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A SEMIPRIME FILTER-BASED IDENTITY-SUMMAND
GRAPH OF A LATTICE

S. EBRAHIMI ATANI - S. DOLATI - M. KHORAMDEL - M. SEDGHI

Let F be a proper filter of a lattice L with the least element O and the
greatest element 1. The filter-based identity-summand graph of L with
respect to F, denoted by I'r (L), is the graph with vertices I5 (L) = {x € L\
F :xVye€F for somey € L\ F}, and distinct vertices x and y are adjacent
if and only if xVy € F. We will make an intensive study of the notions of
diameter, girth, chromatic number, clique number, independence number,
domination number and planar property of this graph. Moreover, Beck's
conjecture is proved for I'r(L).

1. Introduction

Over the last few years, there has been an explosion of interest in associating
a graph to an algebraic structure (see for instance, [1, 2, 4, 8, 10, 12-14, 19—
22, 24-26, 28]). Most of the attention has focused on the zero-divisor graph
of a commutative ring. By studying these graphs, we can gain a broader in-
sight into the concepts and properties that involve both graphs and rings. The
concept of zero-divisor graph for a commutative ring R was introduced by 1.
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Beck [4], where he was mainly interested in colorings. In his work, all elements
of R were vertices of the graph, and distinct vertices x and y were adjacent if
and only if xy = 0. This investigation of colorings of a commutative ring was
then continued by D. D. Anderson and M. Naseer in [1]. Let Z(R) be the set
of zero-divisors of R. In [2], D. F. Anderson and P. S. Livingston associated
a (simple) graph with vertices Z(R)* = Z(R) \ {0}, and distinct vertices x and
y are adjacent if and only if xy = 0. The zero-divisor graph I'(R) of R has
been studied extensively; see the survey paper [8]. Let I be a proper ideal of
R and Z;(R) = {x € R\I:xy € Iforsomey € R\I}. In [28], S. P. Redmond
introduced the ideal-based zero-divisor graph of R with respect to I, denoted
by I';/(R), with vertices Z;(R), and distinct vertices x and y are adjacent if and
only if xy € I. In [28], he explored the relation between I';(R) and I'(R/I) and
showed, among other things, I';(R) is connected with diam(I';(R)) € {0,1,2,3}
and gr(I';(R)) € {3,4,}.

Many of the deepest and most interesting applications of lattice theory con-
cern (partially) ordered mathematical structures having also a binary addition or
multiplication: ordered sets, lattice-ordered groups, monoids, vector spaces, and
rings [7, 18-20]. There are many papers which interlink graph theory and lattice
theory (see for example [5, 9, 10, 16, 17]). These papers discuss the properties
of graphs derived from partially ordered sets and lattices. Halas' and Lénger
[22] have introduced the zero-divisor graph of a quasi-ordered set (Q, <) (i.e.
< is a reflexive and transitive relation on Q) and they have shown that Beck’s
conjecture holds true for these graphs. Also, Halas’ and Jukl [21] introduced
the zero-divisor graphs of posets and answered affirmatively to the Beck’s con-
jecture. The study of the zero-divisor graphs of lattices was then continued by
Estaji and Khashyarmanesh [10] (also see [14]).

The main goal of this paper is to extend the notions of identity-summand
graph of semirings, identity-summand graph of semirings based on a co-ideal
and zero-divisor graph of lattices (rings) based on an ideal and investigate the in-
terplay between some lattice-theoretic properties of L and graph-theoretic prop-
erties of its associated graph, identity-summand graph of a lattice based on a
semiprime filter F. Besides some new results and examples, we take many
results from [12, 13, 25, 28] and discuss them in a parallel fashion and more
general setting.

Beck [4] conjectured that x(G) = w(G), for the zero-divisor graph of com-
mutative rings, but Anderson and Naseer [1] gave an example of a commutative
local ring R with 32 elements for which x(G) > w(G). A form of Beck’s con-
jecture is proved for the zero divisor graph of a poset with 0 by Halas and Jukl
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[21], for the zero divisor graph of a poset having the smallest element 0 with
respect to an ideal by Joshi [24] under the assumption that the corresponding
zero divisor graph does not contain an infinite clique and by V. Joshi and A.
Khiste [25] for the complement of the zero divisor graph of a lattice L based on
the semiprime ideal under the assumption that L is a finite Boolean lattice such
that |L| = 2". Therefore, we raise the following question.

Is Becks conjecture true for the identity-summand graph of lattices based
on semiprime filters?

One of our motivations to study the identity-summand graph of a lattice
based on a semiprime filter is to answer this question.

Let L be a lattice with the least element 0 and the greatest element 1. An
element a of L is said to be identity-summand if there exists 1 # b € L such that
aV b =1. We define another graph on L, I'(L), with vertices as elements of
I(L)*=I(L)\ {1} (where I(L) ={a € L:aVb=1forsome 1 #b € L}), where
two distinct vertices a and b are adjacent if and only if @V b = 1. This definition
was motivated from [12]. Let F be a filter of L. Denote by Ip(L) = {x € L:
xVyeFforsomeye L\F} and I;;(L) ={x € L\F :xVy € F for some y €
L\ F}. Clearly Ir(L) = F UI;(L). In the present paper, we study the filter-
based identity-summand graph of L with respect to F, denoted by I'r(L), with
vertices I (L), and distinct vertices x and y are adjacent if and only if xVy € F.
In the case F = {1}, ['r(L) =T'(L). The basic properties of the graph I'r(L)
are investigated. Here is a brief summary of our paper. In section 2, motivated
from the notion of Q-ideals and Q-co-ideals of semirings ([3, 11]) the notion of
a partitioning filter of a lattice will be defined and construction process will be
presented by which one can build the quotient structure of a lattice modulo a
partitioning filter [3]. In fact, the bulk of this section is devoted to stating and
proving several theorems in the theory of quotients of lattices which be useful
in the later section. Among other things, we show that every semiprime filter '
of L is an intersection of all prime filters of L that contains F' (Theorem 2.3). In
section 3, we completely characterize the diameter and girth of the graph I'r (L)
for such lattices in Theorem 3.3, Theorem 3.5, and Theorem 3.6, respectively.
Also it is shown that I'z (L) is a complete bipartite graph if and only if there ex-
ist two prime filters of L such that F' is an intersection of these filters (Theorem
3.7). Finally, we collect some basic properties concerning independence num-
ber, chromatic number, clique number, and planar property of the graph I'r(L)
in theorem 3.13, Theorem 3.14, and 3.16, respectively. In Theorem 3.15, we
answer affirmatively the Beck’s conjecture.
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In order to make this paper easier to follow, we recall in this section various
notions which will be used in the sequel. For a graph I" by E(I") and V(I') we
denote the set of all edges and vertices, respectively. We recall that a graph is
connected if there exists a path connecting any two distinct vertices. A graph
I" is said to be fotally disconnected if it has no edge. The distance between
two distinct vertices a and b, denoted by d(a,b), is the length of a shortest path
connecting them (if such a path does not exist, then d(a,b) = o). The diame-
ter of graph I', denoted by diam(T"), is equal to sup{d(a,b) : a,b € V(I')}. If
a and b are two adjacent vertices of G, then we write a —b. A graph is com-
plete if it is connected with diameter less than or equal to one. We denote the
complete graph on n vertices by K,. The girth of a graph I', denoted gr(T'),
is the length of a shortest cycle in I', provided I' contains a cycle; otherwise;
g(I") = oo. The chromatic number of T, denoted by y(I'), is the minimal num-
ber of colors which can be assigned to the vertices of I" in such a way that every
two adjacent vertices have different colors. A complete bipartite graph with part
sizes m and n is denoted by K, ,. We will sometimes call K ,, a star graph. A
clique of a graph is its maximal complete subgraph and the number of vertices
in the largest clique of graph G, denoted by w(G), is called the cliqgue number
of G. An induced subgraph of a graph G by the set S C V(G) is a subgraph
H of G where vertices are adjacent in H precisely when adjacent in G. In a
graph G, a set S C V(G) is an independent set if the subgraph induced by S is
totally disconnected. The independence number a(G) is the maximum size of
an independent set in G [6]. Let G be a graph. The (open) neighborhood N (v)
of a vertex v of V(G) is the set of vertices which are adjacent to v. For each
S CV(G), N(S) =U,esN(v) and N[S] = N(S)UUS. A set of vertices S in G is
a dominating set, if N[S] = V(G). The domination number, y(G), of G is the
minimum cardinality of a dominating set of G ([23]).

