. For the nontrivial implication, let us suppose the
normal short exact sequence splits. Then by Lemma 1.1 we have that
there exists ¥ ¢ X (1) Cartier divisor such that Y = Y N X.
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On the other side, since a grassmannian is simply connected, by
Lefschetz hyperplane theorem, X is simply connected and then PicX =
NumX. Therefore by Lemma 3.3 there exist positive integers a’, m such
that Ox(mY) = Ox(@’). On the other hand, by Lefschetz theorem again
the cokernel of the restriction map Pic(G(k, n)) — Pic(X) istorsion-free.
Thisimpliesthat m divides a’, and if we set 8’ = ma, then it follows that
Ox(Y) = Ox(a), with a non-negative integers. At this point the proof can
be concluded as follows. Let s € HO(X, Ox(Y)) = HO(X, Ox(a)). By
Lemma 3.4, the section s can be lifted to asection s’ of HO(P, Ogk.n)(@)).
Setting H = divp(s’) we get ahypersurface H of P suchthat XNH =Y
(scheme-theoretically).
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