A lattice is a poset (L,<) in which every pair of elements x,y has a g.1.b.
(called the meet of x and y, and written x A y) and a l.u.b. (called the join of x
and y, and written x V' y). A lattice L is complete when each of its subsets X has
a l.ub. and a gl.b. in L. Setting X = L, we see that any non-empty complete
lattice contains the least element O and the greatest element 1 (in this case, we
say that L is a lattice with 0 and 1). A sublattice K of a lattice L is defined on a
non-empty subset K of L with the property that a,b € K implies that aAb € K
and aVb € K. A non-empty subset F' of a lattice L is called a filter (ideal), if for
acF,bel,a<b(b<a)impliesbe F,andxAy€e F (xVy)forall x,y e F
(so if L is a lattice with 1, then {1} is a filter of L). A lattice L with 1 is called
L-domain if avVb =1 (a,b € L), thena =1 or b = 1. A proper filter F of L is
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called prime if xVy € F,thenx € F or y € F. Let F be a filter of a lattice L.
A prime filter P containing a filter F of a lattice L is said to be a minimal prime
filter of F, if it is minimal among all prime ideals containing F'. The set of all
minimal prime ideals of F is denoted by min(F). A filter F of a lattice L is said
to be semiprime if aVb € F andaV ¢ € F, thenaV (bAc) € F [27]. Dually, we
have the concept of semiprime ideal. A lattice L is called a distributive lattice if
(avVb)ANc=(aNc)V (bAc) forall a,b,cin L (equivalently, L is distributive if
(anb)Ve=(aVc)AN(bVc) for all a,b,c in L). In a distributive lattice, every
ideal and every filter is semiprime. For any term not defined here the reader is
referred to [7]. A lattice L is called 1-distributive, if {1} is a semiprime filter
of L. In alattice L, for each a € L, the notation [a) denotes the set {x € L: x > a}.

We need the following well-known result.

Proposition 1.1. [15, Lemma 1.1] Let F be a non-empty subset of a lattice L.
(a) F is a filter of Lifand only ifaAb € F and aV c € F forall a,b € F and
¢ € L. In particular, if F is a filter of L with 1, then 1 € F.
(b) If F is a filter of Lwithx Ny € F (x,y € L), then x,y € F.

2. Some basic properties of filters

This section generalizes some well-known results on quotient rings in commu-
tative rings to lattices. Here we list some properties concerning of filters of a
lattice which be useful in the later section. From now on, we shall assume, un-
less otherwise stated, that L is a lattice with the least element 0 and the greatest
element 1.

Lemma 2.1. IfF,F\,F,,--- ,F, are filters of L with F prime, then the following
statements are equivalent:

(a) F D Fj for some jwith 1< j<n;

(b) F 2 M Fy;

Proof. (a) = (b)is clear. To see (b) = (a), Suppose that, for all j with1 < j <n,
F ;_b F;. Then for each such j, there exists a; € Fj\F; butthena;VaV---Va, €

i1 Fj \ F(because F is a prime filter), and this contradicts the statement of
(b). O

Lemma 2.2. If F is a semiprime filter of L, then (F :a) ={r€L:rVa€F}
is a semiprime filter of L for all a € L. In particular, the set (1 :a) ={r € L:
rVa=1}is afilter of L for all a € L, provided that L is 1-distributive.

Proof. Letb € L and ¢ € (F : a). Since F is a filter, bV ¢ Va € F. Therefore
bVce (F:a). Now, let b,c € (F:a). ThenaVb € F and aVc € F. Hence
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(bAc)Va € F, because F is semiprime. Hence (F : a) is a filter. We will
show (F : a) is semiprime. Assume that bV c € (F :a) and ¢Vd € (F : a).
Therefore cVbVa € F and cVdVa € F. Since F is semiprime, we have
(avVe)V(dAb)=aV (cV(bAb)) € F. Therefore (F : a) is semiprime. The
other implication is clear, because {1} is a semiprime filter. U

Proposition 2.3. Let L be a lattice and F a proper semiprime filter of L. The
following hold:

(1) There exists a prime filter P of L such that F C P.

(2) If {Fy}aca is the set of all prime filters of L containing F, then F =
NgeaFoa. Moreover, if Fi,...,F, are the only distinct minimal prime filters L
containing F, then N_ | F; = F and F # Ni<i<y i+ jF;, foreach 1 < j <n.

Proof. (1) SetY = {H : H is a proper semiprime filter of L containing F'}. As
F Y,y #0. Also, the relation of inclusion, C, is a partial order on ). Let
A be a non-empty totally ordered subset of ). Then S = UgecaH is a proper
semiprime filter of L such that F C S. Hence the partially ordered set (¥, C)
has a maximal element P, by Zorn’'s Lemma. We claim that P is a prime filter.
LetaVbePforabeLanda¢ P. Then PC (P:b). Since P is a maximal
semiprime filter that contains F and (P : b) is a semiprime filter by Lemma 2.2,
we have (P : b) = L. Therefore b € P and so P is prime.

(2) It is enough to show that NgepFy C F. Let x € NgepFy with x ¢ F. Set
A={K: K is afilter of L containing F,x ¢ K}. Since F € A, A # 0. Moreover,
the relation of inclusion, C, is a partial order on A. Let ® be a non-empty totally
ordered subset of A. Then T = UkceK is a proper filter of L such that T O F
and x € T. So it follows from Zorn's Lemma that the partially ordered set (A, C)
has a maximal element F’. Since x ¢ F’, F' # L. We show that F’ is prime. Let
aVbeF' suchthata¢ F'. Thena € (F':b) gives F' & (F':b). Thusx € (F': b)
by maximality of F’. Hence b € (F':x). If c € F/, then ¢V (a Ax) € F’ since F’
is afilter, so c € (F':aAx). Thus F' C (F':aAx). If (F':aNx) # F', thenx €
(F':aAx) by maximality of F’; hence xV (aAx) = x € F' (because aAx < x), a
contradiction. So (F':aAx)=F'. We claim that (F' :aAx) = (F':a)N(F : x).
If re (F' :aAx),thenaAx € (F':r); soa,x € (F :r) by Proposition 1.1(b).
Thusr€ (F':x)N(F':a)and (F':aAx) C (F':a)N(F':x). For the reverse of
inclusion let r € (F' :a) N (F' : x). Thena,x € (F':r),soaAx € (F':r) since
it is a filter, and so r € (F’ : aAx). Thus b € (F':a)N(F' :x) =F'. So F'is
prime, which implies x € F’ that is a contradiction, as required.

Clearly, N/, F; = F. To see the other statement, suppose F' = Ni<j<y, ik
for some 1 < j < n. Since for each i # j, F;  Fj, there is x; € F; such that
x; ¢ Fj. As Vit jXi € Ni<i<n,ixjFi C Fj, itis clear that x; € F; for some i # j, that
is a contradiction. So there exists 1 <i < n, such that F; C F; and this leads to a
contradiction. Thus F' # Nj<;<, ;+;F; foreach 1 < j < n. ]
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Example 2.4. Let N be the set of natural numbers and L = F U {N}, where
F ={X CN: Xis finite}. Then L is a distributive lattice. Every (resp. prime)
filter of L has the form [X) ={H € L: X C H} where X € L (resp. [{a}) =
{HeL: acH}, acN). Since L is distributive, every filter of L is semiprime.
By Proposition 2.3, every semiprime filter is an intersection of prime filters.
For each X € L, we show [X) = Ngex[{a}). Let T € [X). Then X C T, and
so a € T for each a € X. Therefore T € Nyex[{a}), and so [X) C Nuex[{a}).
Now, let T € Nyex[{a}). Then a € T for each a € X. Thus X C T and so
T € [X). Therefore [X) = Nuex[{a}) (note that if X, Y € L, then X VY =X UY
and X AY =XnNY).

In the next example we show that the condition “F is semiprime” is not
superfluous in Proposition 2.3.

Example 2.5. Let L be the lattice Ns = {0,a,b,c, 1}, with the relations b <
a,aNc=0andbVc=1.ThenbVc € [a)and bVac< [a). ButbV (aAc) ¢ [a).
Therefore [a) is not semiprime. Also [b) is the unique prime filter that [a) is
contained in it. Therefore [a) is not an intersection of prime filters.

Theorem 2.6. Let F be a semiprime filter of a lattice L and I = L\ Ir(L). Then
I is semiprime ideal of L.

Proof. Letxe Sandy <x. If y¢Z I, theny € Ip(L). Thus yV z € F for some
z¢ F. This gives xVyVz=xVz € F. This contradicts the fact that a € I.
Let a,b € I. Suppose, to the contrary, that a Ab ¢ I, that is, a A b € Ir(L).
Therefore there exists z € F such that (a Ab)V z € F. Therefore aAb € (F : z).
By Proposition 1.1(b), a € (F : z) and b € (F : z). This gives a,b € Ir(L), a
contradiction. Thus we have a A b € I. This proves that / is an ideal of L.

Now, we prove that / is semiprime. Let x Ay,x Az € I. We prove that
xA(yVz) e LIfxA(yVz) €1, thenxA(yVz) € Ip(L). therefore (x A (yVz))V
p € F forsome p g F. Hence xVp € F and (yVz)Vp€eF. If yVp € F, then
pV (yAx) € F, since F is semiprime. Therefore y Ax € Ir(L), a contradiction.
SoyVpg&F.AsxV(yVp)€FandzV(yVp) € F,wehave (xAz)V(yVp)€E€F.
This gives x Az € Ip(L), a contradiction. Therefore x A (yVz) € I and I is
semiprime. O

In the following, the notion of a Q-filter will now be defined and a construc-
tion process will be presented by which one can build the quotient structure of
a lattice with respect to a Q-filter.

Definition 2.7. A filter F of L is called a partitioning filter (= Q-filter or F(Q)-
filter) if there exists a sublattice Q of L such that

() L=U{gAF :q€ 0};

(2)If g1,92 € O, then (g1 AF)N (g2 AF) # 0 if and only if g; = ¢».
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Assume that F is a filter of a lattice (L, <) and let Q be a sublattice of (L, <).
Set L/F :={qA\F :q¢c Q}. Wesetup a partial order <p on L/F as follows:
foreach g AF,¢' N\F € L/F, we write (qAF) <o (¢’ NF) if and only if ¢ < ¢'.
It is straightforward to check that (L/F,<gp) is a poset. The notation below
(Proposition 2.8) will be kept in this paper.

Proposition 2.8. Assume that F is a filter of a lattice (L,<) and let Q be a
sublattice of (L,<). Then (L/F,<g) is a lattice.

Proof. Tt suffices to show that every pair of elements g; AF, g2 ANF € L/F has a
least upper bound (called the join of ¢; A F and g2 A F, and written (g1 AF) Vg
(g2 NF)) and a greatest lower bound (called the meet of g; A F and g» A F, and
written (q1 AF) Ag (g2 AF)). Set X = {q1 AF,q2 AN F}. By the definition of <y,
(q1V g2) NF is an upper bound for the set X. If g3 A F is any upper bound of
X, it is easy to see that (q; Vq2) AF <g g3 AF. Thus (¢ ANF)Vgo (g2 NF) =
(q1V q2) AF. Similarly, (g1 AF) Ao (92 AF) = (g1 Aq2) AF. O

Proposition 2.9. Let F be a Q-filter of L. If x € L, Then x N\F C g\ F for some
a unique q € Q.

Proof. Since {gA\F },cq is a partition of L, there exists g € Q such that x € g\ F.
If y € x A F, there exists a € F such that y =x Aa. Since x € g A F, there exists
b€ F suchthatx=gAb;hencey=xAa=qgNaNbegNF.Thusx\F CgAF.
The uniqueness follows from part (2) of Definition 2.7. O

Remark 2.10. Let F be a Q-filter of L .

(1) By Proposition 2.9, IANF =F C g A F for some g € Q. It follows that
1 =gANaforsomeac F;henceg=1¢€ Q. Also, itiseasy tosee that | A\F =F
is the greatest element of L/F.

2Q)If0eF,thenx=0VvVxeFforallxc L;so F =L.

B)Ifac FNQ,thena € (aAF)N(1AF);soa=1. Thus QNF = {1}.

(4) By the definition of <p, itis easy to see that if L is distributive, then L/F
is distributive.

If F is a filter of L, then it is possible that ' can be considered to be a Q-
filter with respect to many different sublattices Q of L. However, the following
proposition implies that the structure L/F is “essentially independent” of the
choice of Q.

Proposition 2.11. Let F be a partitioning filter of L with respect to two sublat-
tices Q1 and Q3 of L. Then L/F g,y and L/Fy,) are equal as sets. Moreover,

L/F(Ql) = L/F(Qz)‘
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Proof. Letq NF € L/F(QI). Since q; € L, there exists a unique g» € O such
that g; AF C g2 A F by Proposition 2.9. Again there exists a unique #; € Q; such
that o AF C 1y AF. Tt follows that gy A\F = g ANF =11 ANF € L/Fp,). Thus
L/F(Q1) Q L/F(Qz)' Likewise, L/F(Qz) Q L/F(Ql)'

Define y : L/Fg,) — L/Fg,) by V(¢ \F) = ¢ NF, where ¢’ is the unique
element of Q, such that gAF C ¢’ AF. Clearly, v is well-defined. Then it is
not hard to see that y is a lattice isomorphism. OJ

Example 2.12. Let D = {1,2,3}. Then the set L = {X : X C D} forms a dis-
tributive complete lattice under set inclusion with the greatest element D and
the least element 0. An inspection will show that F = {D,{1,2}} is a F(Q)-
filter, where Q = {{3},{1,3},{2,3},D}, F is not prime since {1}V {2} € F
but {1},{2} ¢ F, and L/F = {F,{3} AF,{1,3} AF,{2,3} AF}. Moreover, If
F' = {{1},{1,2},{1,3},D}, then F’ is a prime F'(Q)-filter, where F'(Q) =
{D,{2,3}} and L/F' = {F',{2,3} AF'} (note that if x,y € L, then x Vy =xUy
and x Ay =xNy).

Theorem 2.13. Let F be a Q-filter of L.

(1) If F' is a filter of Lwith F C F', then F'/F = {a\NF :a€ F'NQ}isa
filter of L/ F.

(2) If K is a filter of L/ F, then K = F' | F for some filter F' of L.

(3) If F' is a filter of Lwith F C F', then F' is a prime filter of L if and only
if F'/F is a prime filter of L/F.

(4) F is a prime filter of L if and only if L/F is a L-domain.

(5) If P is a filter of L with F C P, then P/F € min(L/F) if and only if
P € min(L).

Proof. (1)As1 € F'NQ,1INF€F'/F;s0F'/F #0.Letqi \F,q2 N\F € F'/F
and gA\F € L/F, where q1,q> € F'NQ and g € Q; 50 g1 ANq2,q1 Vg € F'NQ
since Q is a sublattice and F’ is a filter. Now we have (¢1 AF)Ag (@2 NF) =
(giNg2) NF € F'/F and (91 ANF)Vg (gNF)=(q1Vq)\F € F'/F. Thus F' /F
is a filter of L/F.

Q) LetF'={reL:3qeQ st reqNF ,qNF €K}. Ifa€eF, then
aceF=1NF€eK,soF CF'. Letr,s € F'andt € L. By Proposition 2.9 and the
definition of F/, r € g AF € K and s € g AF € K for some q1,q, € Q; hence
rAs € (qiANF)Ng (@2 NF)=(qi Ng2) NF € K. Thus r As € F'. Similarly,
rVt € F'. Therefore F' is a filter of L by Proposition 1.1(a). Finally, it is easy
toseethat K =F'/F ={qNF :q€ F' NQ}.

(3) Assume that F’ is a prime filter of L and let g; AF,g2 AF € L/I be such
that (g1 AF)Vo (g2 AF)=(q1V q2) NF € F'/F, where q1,q> € Q. Then there
existgz € F'NQand a € F C F’' such that ¢; V ¢, = g3 Aa € F' by Proposition
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1.1(a). Then F' prime gives q; € F' or q; € F';thus gy A\F € F'/F or g NF €
F'/F. The other implication is similar.

(4) Let F be a prime filter of L and let g A F,g» A F be elements of L/F
such that (q1 /\F) Vo (qz /\F) = (q1 \/QQ) ANF =1ANF =F. Then (q1 \/qz) Na =
(qiNa)V(gaNa) € F foralla € F. Since F is a prime filter, either g; Aa € F or
g2 Na € F;hence (i AF)N(IAF)#@Qor (g2 AF)N(1LAF) # 0. This implies
that gy AF =1AF or go ANF = 1AF. The other side is similar.

(5) If P/F € min(L/F), then P is a prime filter of L by (3). Suppose that
F ; J C P, where J is a prime filter; so J/F is a prime ideal of L/F; hence J/F =
P/F by minimality of P/F. Then P = J. The other implication is similar. ~ [J

3. Basic structure of I'z(L)

We continue to use the notation already established, so L is a lattice with 0 and
1. In this section we study the connectedness and the diameter and girth of
the graph I'r(L), when F is a semiprime filter. Also we investigate some basic
properties concerning chromatic number, clique number, and planar property of
this graph.

Proposition 3.1. The following hold:

(1) Tr(L) =0 if and only if F is prime;

(2) If F is a Q-filter, then T'(L/F) = 0 if and only if F is prime.

(3) If F is a Q-filter of L and T'(L/F) # 0, then I'(L/F) has at least two
vertices.

(4) If a € L is a vertex of Ur (L) which is adjacent to every other vertex, then
(F : a) is a maximal element of the set Y, = {(F : x) : x € L\ F'} with respect to
inclusion. Moreover, (F : a) is a prime filter of L.

Proof. (1) This follows directly from the definitions.

(2) By Theorem 2.13(3), F is prime if and only if L/F is a L-domain. There-
fore F is prime if and only if ['(L/F) = 0.

(3) Since (gANF)Vg(gNF)=gANF,T(L/F) has no loop, so it has more
than one vertex.

(4) Suppose, on the contrary, (F : a) is not maximal. So there isx € L\ F
such that (F : a) C (F : x). Since a is adjacent to every other vertex in I'r(L),
xVa € F, which gives x € (F :a) C (F :x). SoxVx=x € F, a contradiction.
LetxVy€ (F:a)besuchthatx ¢ (F:a);soxVa¢ F. As (F:a) C (F:xVa)
(since F is a filter) and (F : a) is maximal in Y, we have (F : a) = (F : xVa).
Now xVyVa € F givesy € (F:aVx)=(F :a). Thus (F : a) is prime. O

The next several results investigate the relationship between I'(L/F) and
I'r(L).
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Theorem 3.2. Let F be a Q-filter of L and let x,y € Ip(L) such that x € g N F
andy € qo NF, for some q1,q2 € Q. Then

(1) x is adjacent to y in Ur (L) if and only if g1 NF is adjacent to g, \F in
I'(L/F) and q1 # qo. In particular, each element of g N F is adjacent to each
element of g NF inT'rp(L).

(2) If i NF € I'(L/F), then all the distinct elements of qi N F are not
adjacent to each other in Tr(L).

(3) w(lr(L)) = w(I'(L/F)).

Proof. (1)If xisadjacenttoyinI'z(L), thenxVy € IAF =F. Since (g1 AF)Vy
(@2ANF)=(q1V @) NF,xVy € (i Vq2) AFN(1AF), 50 (1 AF)Vo (2 NF) =
L AF. Thus g; AF is adjacent to g AF in I'(L/F) (this shows that g; Vg2 = 1).
We show ¢ # ¢». Suppose, on the contrary, g; = ¢». Since g; AF and gy A F are
adjacent, we have F = IAF = (1 ANF)Vo (@2 ANF) = (q1Vqi1) \F =q1 \F,a
contradiction (since x,y ¢ F). Thus g # g». Conversely, let g; A F be adjacent
to g ANF in I(L/F), so (1 NF)Vo (2 NF) = (1 Vg) N\F =1NF =F.
Then xVy € (g1 V q2) NF = F; hence x is adjacent to y in I'r(L). Now we
show each two elements of g; A F' and g A F are adjacent to each other. Let
giNce i NFand go Ad € go NF, where c,d € F. We observe that g; Ac,g2 A
d ¢ F by Proposition 1.1(b) and q1,q2 ¢ F. Asqi1 Vg =1€ Fand g VcEF,
q2V (q1 N\c) € F, because F is semiprime. Also, semiprime property of F' and
dV (g1 N\c) € F implies that (¢; Ac) V (g2 Ad) € F. Hence g; A c is adjacent to
@ NdinTp(L).

(2)Sincex ¢ F,q ¢ F. Letq1 Aa,q1 Ab € g1 AF be distinct, where a,b € F.
Clearly, g1 Na,qi Ab ¢ F. If (g1 Aa)V (q1 Ab) € F, then (g1 Na) V (q1 Ab) <
g1 N (aVb) gives g A(aVDb) € F. So g1 € F by Proposition 1.1(b) that is
a contradiction. So none of elements of g; A F are adjacent to each other in
I'r(L).

(3) Assume that {x;}c; is a clique in 'z (L) and let g; be the unique element
of Q such that x; € g; AF (i € J). Then {g; A\F };c;is aclique in I'(L/F). Hence
w(I'(L/F)) > w(I'r(L)). Now, let {g; A\ F}ick be a clique in I'(L/F). Then
{gi}icx isaclique in I'r(L). Thus w(I'r(L)) > w(I'(L/F)), as needed. O

Theorem 3.3. Let F be a nonprime filter of L. Then T'r(L) is connected with
diam(I'r(L)) € {2,3}.

Proof. Let x and y be distinct elements of Ir(L). If x\Vy € F, then x —y is
a path in I'r(L). So we can assume that x\Vy ¢ F. Since x,y ¢ F, there exist
a,be L\ (FU{x,y})suchthatxVa€ FandyVbe F.Ifa=b,thenx—a—yisa
pathin'p(L). Ifa#bandaVb € F, then x—a—b—yis a path. So suppose that
aVb¢ F.Weclaimthatx #aVb. f x=aVb,thenxVy= (xVa)V(yVb) EF
that is a contradiction. Thus x # aVV b. Similarly, y # aV b. Since F is a
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filter, x —a VvV b —y is a path. Thus I'r(L) is connected with diam(I'r(L)) <
3. Since I'r(L) has no loop, it suffices to show that I'r(L) is not complete.
Assume that I'r (L) is complete and let a, b, ¢ € Ir(L) be distinct elements. Then
aVec,aVb,bVceF,sob,ce (F:a);, hence bAc € (F :a) since (F :a) is
a filter by Lemma 2.2. If bAc € F, then b,c € F by Proposition 1.1(b), a
contradiction. So bAc ¢ F. If bAc=c, thenc<band cVb=DbEF, a
contradiction. So b A c # c. Since I'r(L) is complete, (¢ Ab) V¢ = ¢ € F which
is a contradiction. Thus I'z(L) is not complete (so diam(I'z(L)) # 1). Thus
diam(T'r(L)) € {2,3}. O

By Theorem 3.3, we have I'r(L) is not complete for a semiprime filter F' of
a lattice L. The following example shows that if F' is not a semiprime filter of L,
then we may have I'r(L) is complete.

Example 3.4. Let L be the lattice N5 (Example 2.5) and F = [a). By Example
2.5 F is not semiprime. It can be seen that I;- (L) = {b,c} and 'z (L) is complete.

Theorem 3.5. Let F be a filter of L. Then

(1) If Tr (L) contains a cycle, then gr(I'r(L)) < 4;

(2) If F is a Q-filter such that T'(L/F) and T'r(L) contains a cycle, then
gr(l'r(L)) = gr(I'(L/F)). Moreover, If I'(L/F) has only two vertices q1 N\ F
and gy NF with |q; NF| > 2 (i=1,2), then gr(T'r (L)) =4;

(3) The only cycle graph with respect to F is K ».

Proof. (1) Suppose that 'z (L) contains a cycle. Hence gr(I'z(L)) <7. Suppose
that gr(I'p(L)) = n, where n € {5,6,7} and let x; —x, — ... —x, —x; be a cycle
of minimum length. Since x; is not adjacent to x3, x; Vxz & F. If x; Vx3 # x;
for each 1 <i <n, then xp —x3 — x4 —x1 Vx3 — X2 is a 4-cycle, a contradiction.
Therefore x| Vx3 = x; for some 1 <i <n. If x| Vx3 = x| (resp. x; Vx3 = x3), then
X1 — Xy — X3 — X4 — X1 (resp. x; —xp —x3 — X, —Xx1) is a 4-cycle, a contradiction.
If x; Vx3 = xp (resp. x1 Va3 = xg), then xp — x3 — x4 — xp (resp. xo —x3 — x4 — X2)
is a 3-cycle that is a contradiction. If x| V x3 = x,,, then x, —x3 —x4 — X, — X2
is a 4-cycle which is a contradiction. Thus, every case leads to a contradiction;
hence gr(I'r(L)) < 4.

(2) Assume that gr(I'r(L)) = n and let x; —xp — ... —x,, — x] be a cycle in
['r(L). Since F is a Q-filter, there exist unique elements ¢; € Q (1 <i < n) such
thatx; € g; AF. By Theorem 3.2, gy A\F —qgo ANF —---— g, NF —q ANF isacycle
in I'(L/F); thus gr(I'(L/F)) < gr(T'r(L)). Now suppose that gr(I'(L/F)) =m
andlet gy AN\F —qy N\F —---—qu ANF —q1 N F be a cycle of length m in T'(L/F).
Then g1 —q2 — - —gm — q1 is a cycle of length m in I'z (L) by Theorem 3.2, so
gr(Tr(L)) < gr(T(L/F)). Thus gr(T'r(L)) = gr(I'(L/F)). Finally, let I'(L/F)
has only two vertices g; A F and g, A F; we show that gr(I'p(L)) = 4. Let
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x,y € Ip(L). If x,y are adjacent, thenx € g; AF and y € g; A\F, where i # j €
{1,2}, and if x,y are not adjacent, then either x,y € g; AF or x,y € go AF by
Theorem 3.2. Also, as g; A F and g2 A F are adjacent in I'(L/F), every element
of g1 ANF and go A F are adjacent in I'z(L) by Theorem 3.2. Hence I'r(L) is
complete bipartite with two parts g; AF and g» AF. Since |g; A F| > 2 for
i=1,2,gr(Tr(L)) =4.

(3) By Theorem 3.3, there is no 3-cycle graph. By (1), there is no cycle
graph with five or more vertices. So the only cycle graph is K> . O

For a graph G and vertex x € V(G), the degree of x, denoted by deg(x), is
the number of edges of G incident with x.

Theorem 3.6. Let F be a nonprime filter of L. Then

(1) gr(T'r(L)) = oo if and only if U'rp (L) is a star graph;

(2) gr(Tr(L)) =4 if and only if Up (L) is bipartite but not a star graph;

(3) gr(T'r(L)) = 3 if and only if U'r (L) contains an odd cycle;

(4) If gr(T'r (L)) = 4, then there is no end vertex (i.e, vertex with degree 1)

Proof. (1) Assume that gr(I'r(L)) = o and I'r(L) is not a star graph. So
[Ir(L)| > 4 since I'r(L) is not complete by Theorem 3.3. As I'z(L) is con-
nected, there exists a vertex x € Ir(L) such that deg(x) > 2. Then I'r(L) is not
a star graph gives there exists a path of the form a —x —b — ¢ in I'r(L) for some
a,b,c € Ir(L). If a is adjacent to ¢, thena—x—b—c—aisacycle in ['r(L), a
contradiction. If a is not adjacent to ¢, thenaVceVx € F givesx—aVc—b—x
is a cycle which is a contradiction. Thus I'r (L) is a star graph. The other impli-
cation is clear.

(2) Let gr(T'r (L)) =4. SoI'r(L) is not a star graph by (1). It is known that a
graph is bipartite if and only if it contains no odd cycle [6, Theorem 4.7]. Thus it
suffices to show that 'z (L) has no odd cycle. Assume that x; —x; — -+ — X, — x|
is an odd cycle of minimal length n in I'r(L). Since gr(T'r(L)) =4, n>5. As
gr(T'r(L)) # 3, x2 is not adjacent to x4, and so x, Vx4 ¢ F. Since F is a filter,
X2 VgV, €F. It follows that x; —xp Vx4 —x5 —--- — X, — x1 is an odd cycle
of length n —2 in I'r(L), a contradiction. Hence I'r(L) is a bipartite graph.
Conversely, let I'z (L) be bipartite which is not a star graph. Therefore 'z (L)
has no odd cycle, and so gr(I'r(L)) # 3. By (1), gr(I'r(L)) # oo. Therefore
gr(lr(L)) = 4.

(3) If gr(I'r(L)) = 3, then we are done. Conversely, let gr(I'L(L)) # 3.
If gr(Tr(L)) = 4, then (2) and [6, Theorem 4.7] make a contradiction. If
gr(I'p(L)) = oo, then I'p (L) is a star graph which is a contradiction.

(4) First we show that if a — b — ¢ — d is a path in I'r(L) such that the edge
b — c is not contained in a 3-cycle and a, b, c,d are vertices, then the vertices a
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and d are distinct and are adjacent to each other. Clearly a #d. If avVd ¢ F,
then F is a filter and a Vb € F gives (aVd)V b € F;hence aVd € Ir(L). Thus
aVd—b—c—aVdis a3-cycle, a contradiction. Now let a be an end vertex
in I'r(L) and b be a vertex in I'z(L) such that a and b are adjacent. Since
gr(I'r(L)) < oo, I'r(L) is not a star graph by (1). By Theorem 3.3, I'r(L) is
connected, hence there is a path a —b —c—d in T'p(L). Since gr(l'r(L)) =4,
the edge b — ¢ is not contained in a 3-cycle. By the above considerations, a # d
and a,d are adjacent to each other which is contradiction. O

The connectivity of a graph G, denoted by k(G), is defined to be the mini-
mum number of vertices that are necessary to remove from G in order to produce
a disconnected graph.

Theorem 3.7. Let F be a filter of L.

(1) Tr(L) is a complete bipartite graph if and only if there exist two non-
comporable (with respect to inclusion) prime filters Fi and F, of L such that
F=FNk.

(2) If F is a Q-filter and T'(L/F) is the graph on only two vertices g ANF,qa \
F, then the following hold:

(a) Tr(L) is a complete bipartite graph and k(I'r (L)) = min{|g; AF|,|q2 A
Fl}.

(b) F = F{NF,, where F{ = (g ANF)UF and F» = (g ANF)UF are prime
filters of L.

Proof. (1) Suppose that F = F{ N F, for some prime filters F| and F; of L; we
show that I'r(L) is a complete bipartite graph with two parts V; = F; \ F and
Vo=F,\F.Leta,be L\F withaVb € F;soecithera € F{\F and b€ F,\ F
ora € F,\ F and b € Fy \ F since F}, F, are prime filters. Let a,b € Ir(L) such
thata € F, \F and b € F{ \ F. ThenaVb € FiNF, = F; hence a, b are adjacent.
Now we show that each two elements of V; are not adjacent. Let x,y € V| (so
x,y¢ F).IfxVy€eF,thenxVy€F, givesx€ F,ory € F. Sincex,y € V| C F],
xeFiNF,=Forye FiNF, =F,acontradiction. Similarly, each two elements
of V; are not adjacent. So I'r(L) is complete bipartite with two parts V; and V5.

Conversely, let V;, V, be two parts of ['g(L). Set F; =V, UF and F, =V, UF.
One can easily see that F = F} N F,. First we show that Fy, F; are filters of L. Let
x,y € F1; we show that x Ay € F1. If x,y € F, then F is filter givesxAy € F C F.
So we may assume that eitherx ¢ F ory ¢ F. If x,y € V|, then we have xVz € F
and yV z € F for each z € V; since I'r(L) is complete bipartite; so x,y € (F : z)
givesx Ay € (F :z) (so (xAy)Vz € F)sinceitis afilter. fxAy € F, thenx € F
and y € F by Proposition 1.1(b) which is a contradiction. Thus x Ay ¢ F, and so
xAy€Ip(L). Since (xA\y)Vz € F foreachz € Vo, x Ay € V; CF. If x € V| and
y€F,thenxVz,yVzeF foreachz €V, and xAy ¢ F. As F is a semiprime
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filter, (xAy) Vz € F which gives xAy € V; C Fi. Thus x Ay € Fi. Now suppose
that x € F} and r € L; we show that xVr e F;. If x € F,thenxVre F C F. If
x €Vy, thenxVz € F for each z € V,. Since F is a filter, (x\V r) Vz € F for each
reL. IfxVr¢F,thenxVreV, CF (because z € V, and I'r(L) is bipartite).
If xVreF,thenxVr € Fy. Therefore Fj is a filter of L by Proposition 1.1(a).
Now we claim that F) is prime. Let a\Vb € Fy such that a,b ¢ Fy;so a,b ¢ F.
If avb e F, then eitherae V, and b €V, or a € V> and b € V| which is a
contradiction since a,b ¢ F. ThusaVb ¢ F. Ifavb eV, thenaVbVceF
foreach c € V,. If bV ¢ € F, then ¢ € V, gives b € V), a contradiction. Hence
bV c ¢ F. By the similar way, aVc ¢ F. Since aV (bVc) € F and a ¢ V;, we
have a € V, and bV c € V;. Likewise, b€ Vo, andaVc e V. AsavVbVceF,
(aVe)V (bVce) € F. It shows that two vertices a V ¢ and bV ¢ of V; are adjacent,
a contradiction. Thus Fj is a prime filter of L. Similarly, F, is a prime filter of
L.

(2) (a) Since g; AF and g» A F are the only vertices of I'(L/F) and I'(L/F)
has no loop, (1 AF)Vo(q2NF)=(q1Vg2) N\F = 1 A\F =F. Since by Theorem
3.2, all elements of gy AF and g, A F are adjacent and none of elements of
qi N\ F are adjacent together, we get ['r(L) is a complete bipartite graph and
k(Tr(L)) = min{|q1 AF|,|g2 ANF|}. (b) follows by the proof of (1). O

In the following example it is shown that Theorem 3.7(1) does not hold for
non-semiprime filters.

Example 3.8. Let L be the lattice N5 (Example 2.5) and F = [a). By Example
2.5 F is not semiprime. It can be seen that I};(L) = {b,c} and I'r (L) is complete
2-partite. However, F' is not intersection of two prime filters.

In the following, we give a description of a lower bound for the indepen-
dence number of I'r(L).

Proposition 3.9. Let F be a filter of L. The following hold:

(1) If min(F) = {F,...,F,}, then a(I'r(L)) > max{|lr(L) \ F1|,...,|Ir(L) \
F.|}.

(2) If F is a Q-filter and T is a maximal independent set in T'(L/F), then
a(Cr(L)) = Lyrrerlg NF.

(3) If F is a Q-filter; then a(T'(L/F)) < a(Tp(L)).

Proof. (1) We show that for each 1 < i <n, Ir(L)\ F; is an independence set.
Letx,y € Ip(L)\ F.. If xVy € F, thenxVy € F;. Soeitherx€ F;ory € F;, a
contradiction.

(2) By Theorem 3.2, for each g € Q, g A F is an independence set. Moreover,
if g1 AF and g> A F are not adjacent in I'(L/F), then every element of g; A F
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is not adjacent to every element of g» A F. Therefore a(I'r(L)) > max{|g A
F|: g€ Q}.
(3) It is clear from (2). L]

Proposition 3.10. Let F be a Q-filter of L. The following hold:

(1) Let S be a nonempty subset of Ij:(L). If S is a dominating set of T'r(L),
then T ={qN\F : s € qA\F,s €S} is a dominating set of I'(L/F).

(2) ¥T(L/F)) < ¥(TF (L))

Proof. (1) Let S be a dominating set of I'r(L) and p A F be a vertex of I'(L/F)
(p € Q). Then p ¢ F and it is a vertex of I'r(L). Hence there exists s € S such
that sV p € F. Let g A F be an element of T such thats c gAF. AspVseEF,
(PAF)Vg(qNF)=F,by Theorem 3.2. Therefore T = {gAF : s€ gA\F,s € S}
is a dominating set of I'(L/F).

(2) It is clear from (1). ]

The following example shows that the converse of Proposition 3.10 is not
necessarily true.

Example 3.11. Let L and F be as described in the Example 2.12. Then Ir(L) =
{{1},{2},{1,3},{2,3}} and L/F = {F,{3} ANF,{1,3} AF,{2,3} AF} gives
['(L/F) has only two vertices {1,3} AF = {{1},{1,3}} and {2,3} AF =
{{2},{2,3}}. It can be seen that {1,3} A F is a dominating set of I'(L/F)).
However, {{1},{1,3}} is a dominating set of I'r(L) and I'r(L) cannot be dom-
inated by any set of one vertex. Moreover y(I'(L/F)) < y(I'r(L)).

Proposition 3.12. Let F be a filter of L. Then

(1) If F is a Q-filter; then w(I'r(L)) <|Q| — 2.

(2) If w(I'p (L)) is finite, then L has a.c.c on filters of the form (F : x), where
x € L. Moreover, if (F : x;) and (F : x;) are distinct maximal elements of (¥, =
{(F:x):x€ L\ F},CQ), then x; is adjacent to xj in T'r(L).

Proof. (1) If w(I'r(L)) = oo, then there is an infinite clique C C Ip(L). Since
each two distinct elements x;,x; € C are adjacent, x; € gy AF,and xo € go A F
for some ¢1,q> € Q with g; # ¢» by Theorem 3.2, we have |Q| = co. Assume
that w(I'r(L)) = n and let x;,x2, ...,x, be the vertices of the greatest complete
subgraph of I'r(L). Since F is a Q-filter, there exist unique elements ¢; € Q
such that x; € g; AF (1 <i<n). By Theorem 3.2, ¢; # 0,g; # 1, and ¢; # g, for
each 1 <i# j<n. Thus w(I'r(L)) <|0|—2.

(2) Let (F :x1) € (F :x2) C --- be an ascending chain of filters of L, where
xi€L Ify, € (F:x))\(F:xi—1) (i>2),theny;Vx; € F and y; Vx;_| ¢ F.
We show that y; Vx;_1 # y; Vx;_1 for each i # j. We can assume that i < j.
Then y; € (F : xj); so y;Vxj € F. If y; Vxi_1 =y;Vxj_1, then y; Vxi_ =
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(yviVxi—1)V (y;Vxj_1) € F since F is a filter, a contradiction. So for each i # j,
yiVxi—1 #yjVxj_1. Hence {y;Vxi_1}2<i<n is an infinite clique which is a
contradiction. Now, if (F : x;) and (F : x;) are distinct maximal elements of }_,
then by the usual argument, one can show that (F : x;) and (F :x;) are prime. We
show x; Vx;j € F. If not, then (F : x;) C (F : x; Vx;) and (F : xj) C (F : x; Vx;j),
and hence (F : x;) = (F : x; Vx;) = (F : x;), a contradiction. O

The next theorem investigate the relationship between the chromatic number
and clique number of the graph I'r(L).

Theorem 3.13. Let F be a filter of L. Then the following are equivalent.
(1) x(Tr(L)) is finite;
(2) w(T'p(L)) is finite;
(3) The filter F is a finite intersection of prime filters.

Proof. (1)= (2) It is known that w(I'r (L)) < x(I'r(L)).

(2) = (3) Assume that w(I'p(L)) =nand let Y, = {(F : x) : x € L\ F}.
By Proposition 3.12, (¥,C) has a maximal element. Let (F : x;) (i € J) be
the different maximal members of the set Y. By the usual argument, for each
i €J, (F:x;)is prime. Therefore {x;}c; is a clique in I'r(L) by Proposition
3.12(2). Also, w(I'r(L)) is finite gives J is a finite set. Now we show that
F =Nics(F :x;). Let x€ L\ F. Then (F : x) C (F : x;) for some i € J. We
claim that x ¢ (F : x;). Otherwise, xVx; € F, so x; € (F : x) C (F : x;); hence
x; = x;Vx; € F, a contradiction. Therefore x ¢ (F : x;), and so x ¢ Nicy(F : x;).
Hence Nicy(F : x;) C F. The other side of inclusion is clear, and so we have
equality.

(3) = (1) Let F = N, F;, where for each 1 <i < n, F; is a prime filter of
L which contains F. If x is adjacent to y in T'z(L), then there isno 1 <i<n
such that x ¢ F; and y ¢ F;. Therefore we can label any vertex x of I'z(L) by
min{i: x ¢ F;}. This implies that x(I'r(L)) < n. O

Theorem 3.14. Let F be a filter of L. The following hold:
(1) If F is not a prime filter, then w(I'p(L)) = |min(F)|;
(2) If F is a Q-filter with |min(F )| finite, then each P € min(F) is of the form
P = (F : q) for some q € Q;

Proof. (1) First we prove that |min(F)| is finite if and only if w(I'r(L)) is finite.
If |min(F)| is finite, then F is a finite intersection of prime filters by Proposition
2.3; so by Theorem 3.13, w(I'r(L)) is finite. Now assume that w(I'r(L)) is
finite. Hence by Theorem 3.13, F = N, F; for some prime filters F; of L. Let
{Ps}aea = min(F). For each a € A, F C Py, so N!_;F; C Py for each o € A;
hence F; C Py for some 1 <i <nbyLemma 2.1. Since Fy, is minimal, F; = Py.
This gives A is finite, and so |min(F)| is finite.
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Let |min(F)|=n and min(F) = {F, ..., F,}. By Proposition 2.3, there exists
aj € (Mi<i<n,izjF;) \ Fj for each 1 < j < n. Since each F; is a filter, a; Va; € F;
hence A = {ay,az, - ,a,} is a clique in I'r (L), and so w(I'r(L)) > n. Now we
show that w(I'r(L)) < n. The proof is by induction on n. If n =2, then I'r (L)
is a complete bipartite graph by Theorem 3.7(1); hence w(I'r (L)) = 2. Suppose
n > 2 and the result is true for any integer less than n. Let {a;j,az,---,an} be
aclique in I'r(L); so a1 Vaj € F = Ni<i<,F;. Without loss generality, suppose
thata; ¢ Fy and ap,as, - ,a, € Fy and ay, ..., am & Ma<i<yFi. Set F' = My<i<,F;.
Then {ay,as,-- ,an} is a clique in I'z/(L). By induction hypothesis, m — 1 <
n—1, and so m < n, as required.

(2) Let F be a Q-filter with |min(F)| = n. By Proposition 2.3, F = N}, F;
where min(F) = {Fy,--- ,F,}. Then by (1), w(I'r(L)) = n. Let {aj,az,- - ,an}
be a clique in I'r (L), where a; € (Ni<j<n,iz;Fi) \ Fj. By assumption, there ex-
ists unique element g; € Q such that a; € g; A F for each 1 < j < n. Since
{a1,a2,--- ,ap}isacliqueinTr(L), {q1,42, - ,qn} is aclique in I’z (L) by The-
orem 3.2. If aj = gj A b for some b; € F, then we show that ¢; € Ni<j<yi£;F; \
F;. It suffices to show that g; ¢ F; and there is no i # j such that ¢; € F;. If
gj € Fj, then x; = qj A b; € Fj since Fj is a filter, a contradiction. So g; ¢ F;.
Also, if g; ¢ F; for some i # j, then ¢;V q; ¢ F; and hence ¢;V q; ¢ F, a con-
tradiction (similarly, as a; ¢ F;, q; ¢ F;). Therefore q; € Ni<j<pizjF; \ Fj. We
claim that (F : gj) = F;. Letx € (F : ¢;). ThenxV g; € F, and so xV q; € Fj;
hence x € F; since F; is prime. Thus (F : ¢;) C F;. For the reverse of inclusion,
let x € F;. Then q; € Ny<j<p,i+jF; \ Fj gives xV g; € F. Therefore F; C (F : q;),
and we have equality. O

We prove the Beck’s conjecture for the identity-summand graph of lattices
based on semiprime filters in the following theorem.

Theorem 3.15. Let F be a filter of L. Then x(I'r(L)) = w(I'r(L)).

Proof. Ttis known that w(I'r (L)) < x(I'r(L)). Let w(I'r (L)) = n. By Theorem
3.13, F =N, F;, where for each i, F; is a minimal prime filter. By an argument
like that in the Theorem 3.13 ((3) = (1)), x(I'r (L)) < n. Therefore y(I'r(L)) =
w([r(L)). O

A graph is said to be planar if it can be drawn in the plane so that its edges
intersect only at their ends. A subdivision of a graph is a graph obtained from it
by replacing edges with pairwise internally-disjoint paths. A remarkably simple
characterization of planar graphs was given by Kuratowski in 1930, that says
that a graph is planar if and only if it contains no subdivision of K5 or K33 [6].
It is natural to ask: for which filter F of L, the I'z(L) is planar?
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Theorem 3.16. Let F be a filter of L.

(1) If F is a Q-filter and U'r (L) is planar, then for each edge g\ NF - g2 NF
of TU(L/F), |gi NF| < 2 for some 1 <i<2;

(2) If F is a Q-filter and T'p (L) is planar, then T'(L/F) is planar;

(3) If |min(F)| > 5, then T'p(L) is not planar;

(4) If |[min(F)| = 4, then I'r (L) is not planar.

Proof. (1) Assume that 'z (L) is planar and let ¢ A F and g, A F are two vertices
of I'(L/F) such that |¢; AF| > 3 foreach i =1,2. Let V| = {a;,a2,a3} Cq1 A\F
and Vo = {b1,by,b3} C g2 NF. As g ANF and g» A F are adjacent in ['(L/F), a;
and b; are adjacent in I'r (L) by Theorem 3.2. Then V; and V, are two parts of a
complete bipartite graph as a subgraph of I'r(L). Hence I'r(L) is not planar.

(2) Let I'r(L) be planar. By Theorem 3.2, two vertices g AF and gy A F
are adjacent in I'(L/F) if and only if ¢; and ¢, are adjacent in I'r(L). Hence we
can take I'(L/F) as a subgraph of I'z(L). If I'(L/F) is not planar, then I'z (L) is
not planar, a contradiction. So I'(L/F) is planar.

(3) This follows from Theorem 3.14(1).

(4) By Theorem 3.14(1), w(I'r(L)) = 4. Hence there exists {a;,az,as3,as}
C Ir(L) such that {ay,--- ,as4} forms a clique in I'r(L). Let a;; = a; Aa;, where
1 <i,j<4,i# j. Suppose that 1 <k # ik # j<4. Since a;,a; € (F : a),
aij € (F : ai) since it is a filter. If a;; € F, then a;; V a; € F since F is a filter,
s0 a;jVa; =a; \(a;Vaj) = a; € F which is a contradiction; hence a;; € Ir(L).
We claim that a;; ¢ {a1,a2,a3,a4}. Assume that a;; = a, for some 1 <s < 4. If
s =1, then a;; Va; € F. This implies that a; € F, a contradiction. Similarly, for
s=j. Ifs# jand s # i, thena;;Va, € F; hence a;Va, = as € F, a contradiction.
Therefore a;; ¢ {ai,a2,a3,a4}. Let s # k and s,k € {1,2,3,4} —{i, j}. Since
a;jVas € F and a;; Va; € F, we have ag,a; € (F : a;j); thus ag € (F : a;j).
Set Vi = {a1,a13,a3} and Vo = {az,a24,a4}. Then V| and V5 are two parts of a
complete 2-partite subgraph of I'r(L). Therefore I'r (L) is not planar. O

Example 3.17. Let L and F be as described in the Example 2.12. Then Ir (L) =
{{1},{2},{1,3},{2,3}}. Moreover, L/F = {F,{3} NF,{1,3} AF,{2,3} AF}
gives I'(L/F) has only two vertices {1,3} AF = {{1},{1,3}} and {2,3} AF =
{{2},{2,3}}. Then gr(T'r(L)) = 4 by Theorem 3.6(2); hence I'r(L) is bipartite
but not a star graph. By Theorem 3.6, F; = {D,{1,2},{1},{1,3}} and F», =
{D,{1,2},{2},{2,3}} are prime filters of L with F = F1 N F>.

Remark 3.18. Let F be a filter of L.

(1) If |/min(F)| = 1, then by Proposition 2.3, F is a prime filter of L; hence
I'r (L) = 0 by Proposition 3.1(1).

(2) If |min(F)| = 2, then F = F; N F, for some prime filters F; and F> by
Proposition 2.3. Hence by Theorem 3.7, I'r(L) is K, ,, for some integer n and
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m, where |[Fi \ F| =n and |, \ F| =m. If n,m > 3, then K33 is a subgraph of
I'r(L) and so I'r(L) is not planar.

(3) If |min(F)| > 4, then by Theorem 3.16, I'r(L) is not planar.
(4) It is not entirely clear for us which semiprime filter F' of a lattice L with

|min(F)| = 3, the I'r(L) is planar.
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